Poznain 7

KOJIUBHICTH TA HEKOJIMBHICTD
JITHIMHUX OJTHOPITHUX
JMNOEPEHITAJILHNX PIBHAHD
JIPYTOI'O TIOPSJIKY

7.1 KoJmBHI Ta HEKOJIMBHI PO3B’A3KHN JIIHITHNX OJHOPigHUX aude-
peHITiaJIbHUX PIBHAHD JIPYTOTO IMOPSIKY

OckinbKku Oy/Ib-gKe JiiHiline ojHopijgHe nudepeniiagbie PIBHIAHHA JIPYTOro MOPSAJIKY 3a J10-
IIOMOT'OIO TIEPETBOPEHD MOXKe OYTHU 3BEJIEHUM JI0 JTBOYUJIEHOTO PIBHIHHS

u" +q(t)u=0 (7.1)

ne g € C(I; R), T0 B HOJATBIIOMY OOMEKUMOCH, B OCHOBHOMY, PO3IVISIZIOM DIiBHSIHB JIHIIIE
takoro Buy. [Ipu npomy gasi 6ymemo BBaxkaru, mo [ = [a,w| (w < 400).

Osnavendss 7.1. Poss’asox u pishanns (7.1) nasusaemves KoAuUSHUM, AKULO iCHYE NO-
caidosricmo {t,} (t, € [a,w]), axa 36iecaemoves do w, maka, wo u(t,) =0 (n=1,2,...,)
(nocaidosricmv nyaie u(t) ). Y npomusnomy pasi, posze’asox u pienanms (7.1) nazusae-
MbCA NEKOAUCHUM.

3Bijcu , 30KpeMa, BUILIMBAE, IO TpUBlagbHUN Po3B’s30K u(t) = 0 pisHsHH: (7.1) BBa-
JKAETHCST KOJIMBHUM.

Y 3B’43Ky 3 UM O3HAYEHHSIM IMPUPOJHUM TOCTa€ MUTAHHS: YOMY TIOCJIJIOBHICTD HYJIIB
KOJIMBHOT'O PO3B’si3Ky TOBUHA 30irarucs 10 w ! Biamosijgs HA HBOTO Jla€ HACTYITHA

Jlema 7.1 (npo Touku 3rymenHs HyaiB). Koocrhul nHempusiasohul po3e’ a3k pieHAHHA
(7.1) na 6ydv-axomy 6idpisxy |a,b] € [a,w| moorce mamu 1e Giavws Hidic CKINYENY KIALKICT
HYNLE.

HoBegenmnd Ilpunmyctumo cynporusHe, MO icCHYye HETPUBIAJLHUN PO3B’A30K U PiB-
uauas (7.1), akuil Ha JesskoMy BIIpisKy [a, b] € [a,w[ Mae HeckinvYeHHY KiabKicTh Hy/iB. s
MHOXKMHA HYJIIB € 0OMEKEHOIO 1 ToMy 3a TeopeMoio bosibiiano-Beiiepirpacca 3 Hel MoKHA
BIUIyIUTH 301KHY JI0 jiesikoi Touku by € [a,b] mocmigosricts {t,} mymis u(t). Ockinbkn



u(t), K po3B’sa30K nudepeHIiaabHOro piBHsiHHS (7.1), € HermepepBHOIO (DYHKIEI Ha MPO-
MIKKY [a,b] 1 u(t,) =0 (n=1,2,...,n), TO 3riJiHO 3 O3HAYEHHSM HENEPEPBHOCTI (DYHKILT
u 'y TodIi ty Oy/emMo MaTu
u(to) = limu(t) = lim wu(t,) =0.
t—to n—+oo

BpaxoBytoun Terep, mo u, K po3B’si30K piBHAHH: (7.1), € HemepepBHO AudEpPeHIiiioBHOIO
dbyukiieo Ha Bipisky |a,b] 1 u(ty) = 0, To Ha WiaCTaBl O3HAYEHHST MOXIIHOI, OTPUMYEMO,
10

u(t) — u(to) u(ty,) — u(to) , 0-0

u'(tp) = lim ——— = lim ————= = —
t—to t—1to n—s+o00 t, — to n—+oo t, — 1y

0.

TakumM 9UHOM, PO3IJIsiIaeMUil PO3B’si30K u piBHAHH: (7.1) 3a710BOJIbHSIE YMOBU
/

OjHax, 3rijgHO 3 TEOPEeMOI ICHYyBaHHS 1 €IUHOCTI pO3B’s3Ky 3asadi Ko 1mi ymoBE MOxKe
3aJI0BOJILHATH TiJIbKU TPHUBIAIbHUI PO3B’30K piBHsAHH: (7.1), aje 1e cymepevdnTh MpHILy-
IIEHHIO, 110 PO3TJIsAaeMuil po3s’si30K u(t) € HeTpuBiaabHuM. OTpUMaHe POTEPIvst CBLIINTS
PO CIIPaBeJJINBICTh TBEP/IZKEHHS JIEMU.

BayBaxkenusi 7.1. 3 osuavennsa 7.1 i dosedenoi semu 6e3nocepednvo sunausae, uo: 1)
KOAHCHUT, HEMPUBIAALNUT KOAUSHUT D036 A30K pienanna (7.1) mae neckinweny Kiavbkicmo
HYAL6 Y OYOb-AKOMY AIBOMY OKOML W ; 2) KodHCHUl HEKOAUSHUT PO36°A30% pieHanHA (71.1)
MAE HA NPOMINCKY [, w[ He Giavw, HIdHC CKINYERY KIADKICTD HYAIS.

JIlema 7.2 ( Urypwma). Hexatd dynruii q,h : [a,w|—> R nenepepeni, pisnanns (7.1) mae
HEMPUBLAALHULT PO38 A30K U MaAKUT, ULO

u(ty) =u(tz) =0, de a<t; <ty <uw, (7.2)
1
h(t) > q(t) npu t; <t <ts. (7.3)
Todi drs 6Yydv-a%020 po36’a3ky v JuPeperuiasvho20 PL8HAHHA
V" + h(t)v =0 (7.4)
BUKOHYEMBCA 00HA 3 D80T YMO8: GO0
v(ty) = v(t2) =0; (7.5)
abo
icnye  to €Jt1,ta]  maxe, wo wv(ty) =0, (7.6)

nPUYoOMY, AKUWO Hepiericmo (7.3) € cmpozoto xowa 6 6 00Hit mowyi 3 npomiocky |ty ta], mo
suronyemves ymosa (7.6).

JoBeeHHs .3 ypaxyBaHHIM yMOB JIEMH MOYKEMO BBaXKATH, HE OOMEXKYIOUH CIILIb-
HOCTI, 0 t; 1 o - mocsimoBHl Hym po3B’a3ky u(t) 1 u(t) > 0 upm t €]ty,ta]. Toai srimmo 3
HeTpuBiaJabHiCTIO U(1)

W) >0, u(ty) < 0. (7.7)



[IpunycTumo Terep, IO TBEP/XKEHHs JIEMU HE € CIPABE/IUBUM. ¥ I[HOMY BUIIQJIKY iCHYE
HeTPUBIAJILHUI PO3B’sI30K v JudepeHIiaabHoro piBHsHHs (7.4), sKuil 3a/10BOJbHIE YMOBH

v(t) >0 mpum €ty ta] 1 abo wv(ty) >0, v(ty) >0, abo wv(ty) >0, v(ty) >0. (7.8)

