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BCTYI
NMpeameT Kypcy matemMaTtU4iHoi i3nKu

Jlocuth 4YacTo y CTYHIEHTIB, $KI BIepIIe 3yCTpIYalOThCAd 3
MaTEeMaTU4YHOIO (DI3UKOI0, BHUHUKAE YSBICHHS, IO LEH NpeaMer €
po3ninom ¢isuku. HacmpaBai me He Tak. Martemartnuna ¢i3uka — 1€
pO3MiJ MaTeMaTUKH, SKHH JOCHIIHKYE TOYHI Ta HAOMMKEHI pPO3B’S3KH
mudepeHIialbHUX PIBHSAHb Y YACTMHHHUX MNOXiAHMX. Taki piBHSHHS
OMUCYIOTh pi3HI (PI3WUHI TpOLECH: SBUINA TIIAPOJAMHAMIKH, Teopii
NpPY>KHOCTi, €JIeKTPOAMHAMIKM Ta iHIIE. AJie BCe II€ HE OOMEXKY€EThCS
GBUYHUMEU SBUIIAMU. Bynp-akuii mporiec, Mo 3aJeKHUTh BiJl JEKITBKOX
napamMeTpiB, SAKUH 3MIHIOETHCS B 3QJICKHOCTI Bi IIBUAKOCTI 3MIHU ITUX
napaMeTpiB, MOTPIOHO OMHMCYBAaTH DPIBHSAHHSAMU Y YaCTUHHUX IOXITHUX.
OTxe, ChOTOAHI PpIBHAHHA Yy YACTHHHHUX TIOXIIHUX € HEeoOXiIHOIO
CKJIQZIOBOIO MOJIETIIOBAHHSI PI3HOMAHITHUX NPOLECIB y CaMUX PI3HUX
rajy3six JIJChKOT JisSIbHOCTI: (iHAHCOBI 3ajaui, 3amadi  O10JIOTii,
reoJjiorii, comioyiorii Ta iHme. MaTeMaTHYHEe MOJCIIOBAaHHS MPAKTHUYHO
BCIX NPUKIAAHUX 3a7a4 HEMOXJIUBE 0e3 amapary KpailoBuxX 3ajad
MaTeMaTnyHoi (izuku. Came TOMy med Kypc BUKIQNAETHCS CTYIACHTaM
Binninenus «[Ipuknagna MaTeMaTrkay.

AynuTopis ciiyxadiB BuUMaraja CIELialbHOI CTPYKTYPH ILIbOTO
Kypcy, Ky O0yino po3pobiieno npod., 1. ¢.-mar. H. I'. f. [TomoBum.

Buknananna warepiany NOYMHAEeTbCs 3 Kiacudikaiii piBHSAHb
MatemMaTH4Hoi (i3uku. I[licns dYoro axkneHTYBaHHS YBaru 4YWTayiB
HATPABJICHO HAa PIBHSIHHS B YACTUHHUX IMOXIIHUX IPYTOro MOPSIKY, IO €
Hai4JacTile 3aCTOCOBAHMMHU IIiJT Yac MOJCIIOBAaHHS OaraThboX sBui. Jlami
HaBEJICHO MaTepiayll MO0 METOAIB PO3B’SI3aHHS KpaloBHX 3a7ad y
YaCTUHHUX  MOXigHUX. [losICHEHHS ~ CYNpOBOMXKYyeThCs  OararbMa
npukinagamMu. OKpeMuidl po3Iil CKJIaJae MaTepial, IO TMPUCBSIUYEHO
BIacTUBOCTAM (pyHKIIi ['piHa, HaBEEHO Ta JIOBEICEHO OCHOBHI TEOPEMH,
NPUBEACHO OCHOBHI MeToAu mnoOyaoBu ¢GyHkuii ['piHa ogHOMIpHUX
KpaloBHUX 3a/ad4.

VYBary uyuTadiB Jali 30CEPEKEHO Ha CrHemiadbHuX (QyHKIIIX
MaTeMaTU4HOi (I3UKH, TMOJAHO OCHOBHI 300pakeHHS Ta JOBEJIEHO
BJIACTUBOCTI SIK camMuX (PYHKIIIH, Tak 1 iX moximHux. CBOe Mmiciie Mae B
Kypci 1 Teopis moTeHuiany. MicleM eNnTUYHUX PIBHSHB y 0aratbox
JIOCITIJDKEHHSIX TTOSICHIOETBCS TeE, IO IIEH PO3ai € HAHOUIBIIINM PO3/IIJIOM



Kypcy. Takok OKpeMO BUKJIAIEHO BIACTUBOCTI PIBHSIHB MapaboIiyHOTO Ta
rinepOoIIYHOTO THUIIB.

TakuM YHWHOM, CTPYKTypa TIOCIOHWKAa BIATOBIZAa€ TOBHICTIO
CTPYKTYypi Ta 3MICTy HaBYaJbHOTO Kypcy «PiBHSHHA MaTeMaTHYHOI
¢Gi3ukm», MO BHUKIAJAETHCA CTyAEHTaM — OakajaBpaMm CIEHiaJbHOCTI
«[Tpuknamna martematuka» OAeChKOT0 HAIIOHATBFHOTO YHIBEPCUTETY
imeHi . I. Meunukosa.



. TOCTAHOBKA 3A0AM
MATEMATUYHOI ®I3UKHN

[lepmmit  po3ainm mociOHWKAa TPHUCBAYEHO Kiacudikallii piBHIHB
MaTeMaTU4YHOI (I3UKH, BUBEJCHHIO TaKUX BAXJIWUBUX pIBHSAHB, K
PIBHSHHS TEIUIONPOBIAHOCTI Ta PIBHSHHS KOJUBAHHS CTPYHH, a TaKOX
kinacudikamii 3aa4 MaTeMaTUYHO1 (D13UKH.

1. Kinacugikanisa piBHAHb B YaCTUHHHUX MOXiTHUX

Knacudikaiis piBHAHb JpYyroro MNOPSAKY NPOBOJAUTUMETHCA Ha
OCHOBI1 aHalli3y XapaKTepUCTHYHOI YaCTHHH PiBHSHHSA. OTXKe, CIOYaTKY
HaraJa€eMo OCHOBHI O3HAYeHHs Teopii JaudepeHIliaIbHUX PIBHSHb
YaCTUHHUMH TTOXiTHUMH.

Osnavenns 1
CriBBiIHOIIIGHHS, IO 3B’sI3y€ HE3aJIeXKHI 3MIHHI, ITyKaHy (DYHKIIiO
Ta 1l YaCTUHHI MTOX1/IHI, HA3UBAIOTh PIBHSIHHAM Y YaCTUHHUX MOXIHUX:

ou ou O
"Ox;”Ox; " oo

F|Xxp,.00X,,u =0, i,jzl,Tz,kHzm. (1.1)

n>

Tyt ¢ynkuis u Taka, mo 3agana Ha mpoctopi R”,xeR", ta nie
TaKUM YHHOM:

ou :

uw: R"=R; <= —dJacTHHHA MOXiJHA, 0 BU3HAYAETHCS 3a (OPMYIIOIO:
OX;
ous g ulay.atlx,..a,u(a,...a,) . —
~—(a)=lim , iel,n.
axl' Ux;—0 Dxl'

Osnauenns 2

[Topsimox crapmioi MOXigHOI m, IO BXOAUTH y nudepeHIliaibHe
pPIBHAHHA 3 YacTMHHUMM noxigHuMu (1.1), Ha3MBaIOTh NOPAIKOM
PIBHSIHHSL.

Bci ¢i3muni mporlecH MOXKHA ONMUCATH PIBHSHHSAMHU B YaCTUHHUX
noxiguux Burisgy (1.1). Ane nepeBaskHa OUTBIIICTD MPOIIECIB OMUCYETHCS
nubepeHIiaIbHUMU PIBHAHHSIMHU IPYToro NOpsAKY, K1 MarOTh BUTJISAL:



Zzaa u_ ou ,u,x F0, x:(xl,xz,...,xn). (1.2)

Jj=li=l

Osnauenns 3
Axio xkoedilieHTH TPU YaCTUHHUX TMOXIJHUX JAPYTOro MOPSIKY €

: . ou . 7.
(QyHKLIAMA HE3AJIEKHUX 3MIHHUX X, X,,...,X, Ta QYHKUIA u,—~—,i=l,n, TO

’ Ox;

Take PIBHAHHS Ha3UBAIOTh KBa3UIIHIMHUM PIBHSHHAM:

ZZaa u A )+F(xu j 0, x=(x;,..x ),izl,n,jzl,?. (1.3)

j=1i=1

O3navernns 4

ko KoeilieHTH MPU YAaCTUHHUX MOXIAHHUX APYTrOro MOPSIKY €
(YHKLIAMU TIABKM HE3AJIEKHUX 3MIHHHMX X,X,,...,X,, TO Taki PIBHSHHA
HA3UBAIOTh JIIHINHUMH BITHOCHO CTApIIUX MOXI1THUX.

He oOmexyrounm MipkyBaHHS, B HACTYITHOMY 3arajbHUN BUIJIS]
JTiHIHHOTO AM(EpEeHIIaJbHOTO PIBHAHHA JAPYroro TOpSAKy OyaeMo
SaHI/ICYBaTI/I y (1)opMi'

ZZAJI +ZB +C( Ju (X G (x)=0, x=(x;, X,,..., %, )(1.4)

J=li=l

2. 3BeieHHS 10 KAHOHIYHOI0 BUIJISIAY PiBHSHb MAaTEeMAaTHYHOI
¢izuxku. Knacudikauiss piBHIHb MaTEeMAaTHYHOI (Pi3MKH

Hexait MmaemMo nudepeHIiiianbHe piBHAHHA y YaCTHHHHUX MOXITHUX
JPYTOTO MOPSIIKY:
n on 821/1 (X)
A, —+F | x =0 1.5
2. 2.4 (%) o R (1.5)

j=l k=1 J
e u=u (x):u (xl,...,xn). [lepmnii nogaHoK y JdiBii yacTuH1 piBHOCTI (1.5)
BU3HAYAE THUIl PIBHSHHS Ta BIAMOBIAHUN METOJ Horo po3m’s3aHHs. HMoro

OyZeMo Ha3MBaTH XapaKTePUCTHUYHOK YACTUHOK PIBHSHHA Ta Yy
MOJAJIBIIOMY BU3HAYATH SIK

n n 2
DA () 5 e (16

j=1 k=1



3po0Oumo 3aMiHy 3MiHHHX:

n
xm:Zam,yl, m=L2,...,n
=1

all alz--- aln
Je MaTpuls Koe(ilieHTIB HamlH Ay, Qyy... Gy, | € HEBUPOIKEHOIO,
a, Qp... a,,

To6To  det|a,,[#0. s mei saBxmm icHye oGepHeHa Marpuus, 3a
JIOTIOMOT OO €JICMEHTIB K0T HOB1 3MiHHI BUPAXalOThCS Yepe3 cTapi:

n
ym=melx,, m=L2,...,n. (1.7)
I=1
(TyT 1 1ami OyAeMo OIyCKaTH 3HAK CyMyBaHHA — y, =D, /X, ).
3 ypaxyBaHHsM 3amiHu 3MiHHUX (1.7) HOBY HeBiOMYy (YHKIIIIO

3aluIIeMO SIK U ( M yz,...ym). Bona Mmae 3anoBonbHATH piBHAHHS (1.5).
3anumieMo MoXiiHi 4Yepe3 HOB1 3MiHHI:

Gu(x)zaﬁ(y) o 8u( )6y2 ), (1.8)

ox; oy 8x oy, 8x 8y ax Z 8yl Ox;

n
BpaxoByroun, 1o J’ZZZ by;x; , orpuMaeMo Syxl:blj; TOJII:

i=1 J

a b,j= ai;(y ) by (1.9)
] =1 yl yl |

OcraHHs pIBHICTh 3amucaHa 3 YpaxyBaHHSIM TOro, IO 3HAK
CYMYBaHHSI OITyIIICHO.

3BiAKM ApyTa MOXiIHA MA€E MOJAHHS:

ou(x) o {Gu(X)j_ Kl ((%I(X)j v o (au(x)jayz .

Ox,0x, Oxp| Ox; | oy Ox; Jox, 9y, Ox; Jox

o [0 oy, 00 0
+...+(u(x)jy ( L(';J(/; )bljja;i



m=] - m
Tlo3zraunmo 2);’” Ak b,,, ToAal napyra moxigHa OyJe 3amMcaHa B
k
HACTYTHINA popmi:
2~
0%u 8 ( )
b.b 1.10
Ox ;0 Gy oy, Urmk: (1.10)
OTxe, XapaKTepUCTUIHA YACTUHA PIBHIHHS:
o%i(y) 0% ()
Q( )_Q(y) A]k 8 ay bl]bmk Alm 8 éyl

a00 SKIIO JeTaIbHO:

ZZA,ma“y e A= S Ahyb L=l

I=1 m=1 =1 k=1
MoskHa niepeBipuTH, 110 (bopMym/I MIePETBOPEHHS

4, ZZ by Lm=1,2,..

j=l k=1
Koe(illieHTIB TpH JAPYrUX MNOXiAHMX (yHKOII © Mg Yac 3amiHu
HE3AIeKHUX 3MIHHMX BignoBimHo np0 ¢opmyn (1.7) 30iraroteest 3
dbopmynamu mepeTBOPEHHS Koeq)iuieHTiB KBaIpaTU4HOI (hopmu:

ZZ il s (1.11)

j=1 k=1
SKIIIO TIPOBECTH B HiM JIiHIIHE IEPETBOPEHHS:

=) Cyrn (j=L2....,m)
=1

TO OTPUMAEMO BUPA3:

n n -
ZZAlmTle
1=l m=1
Y kypci anrebpu [I0BEIEHO, IO 3aBXIW MOXHA MiaI0paTH

koedimient Cj; TakuM uyuHOM, WO KBaxpatndxa Qopma (1.11) Oyna

NpUBEEHA 10 CyMH KBaJpariB, TOOTO:



n

2
2 T
m=1

Inakme xaxyuu, A,=0, sxmo l#m ta A, =k, . Koedinieatu A,

abo mopiBHtoBaTUME *1, a0 HYIIO BIMOBIIHO.
OTxe, XapaKTepUCTUIHY qaCTI/IHy piBH}IHH}I 300pa3uMoO y BUTJISII:

o%i(y)
n, . 1.12
meZ_:l 8)/2 (1.12)

CDaKTI/ILIHO, BHUIIIC HCABHO C(bOpMy.]'ILOBaHO Ta IOBCIACHO TCOPEMY.

Teopema

bynp-sike KBa3iliHIMHE pIBHSHHS 3aBXKIW MOXKHA IIPUBECTH JI0
KaHOHIYHOTO BUIJISIIY 32 PaXyHOK BBEJCHHS HOBOI CHCTEMH KOODJHMHAT,
sKa OTPUMaHa 31 CTapoi IMIITXOM HEBUPOKEHUX ITEPETBOPCHb.

PimeHHss 3 XapaKTepUCTHUYHOIO YACTHHOI, IO 300paKyeThCs
noganHsaM (1.12), Ha3UBa€ThCSI KAHOHIYHUM.