Jns namnmx poss’saskiB audepenrianbanx piBHAHb (7.1) 1 (7.4) MaroTh Micie Ha ITPOMIKKY
la, w| ToroxkuOCTI

u'(t) + q(t)u(t) =0, "(t) + h(t)v(t) = 0.
[TomuoKat0un nepry 3 Hux Ha v(t), Apyry Ha w(t) i morim BigaiMaroun 3 mepiiol i3 oTpu-
MAaHUX TOTOXKHOCTEH JAPYTY, 3HAXOAUMO, IO

(W' ()o(0) = (u(®)v' ()" = [h(t) — q(®)]u(t)o(D).
[HTerpyrodn 110 TOTOXKHICTh Ha TPOMIXKKY Bif t1 710 to, OJEPKUMO
to
u(t2)v(tz) — u'(tr)o(ty) — u(t2)v'(t2) + u(t)v'(h) = /[h(t) — q(8)]u(t)o(t) dt.
t1
Ockimbkn u(ty) = u(ty) = 0, TO g PIBHICTD 3AMUIIATHCA HACTYIIHUM YHHOM
to
W(tu(ta) — o (t)ot) = [ [h(t) = alo)u(o)e(t) de. (7.9)
t1

Tyt 3riguo 3 ymosamu (7.7) 1 (7.8) miBa wactuna Bijg'emna, a 3rigmo 3 ymos u(t), v(t) > 0

upu t €|ty to] 1 (7.3)- mpaBa yacruna HeBix'eMHa, Yoro Gyru He Moxe. Orike, Jyist Oyib-
SIKOrO HeTPHUBIAJIBLHOTO PO3B’A3KY v JudepeHIiaabHoro piBHsaHHsI(7.4) BUKOHYETbCS OJIHA 3
yMoB abo (7.5), abo (7.6).

[Tpunycrumo renep, mo HepisaicTs (7.3) € crporowo B jeskiit rouri t, €|ty,ts[. Tomi
3HaiieTbest okl miel roukn U(t,) €]ty, to| Takwuit, mo

h(t) > q(t) upum te U(ts). (7.10)

[Tokazkemo, MO y MbOMY BUIAJKY I Oy/Ib-sIKOIO HETPUBIAILHOIO PO3B’si3Ky v(t) mude-
penriaibpaoro piBasinus (7.4) Bukonyerhest ymosa (7.6). [Ipumycrumo cynporusne. Tosi 3ua-
fizeTbest po3B’A30K v(t) JaHOrO PIBHSHHHA, JOJATHHUN Ha iHTepBasi |t1,ts[, Takuii, o0 BUKO-
HyIoThCst yMOBH(7.5). B mipomy Bumnasxy 3 (7.9) Bummsae, 1mo

[0~ oo dt o
OsHax, 11b0ro 6yTH He MOXKe, OCKiIbKH B cuity HepiBHocTi (7.10) 1 ymos u(t) > 0, v(t) > 0
upu t €|ty tof
Jimo) - awruteyat = [ wo) - a@ueuodes [ m - @l de> o
4 vit.) ta(\U(22)

Orzke, orpumano uporupivdas Tomy st 6y b-SKOro po3B’s3Ky v JudepeHniaIbHoro piBms-
ung (7.4) Bukomyerscs ymosa (7.6). Jlemy moBricTIO JOBEAEHO.



JIema 7.3 (mpo Bimokpementst HyJiB). Miotc 060Ma NOCATIOSHUMU HYAAMU HEMPUBIANDHO-
20 po36’asky pishanna (7.1) € 0dun i minvku 00un 1Y 6Y0b-AK020 MHITHO HE3ANENHCHO20 3
HUM PO36 A3KY 4b020 pichirHs. (TOOTO. HY/ JBOX JIHIHO HE3a/IEXKHUX PO3B’A3KIB PIBHAHHS
(7.1) B3a€MHO BIJIOKPEMJIIOIOTH OJIUH OJIHOTO).

Hdosemenns . Hexail u;— nerpusianbuuii po3s’si3ok ypasuenus (7.1) 1 ¢y, to (o <
t1 < ty < w)— MOCIIOBHI HY/ IHOro po3B’sa3Ky, To6T0 ui(ty) = ui(te) = 0 1 uy(t) # 0
upu t €ty, to[. Bacrocyemo o pisusguug (7.1) nemy Hlrypma, mopiBHIOOUYH fi0r0 3 caMuM
coboro. 3rigno 3 jgemoro [ITypma st Oyab-SIKOro JIHITHO HE3aJe2KHOTO 3 U, PO3B SI3KY Us
piBHstHHS (7.1) BUKOHYETHCS OJIHA 3 JBOX YMOB: a00

abo
icaye to €]t1,ta] Take, mo uq(ty) = 0. (7.12)

[Tokazkemo, 110 TepIna MOKJIMBICTE He MOXKe MaTu Miciigd. /lilficHo, aKIo 6 BUKOHYBaJIacCh
Y 7
ymosa (7.11), To jjist BpOHCKiaHa pO3B'A3KIB Uy 1 Uy, MiJPAXOBAHOIO, HANPUKJIAJ, Y TOYIN
t , OyaeMo MaTu

W(ul,U2)<t1) = Z,l(tl) U,2<t1) = ul(tl)ug(h) - 'U/Z(tl)ull<t1) =0

(ockinmbku 1 (ty) = ug(tz) = 0), 1m0, OYEBUIHO, CYyIIEPEUNTh JiHIHI He3a/IeKHOCT] PO3B’s3-
KiB u; 1 uy Ha TPOMIXKKY [a,w[. OTkKe, jjig PO3B’'SI3KY Us CHPABIKYeThCst yMoBa, (7.12)
BamIaeTbes JMIne JT0BECTH, 10 Ha iHTepBasi |ti,fy] pO3B’'s30K uy HysiB, BiAMiHHEX Bif
to , e mae. [Ipunycrtumo cynporusne, To0TO, MO ICHYIOTH TPUHANMHI JBa HYJI PO3B’I3KY Us
Ha iHTepBasi |t1, ta]. To/l 3rigHO BXKe 1OBEIEHOMY MiK HUMM 3HARIETHCI X04a O OJUH HYJTh
PO3B’SI3KY Uq , IKUI € JIHIHO He3AIeKHUMHA 3 Us . OHAK, 1€ CYIIePeInTh MPUITYIIEHHIO PO
Te, Mo t; i to— MOC/IIOBHI HY/I PO3B'A3KY U . JIleMy TOBHICTIO JIOBEIEHO.

SayBaxkeHHs 7.2. Ockinvku 0aa 6ydb-AKULT AIHIGHO 3GAEHCHUT HEMPUBLAGNLHUL D036 A3-
Ki6 uy 1 Uy pieuanns (7.1) icnye cmasa ¢ # 0 maka, wo ux(t) = cui(t) npu t € [a,wl,
Mo HYAT MAKUT PO36 A3KI6 CNI6NAdaoms.

3 JI0BEJIEHOI JIeEMU 1 TOIepeTHROTO 3ayBarKeHHsT 0e3I0CePEIHhO BUILINBAE

Hacaigok 7.1. 1. Hxwo pienannsa (7.1) wmae npunatimmi odun kKoaushul Hempueiasorul
P036°A30%, Mo 1 6¢i pewma 1020 P36 A3KI6 MaKoC € Koaushumu. 2. Hxwo pienanns (7.1)
MAE 04a O 00UH HEKOAUBHUT PO36 A30K, MO 1 6CL Pewma 1020 HEMPUBLANOHUL PO36 A3KIG
€ HEKONUSHUMU.

[eit BucHOBOK 703BOJIsIE TepMian "kouBHICTE"1 "HekoMMBHICTD "epeHecTn 3 Po3B’sA3KiB
Ha piBHstHHS (7.1).

OsHavends 7.2. Pisnanns (7.1) Ha3usaemves KoAUSHUM (HEKOAUSHUM), AKUO 60HO MAE
npuratimmi 00U Hempueiasshull KoausHutl (610n06idHo nexoaushut) pose’asok. Ipu yvomy
nexoaushe pishanns (7.1), xoorcrudl Hempueiasvrul po3e’a30k AK020 mMae He Giavue 001020
HYASL HA NPOMIdHCKY [a, W[, HA3UBAEMBCA PIBHAHHAM €3 CNPANCEHUT MOYOK NG [a,w] .



IIPUKJIAJIM 7.1. HajtmpocrimuMn cepesi, ABOYIEHNX PIBHSHD € PIBHAHHS 31 CTAJIMMUI
KoedirienTamMu
' —a*u=0, v +au=0(@a#0), u =0. (7.13)

Bonu marors (Bi/:LHOBi;LHo) HaCTYIIHI 3arajbHi pO3B’A3Ku:
u(t) = Cre™ + Che™™  u(t) = Oy sin(at) + Cycos(at);  u(t) = C; + Cot,

e Ch, Cy — noBiibHi dificui ctasi. TyT mepiie i TpeTTe piBHAHHS € HEKOJUBHUMU, TPUIOMY
PIBHSIHHSAME 0€3 CIIPSAXKEHUX TOYOK, a JAPyTe PIBHAHHA € KOJUBHUMU.

7.2 JlesgKi o3HaKM KOJIMBHOCTI Ta HEKOJIMBHOCTI JIIHIAHMX OJIHOPI-
JHUX nudepeHniaJbHX PiBHIHDb APYTOro MOPSJIKY

PosristnemMo 1Ba piBHAHHSA
u' +q(t)u=0 (7.11)

' + go(t)u =0, (7.15)

B skux yHkiil ¢; (i = 1,2), menepepsHi Ha npoMikKy [ = [a,w] (w < 400) 1 38/10BOJIbHS-
I0OTh HEPIBHICTH

0(t) < go(t) wpu t € [a,w[. (7.14

7.1
[Tpu BukoHanHi niel ymoBu piBusgrHA (7.19) HasuBaeThes mMaykopanToro [lrypwma ms (7.1
Ha [, a piBugunsa (7.1y) — minopanroro [ltypma mus (7.12) wa I . Skmio x nopsig 3 (7.14
xo4a 6 B ofiHiil TOUI 3 TPOMIKKY [a,w[ BUKOHYIOTbCs HepiBHICTI ¢1(t) < ¢2(t) 1 ¢o(t)

To piBHsHHA (7.13) HasmBaeThesi cTporoio Mazkopautoro Lrypma mis pisasaas (7.1

I.

)
1)
)
#0,
)

1) Ha

Teopema 7.1 (nmopisusguus Itypma, 1836p). 1. Hrxwo pisnanna (7.11) € xosusnum,
mo masicoparma IIImypma 0rn 4020 PIGHANHA MAKOAC € KOAUSHUM PIGHAHHAM. 2. SKwo
pisnanna (7.13) € nexoausnum, mo minopawma ILImypma 0rs ybo2o PIBHAMHA MAKONHC €
HEKOAUSHUM PIBHANHAM. 3. Hxwo pisnanns (7.13) € maorcoparmoro IlImypma dasn piersa-
wna (7.11) na npomioeky |a,w| i mae poss’asox, siominnutl 6id Hyas npu a <t < w, Mo
pishanns (7.11) € pisHAHHAM 6€3 CNPANCEHUT MOUOK HA NPOMINHCKY [a,w] .

Jdosenenus 1. Ipunycrumo cnovarky, mo piBastabs (7.11) € xoauBHEM. Tosi
KOJIMBHUMU € BCi fioro HerpusiaJibHi po3B’sa3ku. Hexait u — Oyab-sgkuii 3 nux po3B’d3KiB i
{tx} — 3pocraioua nmocyaioBHICTH fioro HyJiB, 1Mo 36iraeTbest 10 w. OCKUIBKE BUKOHYETHCSH
HepisuicTs (7.14), To npu Oy/b-sikomy dikcoanoMy 3Hadenni k € N jjist KOXKHOIO PO3B’ 3Ky
v piBasaHs (7.1) 3rigao 3 semoro [llTypma cripaBmKyeTbest ojHa 3 yMOB: abo v(ty) =
v(tgy1) = 0, abo icaye Ty €|t tr1| Tare, mo v(7;) = 0, TO6TO 1EH PO3B’A30K PIBHAHHSI
(7.12) Ha KaxkHOMY BIiIPI3KY [tg,trr1] (k € N ) mae npunaiivai onus Hysib. OTKe, pO3B’30K
v piBasHHES (7.13) TAKOXK € KOJMBHUM. A TOMy KoJMBHUMHU Oyje i came piBHsauus (7.1g)
(mazxopanta IllTypma mrs pisusamnsa (7.1;) ).



2. Hexait renep piBusinus (7.13) € HekomuBHuUM. [ToKazkemo, 10 y IIbOMY BHUIAJKY HEKO-
quBHEM Oyse 1 minopanta [Iltypma syt pisasaus (7.15) . (tobro piBusnus (7.1;) ). [Tpumy-
cTUMO cymnporuBHe, 1o piBasHH (7.11) € KomuBHEM. Tofi 3rifHO 3 BXKE JIOBEJCHUM DiBHS-
uns (7.15) (mazkopanta IItypma mas piBasanns (7.11) ) Takoxk Oy/e KOJUBHIM, IO CyIIe-
PEUYnTh MPUITYIIEHHIO PO HEKOJUBHICTD piBHsHHs (7.15). OTpuMane nmporepiuds CBiIIUTH
PO CIPaBEJJIMBICTD JIPYTOro TBep/zKeHHd Teopemu. 3. [Ipurryctumo, Haperiri, 1Mo piBHAHHSA
(7.12) e maxkopantoro Illrypma jyrs piasiaas (7.1;) Ha TPOMIXKKY |a,w| 1 Mae po3B’s30K
uo(t), BimminHWI Bix Hyad npu a < ¢ < w. JloBejemo, Mo y IOMY BHIIAQJIKY DIBHSHHSI
(7.11) € piBHAHHSAM 6e3 CIPsIZKEHUX TOYOK Ha MPOMIXKKY [a,w|. Ilpumyctinmo cynporushe.
Toxi icuye po3s’sizok ug(t) piBranua (7.1y), axuit Mae npunHaiiMui aBa Hym t; 1 to Ha
npoMikky |a,w[, a < t; < 2 < w. Tomy 3rigHo 3 siemoro IllTypma Oyiab-sgkuit po3B’s-
30K piBHsHHsA (7.15) Mae xo4a 6 OjMH HyJb Ha iHTepBasi |ti,ts], Yoro He Moxe OyTH JIsd
po3B’si3Ky ug(t) . OTpuMaHO TpOTEpivdst 1 TOMY CIPABEJINBIUM € TPETTE TBEP/ZKEHHS TEO-
pemu. TeopeMy TOBHICTIO JOBEJEHO.

HaitmpocTimmMu mpuk/IaiaMu 3acToCyBaHHd THOpeMu ropiBaaaus [lTypma e nactymai

IIPUKJIAJIA 7.2.
1. PiBusinug (7.1), B sgxomy (yHKIisI ¢ HemepepBHa Ha MiBOCi [a,4+00[ 1 330BOJIbHSIE
HEPIBHICTH
q(t) <0 upu tE€ fa,+oo (7.15)

€ HEKOJIMBHUM PIBHSIHHAM 0€3 CHPSZKeHUX TOYOK Ha [a, +00] .
2. PiBuganng (7.1), B skoMy (yHKIsl ¢ HemepepBHa Ha IiBoci [a, +00[ 1 3a0BOJIBHSIIE
HEPIBHICTH
q(t) > ¢ > 0 (¢ — nificaa crasa) upu t € [a, +00| (7.16)

€ KOJIMBHUM.