Ha ocHoBi 300paxkenns (1.12) nmpoBoauThes kinacudikaiis piBHSIHBb
MaTEeMaTUYHOI (PI3UKU:

1) Axmo Bci Koe(ilieHTH A,, OJHAKOBOI'O 3HAKY, TO BUXIIHE PIBHAHHSA

€ PIBHSIHHSIM €JIIIITUYHOTO THUITY;
2) SKWO iCHY€ X04 OJMH KOCRILIEHT A ;, SIKUH Ma€ 3HAK, IPOTHICHKHHIL

0 pemTH IHIIUX, TO BHUXIJHE PIBHAHHA € PIBHIHHAM
rinepOoJIIYHOTO THUITY;
3) AKIWO X04 OfMH 3 KoediuieHTis Oyne nopiBHIOBAaTH HynboBi A =0,

TO BUIXiJIHE PIBHSHHS € PIBHSHHSIM Mapa0oJIiyHOTO THITY.

VY Bumanky, konu n JopiBHIO€e 2, y Bupasi (1.11) xapakrepuctuuna
YaCTHHA 3alMCY€ETHCS TaK:
Ou 0°

0u u
———+A4 .
22 8x§

Q()A116 a”+A

Ox,0x, 2! oxy0x

@tz Ou_, Ou_, o*u
a 198 1’82 2’8

PIBHSHHSM KPUBOI IPYTOro HOp;{ILKy.

+4,, (1.13)

3pobumo  3aMiHy —t22. Tomi (1.13) €

2 2
Q(t)zA1 A+ Ay ot + Ayt



SIkmo 3poOuTh 3aMiHy 3MIHHHX TakKy, IIOOM 3HUKIM MilIaHi
NOXi/H1, HApUKAaA, =b; ;T,+D,T,, TO OTpPUMAEMO KBaApaTuuHy (Gopmy
KaHOHIYHOTO BUIJIAY:

—~y 2 2
Sk BiToMo 3 Kypcy anreOpH, 3 IIbOT0 BUILIMBAIOTH PIBHSHHS €Jirca,

rinep6osu Ta mapadbosu, siKi MarOTh BUTJIS, BIAMOBIIHUM 10 HACTYITHUX:
2 2 2 2
x X
72 + Lz:la 7 —Lz:l, x2=2by .
a“ b° a” b
VY Bunaaky, konu n=3, piBHsIHHS (1.5) MepeTBOPIOETHCS HA PIBHSHHS
Jlannaca Ta 3anucyeThCs y BUTIISIAL
*u  0*u | %
oF ol ad
A O OX3
BoHO € piBHAHHSM €NINTHYHOTO TUITY.
XBUJIHOBE PIBHIHHS:
20% | 20%u | 20%u 0*u_
TS 5~ ~5 =0
OXj ox5 ox; Ot
BITHOCUTBHCSI /10  PIBHAHb TINEpOOIIYHOrO  TUIy. A  pIBHSHHSA

2 2 2
22 @+ a2 @+a2 O7u_ou 710 PIBHSIHB

o ox3 ox? Ot -

TeTJIOTPOBITHOCTI

napaloJIiyHOTO THILY.
OTxe, OTPUMAaHO OCHOBHI KJaCH4YHI pIBHSHHS MaTeMaTHYHOI
Gbi3uKH.

3. BuBeieHH PiBHAHHS TeNJIONPOBIAHOCTI

TV y [To3HaunmMo TeMIiepaTypy CEpeIOBHINA B
L Oy Ib-IKUi TOYI CepeIoBHUIIIA, SIK
i? u(x):u(xl,xz,...,xn,t); y BHUNAJAKy TPUBUMIPHOTO
¥,  cepepouma ue Oyzae Qymkuin u(x;,xy,x;,t). Sk

'y
Puc. 1 BiJIOMO, TeMIIepaTypa 3aBXI1 MEePEXOAUTH 3 OUTBII

HarpiToi y MEHII Harpity oo0iacth mpoctopy. Hexaii e TETUIOBUI
MOTIK, IO T€Ye 3 OJIHI€T YACTUHH IIapy TOBIIUHOIO / B 1HIIY B HAMPSIMKY
HopMadi (nuB. puc. 1). Bynemo BBaXkaTu, 1110 OJIMH Kpail Ma€e TeMIepaTypy
Uy, a IHIIUHA — Uy, uy>u,. Po3risgHEeMO 4acTHMHY MOBEPXHI LOTO LIApy, A€

BUJIUTMUMO HITIHJP TUIONIMHOIO S, 3’5CyeEMO, sIKa KUIBKICTh TEIUIa MPsMye

13



4yepe3 Takuil HUIIiHAp, 00’eM sikoro nopiBHIoe V'=Sh. [loznaunmo 110
IIyKaHy KUIBKICTb Temua uepe3 (J,. 3po3yMino, IO BenuduHa (J, €
MPOMOPIIIHHOI 70 PI3HUIN TeMIlepaTyp Ta IUIONI TMOBepxHI S Ta
00E€pHEHO MPOTOPIIIHHOIO 10 TOBIIUHU /1

At(u —u )S

0 U

o=, Ko, (1.14)
ne K,— KoedimieHT  TEIUIONPOBIAHOCTI,  SKUM  BCTAHOBJIEHO
EKCIIEPUMEHTAIILHO, A7z — 1€ TNPOMDKOK dYacy, TMPOTATOM SIKOTO

JIOCJTIIKYETHCS TIPOIIEC.
[Tpuitmemo, 1m0 KUTBKICTh TETUIA ¢, IO 33 OJAWHHMINO Yacy MPOXOAHTH
yepe3 OJMHUITI0 MOBEPXH1, BU3HAYAETHCS 32 POPMYIIOL0:

g=— ”12”0 K,. (1.15)
[Ipsimytoun s 10 HyIsI, OTPUMAEMO:
. ou
— K, My 1.16
}g&q Ko 5,~v (1.16)

®opmymna (1.15) onucye TeIIOBUIA MOTIK Ye€pe3 MOBEPXHIO.
BcTanoBneHo, Ky KUTbKICTh TeIJIa NOTPIOHO MiaBeCTH 110 00'emy V' 3
BIJIOMOIO Macoro m JJjis Toro, o0 Horo temmeparypa MmiABUIIUIACS HA
BEJIMYMHY Au:
O=Au-mc=AuV pc, (1.17)
TYT ¢ - KOE(ILIEHT TEMIOEMKOCTI, § — F'yCTHHA LIapy.
3HaiiieMo qep — KUIBKICTb TEIlIa, IKY MOTPIOHO MOJJaBaTH B OJTUHUIIIO

4acy 10 OAMHHMIII 00'eMy:

_ O Au,
Do~ yonr AtC
3pOOMBIIY TIepeXia 10 Mexi Ipu Ar—0
Al}gaoqcpq;*ngt’c. (1.18)
% e Buninmumo enemeHTapHHil 00’eM Yy
—]MJ— npocropi (puc. 2).

; [Toznaunmo 3a ¢, ,i=l,3 — KinbKicTh
: 1

AL _| %5, % TeIuia, M0 BXOJUTH Yy TMapalieserimne]] depe3
[-Ty TpaHb, TOOTO TEIUIOBI MOTIK dYepes

: 9, o
i-Ty TpaHb, a 3a gX;+—=—-dx, — KUIBKICTh
X -

= o,
Puc. 2 TEIuIa, MO BUIIISETHCS 3 apalieenineay:
14



dx d % e et e, =20 e s =2 av . (1.19
g dx ;dx; q"i—'Txi lx; |dx; xk—a—xi bx;dx ; xk—axi . (1.19)

BuxopucroByrouu popmynu (1.14) — (1.16), orpumaemo:
o :_(aqx1  Ogx,  dqx j e

ox;  Ox, Oxs

| O Oul 0 Ou |, 0 (g Ou — (120
_—{8xl (KO 6xlj 0x, (KO 0x, j+6x3 (KO Ox, ﬂdV (1.20)

2 2. A2
—K,| SO O gy AudV
Ox; Ox; Ox3
OcTaToyHO MaEMO:
Oy=K,AudV,

3 A2
ne Auzzgg — oneparop Jlamaca.
-1 OX;

@®opmyna (1.20) Bu3HAuUae KIABKICTh TeIJIa, L0 3aJUIIWIACS Y
napasesemnineni, KojJud uyepe3 BCl TPU HOro rpaHMill MpsSMYye TEMJIOBUI
MOTIK.

Skmo B cepeauHi napaneneninena reHepyerbca Temio (,, TO

3arajbHa KIUIBKICTh TeIJIa Yy Tapaiesiemineai OOYHCIIOEThCS  3a
dbopmyoro:
0=0y+0,, (1.21)

ne Q,=q,dV, q, — KUIbKICTb TeIla, L0 B OAMUHMIIO 4acy NPOXOIUTH
OJIMHULIIO 00’ €My, KOJIM yCepeHI ICHY€ JKEepeno Teria.

3 iHmoro 00Ky, KIJIBKICTh TEIJIa, IKY MOTPIOHO MOJaBaTH B OJUHUIIIO
yacy J0 ojauHuIl 00’eMy, BHU3HauaeTbcs 3a  ¢opmynoro (1.18).
JlopiBHSIBIIM OOM/IB1 YACTUHU PIBHOCTEN, OTPUMAEMO:

KOAudV+qndV=g';ch. (1.22)

K . .
SIKIIO BBECTH TO3HAYECHHA —U=q” Ta TOJUIMTH OOHMIBI YaCTHHH
c
cuiBBiHOMIeHH (1.22) Ha dVc, TO piBHAHHSA HA0yBa€ BUTIISAY:
ou
X a’*Au=+q, . (1.23)
ot
PiBusnns Buay (1.23) 1 € piBHSIHHSM TETUIONPOBITHOCTI.
VY BUMAnKy, KOJU TeMIIeparypa He 3MIiHIOEThCS 3a YacOM, YaCTKOBA

MOXiJTHA 332 YaCOM JIOPIBHIOE HYJICBI:



Au=zg. (1.24)

PiBusinng Buny (1.24) nasuBaroth piBHsAHHSAM [lyaccoHa.
Skmo mxepen Temia ycepenuHi Hemae, To piBHsAHHs [lyaccoHa ctae
OJTHOPITHUM:
Au=0. (1.25)
PiBasans (1.25) HaszuBarTh piBHsAHHAM Jlamnaca (a60 rapMOHIYHUM
PIBHSIHHSIM).
Jlpyre KiacWM4He PIBHAHHS MaTeMAaTHYHOI (I3UKU — 1€ PIBHAHHS
KOJIMBaHb CTPYHHU.

4. BuBe/leHHAI PiBHAHHS KOJIMBAHb CTPYHH

Hexali MaeMo cTpyHy xe[O;l], 0 SKOI JOJAHO HAaBaHTaXKCHHS.

[TepenbavaeTbcs, MmO KIHIII CTPYHM Ha HECKIHYEHHOCTI 3aKpiIUICH.
Posrasinemo ainsHKY cTpyHH J10BXHHOIO Ax. Hexait AP — cuna, 110 aie Ha
LI JIASHIN, TOAI IHTEHCUBHICTh HaBAaHTA)KEHHS B TOYIII , BH3HAUHMMO 32
dbopmyoro:

. M_
A1)1(2) Ax—p(x). (1.26)

[Tpunyctumo, 1o cTpyHa xe[O;l] 3aBaHTa)XEHa PIBHOMIPHO CHJIOIO 3
IHTEHCUBHICTIO p(x). [ToTpiOHO pO3IIyKAaTH MPOBUCAHHS CTPYHU. Y
KOXHIN TOYIll MPOBUCAHHS MPOBEAEMO JOTHUYHY. BBakaroum, mo Ax —
Maje, MO)KHa paxyBaTd, M0 QYHKISA p(x) € TIOCTIiHOIO, TOOTO
p(x)=const, Ap=p(x)dx. Ha KOXKHY IUISHKY CTpYHHM JiHOTb CHIIK:
p(x)dx ta T — cuia HatAry. OCKUIBKH CTPyHa € y CIIOKOi, TO Il CHJIH
BPIBHOBaXEHI:

p(x)dx—Tsin o+ sina,=0. (1.27)

Tyt ay=o(x), o, =0.(x+dx),sin (xlzcm;j(x)

3 piBusHHA (1.27) oTprMaeMo yMOBY piBHOBAaru y BUTJISIL
p(x)dx+T (sin o, —sin oy =0

dx+sino.

abo
dsino(x)

p(x)dx+T T

dx=0. (1.28)



du (x):ux 1060 sina, (x):u
dx coso(x)

x°

Iotpi6Ho 3ayBaxuTh, mWo fgaL(x)=

3 LOr'0 BUILIMBAE, IIO:

sin o (o). (1.29)

1+(u;c )2

SIKmo npuitMeMo, 1O NMPOBUCAHHS Majle Ta HABAHTAXEHHS TaKOX
HEBEJIMYKE, TO MOKHA BBAXXaTH, IO 1+(ux)2z1. 3 1Oro MaeMo, IO

sinoc(x):z,z. Toni ymoBa piBHoBaru (1.28) HaOyBae BUTIIS:
d’u (x) )4 (x)
2T O<x<l. (1.30)

PiBusinns (1.30) € piBHSHHSM NPOBHUCAHHS CTPYHH.

3HalIeMO BUTJISA PIBHSHHS KOJIMBAHHA CTPYHH. Y LBOMY BUMIAIKY
BCl BETMYMHU 3aJie)KaTh HE TUIBKM BiJl KOOPAMHATH MPOCTOPY, ajue 1 Bif
yacy ¢. BpaxoByroun npuniun Jlanam6epa y piBHsHHI piBHOBaru (1.27),
MOTPIOHO  MIAKIIOUWTA CHJIM 1HEpHIi 3 TPOTWICKHUM 3HAKOM

0%u(x,1)
ot

3 ypaxyBaHHSM TaKOT0 300paK€HHS 1HEPLIMHOrO YiIeHa MaeMO:

0%u (x,1) o%u (x,1)

mdx , ne m=pSdx .

JHT S=0
p(x )+ ax2 atZ P
abo:
0u (x,t)_ 5 0u (x,t) p (x,t)
¥ =c . + oS (1.31)
JIe BBEJICHO IMO3HAYCHHS 02:7;_
Pipustans (1.31) y Bunaaky p(x,t)EO € XBUJILOBUM PIBHSHHSIM:
2
aLéE;C’t):czﬂu(x,t), u (o, 1)=u (), %5, X3, 1). (1.32)

Y BuUmaaky, KOJIH U (x,t):u (xl,t) , OTPUMYEMO, $K YaCTKOBUH
BUITQ/IOK, PIBHSHHS KOJMBAHHS ISl CTPYHHU:
0°u (x.t) , 0u (x,.1)
2 ¢ 2
ot OX;

(1.33)



3’sacyemMo Temep, SKAM BUMOTaM MalOTh 3aJ0BOJBHSATH 3ajaadi
MaTeMaTH4HOI (PI3UKU Ta SKi 3a7a4l pO3TIAIaTUMYThCS Y KypCl.