1. Ilpu Bukonansui mepiBuocti (7.15) piBusitns (7.1) MOPIBHIOEMO 3 PIBHSHHSIM
u' =0

lle piBugnHs Mae dyHIaMeHTaIbHY CIM'I0 PO3B’s3KiB 1, t, ski HeKoqmBHI Ha [a,+00[, i
TOMY € HEKOJIMBHIM. 3rijuo 3 nepisnicrio (7.15) piBusams (7.1) e minopanToro [Hrypma s
nmanoro piBuganag. Tomi Ha mijcraBi Jpyroro TBep/KeHHs Teopemu rnopiBHauHs [IITypma
MminopaHTHe piBHstHHs (7.1) TAKOXK € HEKOJMBHUM. BijbIn TOro, Ha IiJICTaBl TPETHOroO TBEP-
JzKeHHs Teopemu nopiBHAHHA [[ITypMma 11e piBHAHHS € PIBHAHHAM 0€3 CIPSAKEHNX TOYOK Ha
la, +00o[, ockinmbku mMazkopanTa [IITypma jyis TAHOTO PIBHSAHHSI Mae PO3B’A30K ug(t) = 1.

2. Ilpu Bukonansui nepisaocti (7.16) pisasianst (7.1) HOPIBHIOEMO 3 PIBHAHHAM

v+ cu = 0.

Ile piBmsiHHs 31 crammmu Koedimientamu. Voro xapaxrepuctuuane pissiHHE A2 + ¢ = 0
Ma€ YUCTO ysABHI KOpeHi Ajo = iy/c i ToMy BOHO Mae (dyHIaMeHTAJIbHY CIM'I0 PO3B’s3-
KiB sin./ct, cos/ct, aki € xkomuuumu. Tosi 1 piBHAHHA € KOJMMBHUM. B cmity HepiBHOCTI
(7.16) piBustans (7.1) e mazkopantoro [IITypma st manoro pisasians. Toxi Ha mifgcrasi mep-
moro TBepKeHHs Teopemu nopiBustHg [Irypma mazkopantaa [rypma (7.1) € KosmBHIM
PIBHAHHSIM.



VY 3B’s13Ky 3 IUMU TPUKJIaJaMI BUHUKAE TIPUPOHe muraHHs: Hu Moxke piBHsHHsA (7.1)
6yTu HEeKOJMBHUM y Bunajky ko ¢(t) > 0 npu t > 07
Binmosinb na 1e nmuTanHg MiCTUTH HACTYITHA

Teopema 7.2 (Kuesepa, 1893p). Hexat ¢ynruis q nenepepéna wa npomiscky [a, +0oo| .
Todi: 1) axwo dan deaxoeo ty € |a, +00]

1
q(t) < 7z mou t=to, (7.17)

mo pisnanna (7.1) € nexoausnum; 2) axuo daa deaxuxr € >0 i ty € [a, +00]

1

1T€
12

q(t) = npu t > to, (7.18)

mo pisnanna (7.1) € xoausnum.

Josegennsa. Ckopucraemocs Teopemoro nopisusnus I Typma, mopiBHiooan piBHAHHS
(7.1) 3 piBuaunam Eiinepa

o'+ Ly =0, (7.19)

sIKe THTErPYEThCs MIJIIXOM 3aCTOCYBAHHA 3aMiHU HE3aJIE2KHOI 3MIHHOI 7 = Int
Ipu p = Z—i piBastaHs (7.19) Mae 3araabHUil PO3B’SI30K BHUILY

u(t) = t%(cl + o Int),

Jie €1, Co— JIOBLIbHI jiiicui crasi, i Tomy € HekoysmBHUM. PiBHsinus (7.1) 6yae MiHOpaHTOMO
HIrypma Ha TPOMIKKY [tg, +00[ Jyuist miboro piBHsaHHS 1pu yMoBi (7.17). Tomy npu Bukonami
i€l ymoBu piBHstHHA (7.1) 3rigHO 3 APYrEM TBep/RKeHHAM Teopemu mopiBastHHs TITypma
Oy/le HEKOJIMBHIM.
Ilpn p = %1 +¢e, e € > 0, 3aranpHuil Po3B’A30K nudepeHiiaabHOro piBHstHHS (7.19) Mae
BHJT
w((t) = t2(c; sin /et + ¢y cos VEL),

Jie ¢1, Co— JOBLIBHI JificHI cTaji, i TOMy BOHO € KOJUBHUM. SIKINO JJIsd JIedKoro to > a
BUKOHY€ThCs HepiBHiCTD (7.18), To piBHsaHHS (7.1) O6y/1e maxkopanToo I1ITypma Ha TpOMIZKKY
[to, +00[ mist bOrO PIBHAHHS 1 TOMY 3TiJHO 3 TEPIIAM TBEPZKEHSIM TEOPEMU HOPiBHAHHSI
MIrypma mudepenmnianabhe piBastaHs (7.1) Takox Oy/e KoauBHUM. TeopeMy JT0BEJIEHO.

HPUKJIAJIA 7.53. JochaiauTu Ha KOJUBHICTH Ta HEKOJUBHICTH PiBHSIHHS:
5

a) v +tu=0, b) u +tzu=0.

g mepioro piBHSIHHSA MaEMO

=t — 400 upu t — +00.

i Tomy Jy1g Oyaib- sikoro € > 0 icaye to > 0 Take 1m0

> —+¢ upu t>tp,

N

’MH' ~



TOOTO .
1 +e
t>
A
Topi 3rijgno 3 apyruM TBep/KEHHAM TeopeMu KHezepa piBHAHHS € KOJTUBHUM.
lng apyroro piBHSIHHS

upn t > .

=12 —50 upu t — +o0.

Tomy icuye ty > 0 Take, 1o

7z 1
T SZ apu t > ty,
t2

TOOTO
,§<1 S
t2_@ upu t to

3Bijicu 3 ypaxyBaHHSIM IIEPINOro TBEP/ZKeHHsT TeopeMu KHesepa, BUILIMBaE, 10 PIBHAHHS b)
€ HEKOJIMBHUM.

Hauti, HaBegeMo JedKi O3HAKM HEKOJMBHUX JU(EpeHIlaJ bHUX PIBHIHL 0€3 CHpIKEeHUX
TOYOK.

Teopema 7.3 (kpurepiit Boxepa piBHsiHHS 6e3 crpsizkerux To4uok, 1900p). . Jlaa mozo,
wob pisnanns (7.1) 6yro pisHarHAM 6€3 CNPAHCEHUT MOUOK HA NPOMIXHCKY [a, w| Heobridno
i docmammvo, w06 ichysana Henepepero Judepenuitiosha Gynkyia T Ha npomiccky |a, w|
maxa, wo

() +q(t) +7r%(t) <0 npu t €la,wl. (7.20)

Jdosemenns.Heobxionicmo. Hexaii piBugnust (7.1) € piBHsSHHSM 6€3 CIIPSIZKEHUX TOTOK
Ha MPOMIKKY [a,w| 1 wug(t) #ioro po3B’sa30K, 10 3aJ0BOJIbHsIE MOYATKOBI ymMoBU u(a) =
ug(t)

0, u'(a) = 1. Tomi we(t) > 0 mpu t €|a,w|. Y mpomy sunagxy dyskiis r(t) = #(t)

3a/I0BOJIbISE Bianosigrnomy 1o (7.1) piBuannio Pikkari
'+ q(t)+r* =0 (7.21)

npu t €|a,w|, a Tomy i HepisaicTs (7.20).

Jlocmamuicmo. Tlpuiycrumo, mo icaye Hernepepsro qudepeniiiiiopua Ha intepsasi |a, w|
dbyuxiia r(t), aka 3agoBosbuse Hepisnicts (7.20). [Toznaunmo wepes qo(t) < 0 mgiBy gacTu-
uy (7.20) nmpu t € [a,w[ Tomy r(t) 3amoBoibuse piBHAHHIO Pikkarti

'+ [a(t) = qo(t)] + 1% =0,
dKe € BANOBIIHUM JI1d TUpepeHIiajibHoro piBHAHHS JIPYTOTO TOPSAIKY
u” +[q(t) = qo(t)]u = 0. (7.22)

Ile piBHsiHHS 3riTHO 3 YMOBOIO (o(t) < 0 € mazkopantoro [Irypma miag piBasanus (7.1) mpu
a <t<w iwMae gogaTHuii ipu a <t < w pO3B A30K
t

r(s)ds
u(t):e{ ., Je a<c<w



i ToMy Ha TiJIcTaBl TPETHOTO TBEP/KEHHs Teopemu ropiBHaHHs [IITypMma € piBHAHHAM 0€3
CIIPSI?KEHUX TOYOK Ha MPOMIKKY [a, w].

Hacuimok 7.2 (teopema Xaprmana, 1951p.). Hezat 6 dupeperyiarvromy piersamnni (7.1)
Pynruia q nenepepena na npomiicky [a,w| i Q — 6ydv-axa nenepepsno dudepenyitosna
na |a,w| Pynkyia, das aroi

Q'(t)=—q(t) npu tE€la,wl (7.23)
Tooi, axwo dupepenuyiasvre pre8HAHHA
u” +4Q*(t)u =0 (7.24)

€ PIBHAHHAM 6€3 CNPAHCEHUT MOYoK, Mo pieHanHa (7.1) maxoorc € pisnanHam b6e3 cnpaotce-
HUL MOYOK.

Hdosemennsa. Ockinbku piBasHHs (7.24) € piBHAHHAM 6€3 CIPSIKEHUX TOYOK, TO
srijHo 3 Kpurepiem Boxepa icHye HerepepBHO fudepeHIiiioBHa Ha IIPOMIKKY |a, w| dyHKIIis
r(t) raka, 110

() +4Q*(t) +r*(t) <0 mpnm a<t<w.
Tomi jura dyHKIT
r(t)
o(t) = Q(t) + =~
OyIeMo MaTu

20'(t) + 2q(t) +4Q°(t) + *(t) — 4Q(t)o(t) + 4Q(t) <0,
abo
J(t) +Q(t) = &°(t) + 2*(t) — 2Q(t)o(t) + 4Q*(t) < 0,
abo
o (t) +q(t) = &°(t) + (o(t) —2Q(t))* < 0.
3Bijicl BUILINBAE, IO

J(t)+qt) +0*(t) <0 mpn a<t<w, (7.25)

TOOTO iCHY€e HerepepBHO JudepeHIiiioBHa Ha TPOMIXKKY |a,w| DYHKIIA 0, Jid IKOT BUKO-
HyeTbest HepiBHiCcTb (7.25). A Tosi 3rigHo 3 kpurepiem Boxepa pisasinust (7.1) € piBHAHHAM
6e3 CIIPsi?KeHUX TOYOK Ha MPOMIKKY [a, w|

Hacaimok 7.3. fHxwo dynkuia q nenepepsna wa npomiscky [a,+ool i

400
/Tq(T) dr| < +o0, (7.26)

a

mo pisnanns (7.1) € nexorusHum.



LoBemgennasa. llokmamzemo

{2 qu(f) dr + 1}

() = ot

Toui 6ynemo matu

+q(t) + {2 tfmmi:dTH] _

{2 TTq(T) dr + 1}

r'(t) + q(t) + r*(t) = —q(t) — 573

{2 TTQ(T) d7+1] 1 [2 tfofq(T) d¢+1}
= —1+

22 2t2

Tyt 3rigHO 3 ymoBow (7.26)

400

/ 7q(T)dr — 0 1pm t — 400

t
1 TOMy y TpaBiii YacTWUHI OTPUMAaHIN PIBHOCTI MEPITNN MHOXKHUK € JIOJATHUM ITPU BEJIUKUX
3HAYEHHAX t, a JApyruil npamye g0 —1 upu t —> +00, TOOTO € BiJ'€EMHUM IIPU BEJTUKUX

gHavdeHHgax t. Takum umHOM, iCHY€E JIOCTATHHO BEJIUKE 3HAYCHHS to > @, Take, MO JIJIs
obpanol (OYHKINT 7 BUKOHYETbCS HEPIBHICTH

() +q(t) +7r*(t) <0 wpm t > to.

Toni na mizcrasi kpurepist Boxepa piBasiaHs (7.1) € piBHSHHSM 6€3 CHPSYKEHUX TOYOK Ha
OPOMIXKKY [tg, +00[, & TOMY i HEKOJIMBHUM Ha MIPOMIKKY [a, +00] .

JlomoBHIOIOUN pe3ysbTaT 11boro Hacaiaky, M. 3maman y 1950 pori 10BiB, 10 Y BHIAIKY,

KOJIn
+o0

/ s7q(s)ds = 400 1pwm meskiit cramiii o < 1,
a

piBustrus (7.1) € KOJIUBHIM.

SayBaxkeHHss 7.3. 3sepremo ysa2y Ha me, W0 YmMosu Ha GYHKULIO ¢ 6 nonepednir Jeox
HACAIOKAT T 6 Pe3yabmami 3aamara e nepedbauaromy (Ax, nanpuxasad, y meopemi Knesepa),
wWo 80Ma 30epieac 3HAK 6 JeAKOMY 0KOML +00 . 30Kpema, 8OHU MOHCYMDb 3ACMOCOBYEAMBCA
O0As PiBHAHD 6UJY
sin put v+ cos ut
u=0, v +-———=—u
t8 t8
Hauti, Bimgnadammo, mo anaJjor treopemu nopisagaus [Itypma mae miciie 1 s HafOLIBIT
3araJIbHOrO BHJIY PiBHSIHD CAMOCIHPAZKEHOTO BHLY

(p1(t)u) + 1 (t)u = 0, (7.1%)

u”+a = 0.

10



(p2(t)u)' + ga(t)u = 0, (7.13)

B akux GyHKIil p;,q (i = 1,2) nHemepepBHi Ha MpoMixkKy [ = [a,w] 1 3a/0BOJILHAIOTH
HePiBHOCTI

pi(t) > pa(t) >0, qo(t) > qu(t) upm tel. (7.27)

[Tpu Bukonaui rux ymos pisusnus (7.13) nasuBaerbcs mazkopanroro [Iltypma jyist piBHSAHHS
(7.17) ma I, a piBuannsa (7.17) — minopanroro HItypma jyrsa piBasans (7.1%) na I. fkmo
JOaTKOBO J10 (7.27) y neskiit Touni ¢ €la, w[ BUKOHYIOTbCSA HepiBHOCTI

pi(t) > pa(t) >0, @) >aq(t) 1 @qft) #0

To piBHsHHA (7.1}) HasmBaeThes crpororo Maykopautoroo rypma mis pisasuabs (7.17) Ha
I.