5. KopexkTHicTh 3a1a4i MaTeMaTH4HOI Qi3uku.
Kiuacudikauis 3a1a4 mateMaTtu4Hol Qizuku

Bei 3agaui marematuyHOi (I3MKM TMOAUIAIOTHCS Ha KOPEKTHO Ta
HEKOPEKTHO TOCTaBlieHl. 3ajayy Ha3WBalOTh KOPEKTHO MOCTaBJIEHOIO,
SKIIIO BUKOHAHO TPU YMOBH, a CaMe:

1) po3B’s130K 3a1a4i iCHYE;
2) po3B’SA30K 3a/1aul €IUHUN;
3) po3B’s30K 3a/1auil CTINKHUH.
Sxuio nopyuieHa xoda 6 oxHa 3 yMoB | — 3, TO 3aja4a € HEKOPEKTHO
MIOCTAaBJICHOIO.
Posrnsinemo, sik mpuKiaa, piBHAHHS KOJIUBaHb CTPYHHU:

d*u (x):_ q(x)
dx? T
[IpoBeneMo moOCIHIIOBHE IHTETPYBAaHHS Ta OTPUMAEMO 3arajibHUI
po3B’s130K nudepeHniiitHoro piBHsHH (1.34) y BUTIsAL:

. 0<x<l. (1.34)

x(&
u(x)z—ylw Iq(s)ds d&+cpx+c, . (1.35)
0\0

VY popmym (1.35) micTtaTbea AB1 HEBiOMI cTaml ¢; Ta ¢,. bynemo
BBAXKATH, IO HAa KIHIMX CTPyHA € 3aKPIIUICHOI, TOOTO MEpeMilIeHHS
KIHIIIB BIJICYTHI:

u(0)=0, u(/)=0. (1.36) 3maiinemo 3 poss’ssky (1.35):

L&
1
u(0)=c,, u(l):_T»([ _([q(s)ds d&+cl+c,
Ta 3aJJ0OBUTBHAM KpaitoBi ymoBH (1.36), 3BiKM OTpUMaEMo, 1I0:
L&
¢, =0, clzl.lTj Iq(s)ds dg. (1.37)
0\0

3aBIsSKM HASBHOCTI KpallOBHX yMOB 3HAi/IEHO HEBiOMiI cTami y
po3B’s3ky (1.35).
3amady MaTeMaTU4IHOT (PI3UKH, 10 CKIAAAEThCS 3 TU(DepeHIiaTbHOTrO
pIBHSHHS Ta KpallOBMX YMOB, HAa3WBalOTh KpaioBow. Hampukian,
3arajibHa GOpPMYJIIipOBKa KpailoBoi 3a1a4i MOXxe OyTH HACTYIHOIO.
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Hexaii a1s K0>KHOT TOUKH MPOCTOPY }/ BUKOHYETHCS PIBHSIHHSA:

Du(x)zO, x:(xl,xz,...,xn),er, (1.38)
a Ha TIOBEPXHI §, [0 00MeXye 00’ €M , BAKOHAHO YMOBH:
u (x)‘szf(x), XES . (1.39)

CuisBignomenns (1.38), (1.39) popmyroTs KpaiioBy 3amady.

KpaiioBi 3a7a4i po3AUISIOTHCS. HA OCHOBHI Ta MillIaHi.

[Tin ocHOBHUMH 3amayamMH PO3YMIIOTHCS Takl 3ajadvi, /€ TPaHU4HI
YMOBH € OJTHOTUITHO 33JIaHUMHU Y3JI0BK BCI€T TPaHMUIII.

Mimani 3agadi — 1€ 3a7avi, y TpaHUYHUX YMOBaX SIKUX Ma€ MiCIle
3MiHa TUITy TPAaHUYHUX YMOB Ha rpaHuili. Hanpuknan, Ha onHiel yacTuHi
3a/1aHl MepeMIlIeHHs, a Ha 1HIIH YaCcTHHI — MOX1HA TePEMIIIEHb:

ou
u\sl fi(x), xes,, o T (x), xes,, ne s — rpanus, s=sis,.
2
A, . V Bumajky, KOJM Ha TpaHHIl 00JacTi

e 3a/1aHa PyHKIISA u(x)‘s= f (x), XES , TO 3aja4a
5] HA3UBAETBCS ~ NEPUWIOID  OCHOBHOIO — a6O
~  3adaueio [ipixne.

VY Bumaaky, KOJM Ha TPaHUINl 3aJaHa

\ )
“ HOpPMaNbHA MOXiAHA UIYKAHOT  (yHKII]
B’ ou(x)
Puc. 3 v (x), xes, TO 3ama4a Ha3HBAETHCS

S
0py2010 0cHOBHOIW0 abo 3adaueio Hetlimana.
Y Bumaaky, KoJid Ha TpaHMIl 3agaHa KoMmOiHaris (QyHKIT Ta ii
ou (x)
ov

N

HOPMaJIbHOI ~ TIOX1JTHO1 OL(x)u (x) f B(x) ,XES, TO 3ajaya

HAa3UBAETHCS MPEemvboi0 OCHOBHOIO.
PosristHemo piBHSAHHS KOJTUBAHHS CTPYHHU:

2 2
0 u(x,t):C2 0°u(x,1)

, xg(0;7), >0 1.40
at2 ax2 E( ) ( )
Ta 101aMO FpaHI/I‘{Hi YMOBH BUIIIAOY:

u(0,¢)=0, u(l,1)=0. (1.41)

Taka mocTaHoBKa 3ajadi HE TapaHTYeE, 10 PO3B’SA30K OyAe EIMHUM.
[TorpibHO 3amaTu mepeMilieHHS B TMOYATKOBHM MOMEHT dacy. Ko
OyJeMOo BBaXkaTd, 110 B 1€l MOMEHT CTPYHY BIJATSHYJH, TO MOTPIOHO



3amaty i GopMmy, a SKIIO BBaXKATH, IO MO HEl BAAPUIIH, TO MOTPiIOHO
3a/1aTH MOYaTKOBY IIBUJKICTh. BiJlOBIAHO 710 LIOTO:
R ST N G2 (1.42)
=0
3agaua 1.40 — 1.42, ne, KpiM TpaHUYHUX YMOB, IIPUCYTHI MTOYATKOBI
YMOBH, Ha3UBAETHCS TIOYATKOBO-KPAHOBOIO 3a/1a4€IO.

Omxe, y mepmoMy po3aill TpoBeAeHO Kiacu(ikaiiio piBHIHB
MaTreMaTH4HOi (i3uKku. BuineHi Ta BUBeIeHI OCHOBHI KJIACHYHI PIBHSHHS
TEIUIONPOBIAHOCTI Ta PIBHSHHA KOJMBaHb CTpyHH. CPOpMYIIbLOBAHO TPHU
OCHOBHUX BHMOTH [0 3aJadi MareMaTu4yHoi (i3uku, sKi Jal0Th
MO>KJIUBICTh BBaXKATH ii KOPEKTHO MOCTABJICHOIO.

VY HacTymHOMY pO3[iii PO3TJISTHEMO OCHOBHI METOJU PO3B’S3aHHS
3aJ]a4 MaTeMaTU4HOI (Pi3UKM Ta HaBEIEMO BaXJIMBI Ta KOPHUCHI MPUKIIAAN
1X 3aCTOCYBaHHS.