Teopema 7.1 3ammmaerbes crupasenBoro npn 3amini B it (7.11) 1 (7.12) na Bixnosigmo
(7.17) 1 (7.1%). Ilpm noBenenni jgomomizkaoro Teepizkenus (amasora jemn [rypma) Ty
BUKOPHUCTOBYETHCA BiJIOMa TOTOXKHICTH [liKoHe

% % (p1(t)u' (t)o(t) — pZ(t)u(t)UI(t))] = (2(t) — @ (t))uQ(t)_|_

F(a(t) — pal)(t) + palt) (u’(t) LVLLU)

ne u(t) i v(t) — poss’asku piBugans (7.17) 1 (7.15) (Bimmosinmo).
OcobuBo Takoxk Tpeba BimzHaunTu pesyiabraru M. Paba, gKi 3 BUKOpUCTAHHSIM IIEPETBO-
penb Boss i Pikkati Oymu orpuMani jij1d piBHAHHA CAMOCIIPSAZKEHOTO BUJTY

(p(t)u') + q(t)u =0, (7.1

Je byHKIil p, ¢ HemepepsHi Ha MpoMikKy [ = [a,+o0o[ 1 p(t) >0 npu t € .
Hagesemo naiibisbin BaroMmuii cepei HUX.

Teopema 7.4 (kpurepiit kosmsrocti M.Paba, 1959 p.). s moeo, wob pienanms (7.1%)
6100 KoAUSHUM HEOOTIONO 1 docmammbo, w00 icnyeasa Henepepsho dugdepenuyitiosna na I
dynruyin g(t), g(t) >0 npu t € I maxa, wo

t x s

‘ 1 1 2(1) = p(1)g* ()] dr — ¢ | ds p do = +o0
LAV oR 2/m/[q<r>gm P dr — | ds b do = +

(7.28)

oas 6Yydv-AK0i cmanoi ¢ .

3sigcu pu p(t) = 1 oxep:kyemo Kpurepiit KosuBHOCTI piBiHsHHs (7.1).

3 kpurepizs M.Paba 3a paxyHok BuOOpPY Oy/ib-KOI HellepepBHO MEpeHIiiioBHOI 1 10~
JIATHOI Ha MPOMiKKY [ (QYHKIHT ¢ MOXKHA OTpUMAaTH O€3J1iY JIOCTATHIX YMOB KOJUBHOCTI
piBugns (7.1) 1 (7.1%).
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7.3 BuacTtuBocCTi HYJIB i eKCTpeMyMiB PO3B’3KIB JIHITHIX OOHOPI-
JHUX audepeHniaJbHnX PiBHIHD

Teopema 7.5 (po OIIHKY BiJcTaHi MizK HOC/IJIOBHUMU HYJISIMU HETPUBIAJIBLHOTO PO3B 13-
Ky). Hexaii npomiocor [a, f] C [a,w| makud, wo

0<m<q(t)y<M npu tE€|u,/pl, (7.29)

de m, M — diticni cmani. Todi sidcmans p mioic 080MG NOCATIOBHUMY HYAAMU 3 NPOMIACKY
[, B] 6yov-aKoeo nempusiarvrozo poss’asky pishanmus (7.1) 3ado6oavhac ouinKy

<p<L (7.30)

=k
3

Hdosepenn s . [opiBasemo criouarky pisasianst (7.1) 3 pisastaaam v” + Moy = 0, 1o
Ma€ pO3B’A3KH

v(t) = ¢y sin VMt + cycos VMt = dy sin VM (t + dy), (7.31)
ne ¢;, d; —noBinbHi crami. Hexait g, £, — mocsioBHi Hy/1i HeTpuBiaJbHOrO po3B’s3ky u(t)
mudepennianasroro pisuanng (7.1). [lokmamarowan B (7.31) dy = —t¢, Gyaemo matu v(tg) = 0.

Ockimbku ¢(t) < M mpu ty < t < t;, 1o 3 jgemu IllTypma BummBag, MO HACTYITHUI
HYIb ty po3s’ssky v(t) = divVM(t — ty) 3maxoauThCs HA TPOMIKKY to,t1]. Kpim Toro,
BiH BU3HAYAETHCS HACTYIHUM YUHOM: to = to + \/LM CTony ty —tg >t —tg = \/LM , TOOTO
BUKOHY€TBCH JiiBa, dacTuHa HepiBrocti (7.30).

Tenep nopiBasiemo piBHsHH (7.1) 3 piBHgHHAM 2" + mz = 0, gKe Mae PO3B’A3KN

2(t) = ¢y sin/mt + ¢y cos v/mt = dssin/m(t + dy),

Ob6uparoun TyT dy = —tg, OTpUMYEMO PO3B’s130K 2(t) = d3 sin\/m(t—ty) , cyciani Hysi gKOTO
to1t3=tg+ \/Lr—n . Ockinmbku ¢(t) > m npu ty < t < t3, 1o 3rigHo 3 jsemoro IllTypma, HyIH
s

ty poss’ssky u(t) pisusmmns (7.1) posramosamuii na npomMiKKy Jto, ts], TobTo ¢ —ty < 7=

Otrxke, Mae Micrie mpaBa dactuaa Hepisaocti (7.30)

Hacainoxk 7.4. 1. Hexatd gynkuyia q nenepepsna na npomiscky [a,+oo| i ichye T > a
make,
q(t) >0 i necnadna ma npomiocky [T, +00.

Todi das nocaidosrux wyaie ty,ts, ... 0Yydb-AK020 HeMPUBIALHO20 PO36 A3KY pishsanms (71.1)
810cMars MIHC CYCIOHIMU HYAAMYU He 3pocmae npu t — 400, mobmo t,11 —t, < t, —t,_1
npu n > Ny, NPUYOMY

nl_lgloo[tnﬂ —t,) =0 y eunadry, xoau t£+moo q(t) = +oo,

nETm[tn+1 —t,] = 7 Y 6unadky, Ko tlgrnoo q(t) = ¢ = const .

2. Hexatl ¢ynruis q nenepepena na npomiocky [a, +oo[, icnye T > a make,

q(t) > 0 i nesposmaroua na npomiowcky [T, +oo|

12



i pienanna (7.1) € koausnum. Todi das nocaidosHur Hyaie ty,ts, ... 6Ydb-AK020 HEMPUBIADL-
H020 P036°a3ky pienanna (7.1) eidcmans mioke cycionimu vyaamu ve cnadae npu t — 400,
mobmo tn,i1 —t, > t, —th,_1 npu n > ngy, npuvomy

ngr—{loo[tn+1 —ty] = +00 Yy eunadky, Koau tlgnoo q(t) =0,

lim [t,41 —t,] = —&

n—>+oo[ +1 ] \/E

3. Hexal dynxyia q nenepepena ma npomisicky |a,+oo[ i icnye T > a make, wo q(t) >0
npu t > T, npuvomy

y eunadky, xkosu  lim ¢(t) = ¢ = const > 0.
t—+oo

abo  lim q(t) = 400, abo lim q(t) = 0.

t——+o0 t—+00

Hezxad, xpim mozo, dan 6ydo-axuxr dodamnuxr cmasux k @ T icnye maxe anavenns Ty > T,
wWo npu

k
t>Ty @+ 0<h< (7.32)
q(t)
BUKOHYEMBCA HEPILBHICTLL
tth
awEn g (7.33)
q(t)
Todi 6ydv-axuti Hempusiasvrull po3e’s3ok u pieHanns (7.1) mae HeCKIHYEHY KIAVKICD
HYai6 ty,to, ... 1 KootcHomy 3navenrio 7, 0 < 7 < 1 sidnosidae maxul indexc ng, W0 NPU

n > ng MAOMb MICUE OUIHKU

N T A/ TRy

30KpeEMA, OAA 6L0CMAHT MIHC NOCATOOBHUMU HYAAMU PO3E A3KY U MAEMO

lim [tp41 —t,) =0 y eunadky, xoau  lim q(t) = +oo
n—-+00 n——+0o00

lim [tp41 —t,) = 400y sunadky, koau  lim ¢(t) = 0.
n—+o00 n——+oo
Il oBemennsa nepmoro TBep/kenns. OKinbku DYHKIA ¢ HECHAHA HA ITPOMIXKKY
[Tv +OO[7 TO IIpu tnfl Z T

Q(tn—l) < q(t) < Q(tn) npu  t € [tn—htn]a

q(tn) < q(t) < q(tns1) upn  t € [ty tnia],
Toumi 3rizHO 3 TEopeMoro 7.5

<,y < — T <y o<
T > Uln 7 ln-1 > ) > bbntl T bn X T /—/—/——)>
V Q(tn) \/Q<tn—1) \/Q<tn+1) Q(tn)

3BiJIKM 6€3I110CepPeHRO BUILIUBAE CIIPABEJIUBICTD IIEPIIOT0 TBEP/RKeHHs HacaiaKy. pyre
TBEP/IZKEHHS JIOBOJIUTHCS aHAJIOTidHO. /[OBeJeHHsS TPeThOoro TBEP/KEHHS MOYKHA 3HAUTH B

[1x. Cancone,t. 2| (Posn 7, §4, cTop. 49).
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BayBakenHsi 7.4. Bidsnawumo, wo ymosa (7.33) euxonyemuvces, nanpukraiad, oas Gynrkuii
q(t) =ct” nput>0,c>0 1v>—2 (koau pieuanns (7.1) € Koarusnum 32ia1o 3 Meopemoro
Kwnesepa). Hiticno, das wiei dynxyii

v 7-1
’q<tih)_1‘:'<1i?> _1‘:ﬁ7(1i62) , 0<O0<1.

q(t) t
Oodnax, npu 0 < h < \/Ekt T MAEMO
ﬁ<L7 1 Mmomy E—>0 npu t — 400,
t ettt t

ol
2

OCKINOKU MHOACHUK Y (1 + 0%) obmesrcerudl.

B macrynsiit Teopemi y Bunajky, Ko (byHKI[s ¢ HelepepBHA Ha HPOMIKKY [a, +00[
i piBastEHg (7.1) € KOMBHEM, GyJeMo st Oy/Ib-sIKOrO fiOr0 HETPUBIAJIBHOIO PO3B’S3KY U
rmosHadaTu depes tg, to, ...,tok, ... — IOCJIJOBHICTH MOTO HYJIB Ha JIEAKOMY IPOMIXKKY
[T, +o0[, a uepes iy, ls, ..., ta,,,,... — IOCTIJIOBHICTb TOYOK HOro eKCTpEeMyMiB, Je 1; —
Iepiia ToYKa eKCTpeMyMa IicJd Hyds to, ts — Ieplia TOYKa eKCTpeMyMa Iicasd Hysd to, 1
TakK Jaji, tory; — HEPINa TOYKA eKCTPeMyMa IcJisd HyJsd tok , TOOTO JJIS IUX TOYOK Oy/1eMO
MaTH

to < 11 <t2<t3<...<t2k<t2k+1 < ....

[Tpu oMy Tpeba 3a3HAUUTH, M0 TOCTIIOBHICTE {tof} HyiB wu(t) Gye MOCTIIOBHICTIO eKc-
TpemymiB Jist u'(t) .

Teopema 7.6 (Upo MOBEJIHKY eKCTPeMyMiB KOJUBHUX PO3B'si3ki ). 1 ([10[, Posd. VII,
§4, cmop. 25-55]). Hexal dynrkuia q — nenepepsna na npomiocky |a,+0o[ i das desaroezo
T>a

q(t) >0 i mnecnadna npu t>T.

Todi das 6ydv-sK020 P036°A3kKy U Judepenyianvrozo piehanns (7.1)
[u(tors1)] < lu(tor—1)], k=1,2...,

eparuyi mobmo nocaidosricmo maxcumymis {|u(tors1)|} € neapocmarouero i momy mae crin-
weny 2panuylo, a nocaidosnicmys maxcumymis {|u' (ta)|} € necnadnoro i momy mae ckirnueny,
abo Heckinueny epanuto. Biavw moeo, y eunadky, Koiu

tEHloo q(t) = o = const > 0 (7.34)
06u061 2paru
lim |ugeq| =1, lm |u'(tox| =1 (7.35)
k—4o00 k—4o00

CKINYEHT, BIOMIHHI 610 HYAA | 360080AbHAIOMYD PIBHICTNG

I = \/al. (7.36)

2 ([10], Po3d.VII, §4, cmop. 25-55]). Hexati dhynruis q — nenepepsna wa npomiscky [a, +00]
1 0asa deaxozo T > a
q(t) >0, mespocmaroua npu t>T
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i pienanna (7.1) € xoarusrum. Todi das 6ydv-arozo po3s’asky u Judepenyianvio2o pieHs-
wna (7.1) nocaidosricmo maxcumymic {|u(tapi1)|} € necnaduoro i momy mae crinveny, abo
HECKIHYEHY 2DaHuut0, a nocaidoshicms makcumymis {|u'(ta)|} € nespocmarouero i momy
Ma€e CKinueny 2panunto. Biavw mozo, y eunadky, koau sukonyemuvca ymosa (71.34) 06udsi
epanuyi (7.35) ckinueni, eidminmi 6id nyas i 3adososvraromy pienicmo (7.36). 3 (A.Biman,
1936p.). Hexatl ¢ynxuyisa q nenepepena na npomiocky |a,+oo| i icnye T > a maxe, wo
q(t) >0 npu t > T, npuvomy
abo tngrnooq(t) = 400, abo tlg»noo q(t) = 0.

Hexati maxootc q mae nenepepeny noriony ¢ (t), eidminny 6id nyass npu t > T, i, xkpim
mozo, oaa 6ydo-axux dodamuur cmasux k it 7 ichye Ty > T, maxe, wo npu

k

t>Ty i 0<h< (7.37)
q(t)
BUKOHYIOMBCA 0OHOUACTIVHO HEPIGHOCT]
t+h "(t+h
%——l—4<7, AU (7.38)
q(t) q(?)

Todi dasa Ko0oHCHO20 HEMPUBIANLHO20 P03 A3KY Jdudeperiyianvrozo pienanua (7.1) maromo
MICUE ACUMNMOMUYHT 300PAHCEHMA

Clia, F
‘y(t2n+1)’ = |q(t2n+l)| o ) ’Z/(th)’ = |q<t2n)|4+6 )
de {an}, {Bn} — meckinueno mani wucro6i nocaidosrocmi.

BayBakenusi 7.5. Vmosu (7.43) ceidomo suronyromvcs, nanpuraad, oan dynruii q(t) =
c” npu t>0,¢c>0 i vy>—1 (dus. sayeoicenns 7.4).

[Tomamo 6e3 oBejieH s 1€ OJIUH Pe3YJIbTAT, KU JIa€ MOYKJIUBICTD OIIHUTHU BiJICTaHb MiXK
HOCJIJIOBHUMU HYJISIMU HETPUBIAJIBLHOTO PO3B’si3Ky piBHsiHHs (7.1).