20



Il. METOOU PO3B’A3AHHA TPAHUYHUX 3AOAY
MATEMATUYHOI ®I3UKKN

1. MeToa BitokpemJieHHs 3MiHHUX (MeTo Pyp’€)

1.1. 3araabHa cxema metoaa @yp’e (Ha NpUKIAAl IOYATKOBO-
KpaiioBoi 3a/1a4i TeNJIONPOBIAHOCTI)

Hexaii cpopmMynboBaHO HACTYITHY 3a/1a4y TETJIONPOBIAHOCTI:
o 2
u (x, Z):az o“u (x,t)
Ot Ox2
u(0,2)=0, u(/,2)=0, £>0,
u(x,0)=1(x), xg0,1].
[ToTpi6HO MOOYMyBaTH PO3B’SI30K MOYATKOBO-KpaiioBoi 3aaadi (2.1).
bynemo nmnpumyckatu, 1m0 HeBigoMa (QYHKIIA U (x,t) JI03BOJISIE

, xe[0;1], 20, (2.1

300paKe€HHs y BUTJISAL:
u(x,t)=X (x)T(2). (2.2)
[TincraBumo 300paxkeHHs (2.2) no piBHsSHHA 3 (2.1):
X(x)T'(t)-a*X"(x)T (¢)=0.
[Toginumo oOWIBI YaCTUHU OTPUMAHOI PiBHOCTI Ha X (x)T (z‘) PiBHsHHS
HaOyBa€ BUTIISALY:

') L X"(x)
0~ X))
X '(x) .
SIx Oauymmo, Ma€ CIIBMAJaTH 3 JICSIKOI0 CTaJOK, HAMPUKIAJ,
X(x)
X"(X)

=—)\2. 3po6uBIIH TaKy 3aMiHy B (2.3), OTpMMAaEMO JBa 3BUYANHUX

T epeHIITHIUX PIBHAHHS:
T'(t)-a*A°T (t)=0, >0
X"(xHr2X (x)=0, x0,(]
KpaiioBi ymoBu 3 (2.1) micns BpaxyBaHHs 300paxkeHHs (2.2)
3anuiemMo y ¢popmi:

(2.4)
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u(0,6)=X (0) T (£)=0,
u(L,)=X ()T (¢)=0.
Honamo xpaiioBi ymoBu (2.5) no piBHsHB (2.4) Ta 11 HEBiIOMOI
bynkmii X (x) oTpuMaeMo KpaioBy 3agauy Lltypma — JliyBrmis:
X" (xHA2X (x)=0, x€[0;/]
X (0)=0, X (1)=0.
Sk Gauumo, po3B’si3aHHSA 3a7a4 MaTeMaTHU4HO! (i3uku npuseno (il
pO3B’s130K OyjAe HaBeAEHO Mi3HiIIe) 10 po3B’s3aHHA 3amadi [lTypma —

JImyBiuia. OTxxe, pO3TISHEMO 3arajbHy IOCTaHOBY Ii€i 3amadi Ta ii
OCHOBHI BJIACTHUBOCTI.

(2.5)

(2.6)

1.2. ITocTanoBka KkpaiioBoi 3apa4i Hltypma — JliyBisist

HeBaxxko BHeBHUTHCS, IO KpailoBa 3amaya (2.6) 3aBxau Mae
TpUBIATBHUI PO3B’s30K. 3amaya MOOYIOBM HETPUBIAIILHOTO PO3B’SI3KY
piBHAHHA 3 (2.6), 1O 3a/I0BOJIbHSE TpaHUYHI yMOBH 3 (2.6), Mae Ha3By
kpaioBoi 3amaui IItypma—JliyBunns: 3HaueHHsA mapameTpy A=A, , 1A
SKUX ICHY€ HEHYJHOBUH PO3B’SI30K , HA3WBAIOTh BJIACHHUMH YHCIAMU
3aga4i (2.6) abo BIACHMMHU 3HAYEHHSAMM, a PO3B’s3kH X, (x), 10

BIJIMOB1TAfOTh KO)KHOMY BJIACHOMY YMCITy, — BJACHUMHU (YHKIIISMU 3a71a4i
[rypma-JliyBumis.

Posp’si3atu 3amauy Illtypma-JliyBuiiss o3Hadae BigIIykatw Bei il
BJIACHI 3HAYCHHS Ta BCi 11 BIAacHi QyHKIII].

1.3. BiacTuBOCTI BJIACHUX 3HAYEHDb TA BJACHUX PyHKIIiH
3agavi lltypma — JliyBniis

1) Kpaiioa 3anaga Itypma — JliyBusuia Mae JiueHy MHOXKUHY BJIACHUX
4uced, 1 Bcl BOHM € AiicHi: A, n=0,1,2,... .

2) BunacHi ¢yHKIii, AKi BIANOBIJAIOTH PI3HUM BJIACHUM 3HAYEHHSM, €
OpPTOTOHAJIbHUMH:

0, n#zm
l

‘([Xn (x) L (x)dx= _Z[X,f (x) dx:Nf, n=m
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3) Sxuio gesika QyHKIisA CD(x) Ma€e HeNepepBHY MOXIJHY Ta KyCKOBO-
HENEPEepBHY JPYry TOXITHY IS xe[O;l], a TakKoX 3aJIOBOJIbHSE

rpaHUYHUMH yMOBaMH 3 (2.6), To i MOXXHA PO3BUHYTU y psin Dyp’e
piBHOMipHHI Ta aOCONIOTHO 30DKHMI — 3a BIACHUMH (YHKIISIMU

kpaiioBoi 3aaaui llltypma — JliyBumns u,, (x) :

x):i D,u, (x)
I J § (x) dx,

Tl
ne i(x) — IIe Bara, 3 SIKOI0 OPTOTOHAJIbHI BIACHI (PYHKIIT Ha TPOMIKKY

[O;l].

s BnactuBicTh KpaiioBoi 3amaui llrypma-JliyBunmns  Oyna
chopmynboBaHa Ta goBeaeHa B. I'. CTeknoBUM 1 HOCUTH Ha3BY TECOPEMHU
Creknosa.

Byab-siky (QyHKIII0, sfiKa 3a/J0BOJIbHSE TPaHUYHI YMOBHM KpailoBOi
3amaul ltypma-JliyBumis, MoxHa po3BUHYTH 3a Teopemoro CrekiioBa y
PIBHOMIPHO 301KHIN psia 32 BIaCHUMH (DYHKIIISIMH, a 1€ 03HAYaE, 10 Pl
(2.10) € piBHOMIpHO 301>KHUH.

Bigmykaemo po3B’sizok 3amaui Lltypma-JliyBumisa (2.6). 3aranbauii
po3B’s130K piBHsiHHS 3 (2.6) Mae Bursn X, (x)=C sink, (x+C,cosh, (x).

x)ug (x)dx,

3anoBosbHsiiMo rpannuny ymosy X, (0)=0, 3simku 3106ysemo C,=0.
3a710BOJIBHATUMEMO TPaHUYHY YMOBY X, (l)zO, X, (Z):C1 sinA,l. Sxmo
B3aTH (=0, TO OTpPUMAEMO TPHBIAIBHUNM PO3B’A30K PIBHAHHA, TOMY

Oynemo BBaxkatH, mo C;#0. 3Bigku orpumaemo, mo A,=/=nn, n=0,1,...,
T . . . ,
TOOTO anT — BracHi umcna 3amadi (2.6), a X, (x)=sinl,x- Buaci
byHKIII.
3 ypaxyBaHHSM IIMX BJIACTHBOCTEH 3HAYeHb Ta (YHKIN 3amadi
[Mtypma — JliyBums (2.6), ik 0iMH 3 pO3B’sA3KIB MOKHA OpaTH TaKHii:

o0
u(x, 0=y Ane"x%azt X, (x). (2.7)
n=0
KoxeHn 3 uneniB psny (2.7) 3ag0oBoJibHsA€ TudepeHIiaibHe PiIBHAHHS
Ta KpaiioBi yMoBH. HEBHUKOHaHWMHU 3aTUINWIACA TOYATKOBI YMOBH.
3pobuBIM nepexia A0 (=0, OTpUMaEMO:
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u(x,O):iAan (r)=f (), xdosl]. 2.8)

BpaxoByroun BIIacTHUBICTh BJIACHUX 3HAYEHb Ta BIACHUX (QYHKIIIN
3anayi [Itypma-JliyBusist, TOMHOKMMO OOUIBI YaCTUHU PiBHOCTI (2.8) Ha

Bi1acHy QyHKuito X, (x) Ta MPOIHTErpyeEMO Ha MpoMiXKKY [0;1]:

i:;An [ X, () X, (x)dx] £ (x) X,, (x)dx,

(2.9)
2_
AmN m—J m>
. L o
3BIIKH OTpHUMaEMO Am_ﬁ HlI[CTaBI/IMO 3HAYCHHA KOC(l)lI_l1€HT1B a0
m

po3B’s3Ky (2.8):

u(x, t)=zjj\;”ze_7‘%“2t)(n (x). (2.10)
n=0""n

Jie N? — KBaJipaT HOPMH BIaCHUX (PYHKIIIH.

[TimpaxyemMo HOpMY BIIaCHUX (DYHKITIH:
I

I I

N i:I X2 (x)dx= J (sin2 knx) dx\lozj cos227»nx—1 dx=
0 0 0

_sin2A,x " 1

“m, 22!

Po3B’s30k BUX1JHOT MOYaTKOBO-KpaiioBoi 3amaui (2.1) oTpumaHo
OCTaTOYHO.

Jlpyruii MeTos po3B’si3aHHS 3a/1a4 MAaTEMAaTUYHOI (PI3UKH — 1I€ METOJ
IHTErpajibHUX MEPETBOPEHB, CYTh IKOIO HABEJIEHO Y HACTYITHOMY PO3ILIL.

2. Meron iHTerpajibHHUX NepeTBOPEHD

VY 1poMy pO31iTI HABEJAEHO CXEMY 3aCTOCYBaHHS I[bOIO METONY IS
3arajbHOr0 BUNAAKY, @ TaKOX IPUBEJEHO OCHOBHI I1HTErpaJibHi
neperBopeHHs — Dyp’e mnepeTBopeHHs, mnepeTBopeHHs Jlammaca Ta
MentiHa € 4acTO BUKOPUCTAHHUMU IT1J] 4ac pO3B'A3KY 3a7a4 MaTeMaTUYHOI
¢izukn.
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2.1. 3arajgpHa cxeMa MeToaa

PosrnsiHemo kpaiioBy 3amauy:

AW ()o@l ) a0 ()]
~¢, (¥)u(x )=/ (%)

uzu(x, y), ap<x<a;, by<y<b,

v, [u]zocjou (aj,y)+a . gu(aj,y):O,jzo,l;bo<y<b ,

Vi [u] ]Ou(x b, )+le X (x b, )—0 Jj=0,1; ay<x<a,.

Tyr 7 (x),pj( ),qj( ),]:1,2 — 3amaHi (QyHKII, u:u(x,y) —
GbyHKIIIs, HEepepBHA pa3oM 31 CBOIMH MOXI1THUMH.

bynemo posB’s3yBatm 3amauy (2.11) mMeromom iHTErpambHHX
MIEPETBOPEHB, 3aralibHa i7Iesl IKOTO IMOJISITa€ B HACTYITHOMY: PO3IITYKY€EThCS
HE caMa BHUXiJHa (YHKIIsS, a IHTeTpaj BiJ Hei, mo OyJaeMo Ha3WBaTH
TpaHCc(OPMAHTOI0 BUXITHOT (QPYHKIII a00 1HTErPAIbHUM IEPETBOPEHHSM:

u, ( y)=j K (x, oc) u (x, y)dx. JIOMHOXXKUMO OOWIBI YAaCTUHH PiBHSHHS

ri (x)

(2.11) Ha MHOKHUK

ap

Ta MOCIIOBHO MPOIHTETPYEMO BCl JOJAHKU

PIBHSTHHSI.
Po3rnsineMo niepiimnii 101aHOK:

K (s o0 1 () (1) ] K (5,00 (03]

ap

_TKl'(x,a)pl( Ju'(x,y dX{Kl x,00) py (x)u'(x y)]

ao

_[Pl( Ju(x,y) K (x,00 ]

q

a0

Qq

ap

al+IMM(P1 (x)Ki (x.01)) da=
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=N, +TW(pl(x)K{(x,a))'da,
ILeNz[leapl '(x, ) al{pl xyleOL)]

Posrasaemo z[pyrlzm JOAAaHOK; WOTO BUTJISI, ICIIsA lHTer}IBaHHHI

_[Kl (x, a)%( Ju(x y)abc:_j‘1 u(xay)[ql(x)Kl(x,oc)]dx .

o 1) i)

Pa3zom nepimit Ta 1pyruii 104aHOK CKJIAJAr0Th BUPA3:
Du(x, \
N+ | rf (5) () (21 () K (3.00)) =y () K, (,00) [
ap

[Ipointerpyemo TpeTiil 10AaHOK y piBHSAHHI (2.11):

a K;(x,0) q

[n0)= G [P0 )] gy [”2< s {f s )u<x,y)dxﬂz

Oy oy

a0

(15 P01 G0 0 1 )2 (0D ()

HpoiHTerpyeMo YEeTBEPTUH JOJJAHOK PIBHSHHS:

_qu K;l ’;Ot u(x,y)dx=—q, (y)uy ()

q
Ta MpaBy YaCTHHY J ( ) l(x,oc)a’xzfOL (y)

2 i (x)

Takum 9MHOM, TiCIIA IHTeTpyBaHHS piBHAHHSA (2.11) npuiime BUTIAA;

u( XJ)’) [7”1 (x) (Pl (x) K (x, oc)) '—q, (x) K, (x, OL)] dx+
+13(7) (P2 ()1t () =2 (7)ot (91 ()

bynemo Bumarartu, mo0O HeBijoMa JokM 10 GyHKUIA K| (x,oc)

(2.12)

3aJ10BOJIbHsJIA AU epeHIliaibHe PIBHIHHSA:
1 (x) [pl (x) K, (x,oc)} —q,(x)K, (x,a):—a2K1 (x,0), ag<x<a, . (2.13)
Sxuio Takuil po3B’si30K Oyle po3llyKaHo, TO piBHAHHA (2.12) Oyxae
3(popMyTbOBaHO BIAHOCHO OIHOI HEBiOMOI (yHKLII TpaHcPopMaHTH
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K, (y). Posrmssemo koediuieHT N, micis CHPOLICHHs BiH HaOyBae
BUTIISTY:
a :
Nq:_pla(l)[aloKl (ay, o }+oy K (ay, 0‘)}
1 (2.14)

+ plOS:llO)[aOoKl (g0 )oK (o, a)]‘

Bupasu y KBaJpaTHHX yXKaX MOXHA TPaKTyBaTH SIK KpaHoi
dyHkiionanu wis sapa nepersoperts K (x,0). Togi 3 Lporo BUIIMBaE

HactynHa 3anava Lltypma-JliyBumns ans pyskmii K (x, oc) :
7 (x) |:K1 (x,a) py (x )] g1 (x) K, (3, a)=—0’K (x,00), ctg<r<oy
Vil K (x,0) oK (a;, o+, K (a;,0)=0,i=0,1.

Sxumo 3apauy ltypma — JliyBums (2.15) po3B’si3atu, TO pIBHSAHHS 3
(2.12) npuiimMe BUTIISIA:

5 (1) 22 (V) (¥) =2 ()t ()02, (0)=1, (), e,y (2.16)

['paHn4H1 YMOBU NIEPETBOPIOIOTHCS HA BUPA3H:

Biotte, (B HB:aue, (B; )20, i-0,1, abo y kopoTkoMy 3amucy:
Vilug () 0,i=0,1. (2.17)

SIKio posuiykaHo TpaHcdopMaHTy (), TO 3a HEW MaeMo

(2.15)

BITHOBUTH BUXITHY (QYHKIIIIO.