Teopema 7.7 (O. Jlsmynos, 1896 p.). Hexati ¢pynruyia q nenepepsna wa npomiocky |a,bl .
Jlas mozo, w06 pienanna(7.1) mano nempusiaavriull po3s’asok 3 déoma nysamu wa |a,bl,
HeOOTIOMO0, Wb BUKOHYBANACH HEPIGHICTND

b

4
/q+(t)dt> —

—a

a

de

¢"(t) = max{q(t); 0}.
Hacaigok 7.5 (upo kinbkicts nynis @. Xaprmana i A. Yiaraepa, 1949 p.). Hexat ¢yn-
Kuyis q wenepepsha na npomisicky [0, +00], u(t) — tGoeo nempusiarvhuli posze’szox i N —
KIADKICMb HYAI6 U020 po36 asky na npomisicky |0, T]. Todi

T 2
1
N<5 T/ﬁwwﬁ + 1. (7.39)
0
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JdoBemenns. Hexait N > 2 i nerpusianbuuii po3s’a30k u(t) pisasaHs (7.1) Mae
N nynis wa npomixky |0,7] y roukax (0 <)t; <ty <...tx (<T). Brigao 3 Teopemoro 7.7

tet+1

g (t)dt > k=1,...,N—1. (7.40)

)
ler1 — Tk
173
Ockinbku cepenne rapmonnane N — 1 1071aTHUX 4mcesT He IepeBUIILy€e cepeHbOro apudme-
TUYHOIO X YUCe], TO

-1
1 Nzl 1 _lN vt
N—1&ty—ty - - N-1’

i Tomy B cuty (7.40)

tn

AN —1)? _ 4(N —1)2
t(t)dt >
[atwaes 50— s HEAE

t1
3BiZIKW BUIIIMBae HepiBHICTD (7.39).
JloroBHEHHAM JI0 HACIIKY 7.5 MOKe OyTH HACTYIHHUI pe3yabTaT

Teopema 7.8 (A. Buman, 1917 p.). Hexat ¢ynxuia q dodamma i nenepepsro dugepeniyi-
tosna na npomisicky [0, T] npu 6ydv-axomy T > 0 i 3adosorvrse ymosy

(W) =0(q*(®)) mpu t— foo.

Todi, axwo N(T) — xiavkicmo nyaie na npomiocry 10, T] nempusianvrozo pose’ssxy du-
pepenuiarvrozo pienanns (7.1), mo

N(T)N/Tq

IIPUKJIAJINA 7.4. JocaianTn Ha KOJUBHICTH 1 HEKOJIMBHICTD DIBHSHHS:

1 t
1) W'+ ——u=0; 2) '+ ——=u=0
to+1 V12 + 100
Y BUNaJIKy, KOJIU PIBHAHHS € HEKOJUBHUM, BU3HAYUTU YU € BOHO PIBHSIHHAM 0€3 CIIpsi-
JKEHUX TOYOK, & Y BHUIIQJIKY KOJU DIBHAHHA € KOJUBHUM BU3HAYUTH IOBEJIHKY HYJIB Ta
E€KCTPEMYMIB OY/Ib-sIKOTO Or0 HETPUBIAJILHOIO PO3B A3KY 1 OTPUMATH OIHKY I KiJTBKOCTI
HYyJIIB I[HOTO pO3B 513Ky Ha mpomizxKy |0, 100] .

N

(t)ydt npu T — +oo.

1. JIyis1 mepImoro piBHAHHS MA€MO

= = — 0 mpum t— 400

= VI

q (t) 1541 t?
=

16



i Tomy 3rijiHO 3 Teopemoro Kunezepa piBHsgHHs € HeKOuBHUM. [laii, momivaemo, 1o

+oo “+oo
/ (r)d TdT -
Tq(T)dT| = T 0.
2V 1
J J T2 +

Topxi na migcTaBi HACTIAKY 7.3 PIBHAHHS € PIBHAHHAM 0€3 CIIPAXKEHUX TOYOK.
2. Ing apyroro piBHSIHHS

(t) v/ : t?
2
q 124100 s +o00 npu t y 400

= = V2 4100

1 Tomy 3rijgHO 3 Teopemoro Kuezepa piBHAHHS € KOTUBHUM. Kpim Toro,

q(t) = (t(t2 + 100)*%)

!/

r 1 100
= (£ 4+100) "2 — S(£* + 100) 226> = ————— >0,
2 (t2 4 100)>

t
lim ¢(t) = lim —— =1,
t—)—i—ooq( ) t—+oo /12 4+ 100
T06TO ¢ 3poctae Ha miBoci [0, 400] i Mae ckiHueHny rpanuio, pisay 1 npu t — 4o00.. Toui
3TiJHO 3 HACTIKY 7.4 1 Teopemu 7.6 [T KOKHOTO HETPUBIAJIBHOTO PO3B’SI3Ky DIBHSHHS: a)
BijIcTaHb MiXK HOTO CyCiTHIMU HYJISIMU HE 3pOCTa€ Ipu ¢t — 400, TOOTO i1 —t, >ty —t, 1
pu 1 > ng, IPUUIOMY

n1—1>r—i{loo[tn+1 - tn] =T

6) nocimoBHicTe MakcuMyMiB {|u(tar+1)|} € He3pocTarouero, a IMOCIIOBHICTE MAKCUMYMIB
{|u/(tak)|} € mecnamnoro, me {tor} ({fox+1}) — mocmimosBHicTh HynmiB u (BimmosimHo moci-
JIOBHICTb TOYOK €KCTPEMYyMa), IPHIOMY

li = li ! = .
klglo]u(tgkﬂﬂ _gr;olu (tox)| = const

Hng omiaku kinbkocti HysiB #Ha mpomixkky |0, 100] HeTpuBiaJbHOTO PO3B’SI3KY DIBHSHHS
CKOPHUCTAaEMOCA HacJiIKoM 7.5. Byiemo marTu

T % 100 d %
1 1 tdt
N<-|T THdt] +1==1100 | ——— | +1=
2 /Q() 2 V2 4+ 100
0 0

1 3 1 3 1

5 (200\/752 + 100 30()) <3 (200(101 — \/100)) +1 < 5\/200 9141 = V4550+1 < 67+1 = 68.
7.4 BuaacTuBoOCTi pO3B’s3KiB HEKOJMBHUX JIIHITHIX OAHOPIIHUX -
depeHniaabHNX piBHIHDb

Tyt nopsiy 3 piBasgHEAM (7.1) OyIe po3ragIaTiCs 1 PIBHIHHS OLIBII 3araJbHOIO CAMOCIIPSI-
2KEHOT'O BUJTY

(p(t)u')" + q(t)u =0 (7.17),
ne dyHKIil p, ¢ HenepepsHi Ha npoMikKy [ = [a,w[ (w < +00) 1 p(t) >0 npn a <t < w.
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Teopema 7.9 (mpo rosioBumii Ta HeroyoBHi po3s’asku, ©. Xaprvan, A. Yiataep, 1955p.).
Hexat dugeperyiarvne pisnanns (7.1%) e nexoausnum. Todi icuye pose’sasox u = ug(t)
pisuanna (7.1%), 00nosnauno susnaverud 3 MouHicmio 00 CMaA020 MHONCHUKA 00HIEI0 3
nacmynuur ymos (6 axur wepes uy(t) nosmwauenul 006iAHUL PO36 A30K, WO € AIHITHO
nezanescrum 3 uy(t) ):

(1) uo, uy maxi, wo

uo (1)
— 0 npu t7Tw; 7.41
o) pu t1 (7.41)

(i1) ug, up maxi, wo

[odt /Lu dt
————~ = +00, ————— < 400 npu deakomy ag € |a,w|; 7.42
| i ORED ocluel T

aop ao

(111) axwo T € I Ginvwe camozo npasozo nyas Gyrkuii ug(t) (axwo ein ichye) i uqy(T) #
0, mo uy(t) mae odun Hyav, abo ne mae d#codrnozo nyas npu T <t < w 6 3anesrcnocmi 6id
M020, U GUKOHYEMBCA YMOBA

W) () ) )

u(t)  ug(t)’ up(t) = u(t)

npu t =T, 30xpema, 6 0eAKOMY NBOMY OKOAL W .

(7.43)
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