2.2, InTerpan ®yp’e, noBHe neperBopenns Myp’e,
COS - Ta Sin-neperBopeHHs Pyp’e.

Po3risgHeMo 4acTKOBI BUIIAAKU:
1) 1 (x)=l, py(x)EL ¢ (x)=0.
V' rpaHnYHMX yMoOBax OyJeMO BBaXaTH dy=—o0, ;=+o0. 3aMiCTh
nudepeHIiaIbHOTO PiBHSAHHS 3 (2.15) 3anuIemMo HACTYITHE PIBHSHHS:

K (x, 0 oK, (x, 0 )=0, —so<x<+00, (2.18)
3arajJbHAN PO3B’ 30K AKOTO €:
K, (x,a)=Ae ™" +Be ™ (2.19)

3a sAapo TEpEeTBOPEHHS MOXKHA B3SITH SK TEPIIANA, TaK 1 JAPYTUN
nozanok. Skmo smpo Bubpatn y sunmini K (x,a)="", 10 s
TpaHc()OpPMaHTH ITyKaHOI (QPYHKIIIT OTPUMAEMO:
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+00

U, (y): I ey (x,y)dx . (2.20)

—00
®opmyna (2.20) € inmeepanbrhum nepemeopenuam Dype.
2) PosrasitHemMo apyruil 4acTKOBUIA BUIIAJIOK, @ CAME:

n (x)sl, )2 (x)sl, q (x):O, ay=0, a;=+o0.
Hudepenuiiine piBHsSHHS (2.18) 3anMIIaeThCs CHOpaBEAJIMBUM Ha
1HTEpBa xe[O; +oo) , a TpPaHWYHA YMOBa Ha0yBa€ BUTIISIY:
K, (O,oc)zO. (2.21)
3araibHUNl PO3B’SI30K PIBHAHHSA Y IIbOMY BHIIQAKY 3aIlUIIEMO Yy
dopmi:
K, (x,0.)=4sinox+Bcosoux.
3a/10BOJILHAIOYM KpaioBy yMoBYy (2.21), oTpumaemo, mo crtaia B
IOpiBHIOE HyJeBi. 3a sAPO mepeTBopeHHs BisbMeMo K (x,o)=sinoux. Le

MPUBOIUTH A0 (POpMYIIH IHTETPATIBLHOTO Sin - nepemeopernus Oyp’e

o0
u, (¥)= J sinowu (x, y)dx. (2.22)
0
3) Po3rasHeMo e OfWH YacTKOBUI BHIANOK, AKHIl BiIpi3HAECTHCS

BiJl TOMEPEIHbOTO THM, IO HA TOYATKYy IHTEpBaIy [O;+oo) 3ajaHa
noxinna K;(0,0)=0. 3a10BOIBHIMO KpaiioBy yMOBY, Ta OTPHMA€EMO 3a

OIMCAHOKO BUILE CXEMOIO PO nepetsopenns K (x, o )=cosoux .

TakuM  yuHOM, 3amumeMo  (GopMmyly  IHTErpaJbHOIO  COS-

nepemeopents Pyp’e:

u, (y)zj cosowxu(x,y)dx. (2.23)
0
Tenep motpiOHO oTpuMaTH GOpMyIH 0OEPHEHHS JUIS IHTEIPAITBHOTO
neperBopeHHs Dyp’e.
3 i€ METOI0 MOTPIOHO PO3B’SA3aTH IHTETPAIbHE PIBHIHHS:

+00

u, (¥ I e *u(x,y)dx, (2.24)

—00
JIe JIiBa YaCTHHA € B1JIOMOIO.
3anumieMo MOoCTaBJIeHyY 3a/1ady TPOXHU Yy 1HIIIH popmi:
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fa:T e f(x)dx

SAxmo ynkmis f (x)zconsz‘, TO iHTerpan Oyne po30iKHUM. Tomy

noTpiOHa BuMora, mpo f (x) € cnagHor (DYHKIIE€0 Ha HECKIHUEHHOCTI,
TOOTO MOTPiOHA abCOMOTHA 301KHICTh TAKOTO 1HTErpaia I ‘ f (x)‘ dx<oo .

Cnepuwy Gyzemo mpumyckard, mwo ¢yskuis f(x) 3agasa Ha
CKIHYEHHOMY 1HTepBai xe(—l,l) Ta 3amoBoibHsEe ymoBi [lipixme. Toxai

BUKOPHCTAEMO TOH (haKT, 110 11 MOKHA p03BI/IHyTI/I y psl CDyp’e:

°+Za cos 2 x+2b sin ™% (2.25)
n=l1

ac

[
a=r [ F(E)dE a= j £(&)cos ™ ede,
-1

/
bn:”lf( sin™EdE, nel2,....

[TizcraBuMO KOC(l)iL[iGHTI/I a., b no piBHOCTI (2.25):

n>-n

I
x):%jf( dx +Z{ If [cos&coslx+
- (2.26)

+sin ™ g5in T }d& Zij x)du+L Z} jf cos ™ (x-5)de.
Hpyruii nomaHok y q)opMan (2.26) € 306pa>KeHH$[M IHTErpagbHOi

cymu unst yHkuii g (o j f(&)cosa,, (x-E)dE,, ne a,= l
4
Posrasinemo iHTerpat:

A
[2(a) doc—Zg )A, . (2.27)
0

n=1
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PiBHicTe (2.27) BUIIMBae 3 BiAOMOTO 3 aHaNi3y BU3HAYCHHS
iHTerpana uepe3 iHTeraJILHy cyMmy. 3TiTHO 3 BU3SHAUYEHHAM (PYHKIIIT g(oc)

MOYKHA NpUIHATH 38 A, =7 ,a3a Q, . Toni 3 (2.27) BuruuBae:

n l’ l
[e 0] o0 l

?g() ;Z?J.f cos— (x—€)dE.
=l =l

_n(n 1) 7 P

JiiicHo, SKIIO O, =——, TO O, = ] o, = 7 =

l
_TMn—mn+n_mn
A
Crnpsimyemo [ 10 HECKIHYEHHOCTI:

iAng(an)—:fg(a)doc

n=1
[Tepmuii nomanok y dopmym (2.26) nopiBHIOBaTHME HYJIEBi. Sk
pe3ynbTar OTpI/IMa€M0'

Ig a’oc—1 I( I f(E cosa(x—&)d&jdoc (2.28)
0
BanOBYIO‘{I/I cniBBinHOmeHHs Eitnepa

e F=cosa (x—&)}-isina(x-E),
3aMUIIEeMO CITiBBiqHOMIEHHS (2.28) y BUTIIsi:

o] [T f(@)e“<x~‘v>dajda=zﬂff e [T f(a)efaéda]dw

—00 \ —00

—00

:2175 [ feda, (2.29)

e fa:I f(x)edx — tpangopmanta Pyp’e neperopents. OTpumana

dbopmyna (2.29) e dopmynow obepueroco inmeepanrvhoco Dyp’e
nepemeopents. lls octatouHa ¢opmyna BuBeleHa 3a (OpPMaIbHOIO
nporeayporo (I 4Yac BHUBEACHHS 3aCTOCOBAHO MOHSATTS IHTErPabHOI
CyMHU JJIsl TIBHECKIHYEHHOTO 1HTEPBAIY).

PosrnsiHemo ~ BakJIMBI  4AacTKOBI ~ BUNAAKKM  1HTETPAIbHOIO
neperBopeHHs Dyp’e.
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Hexaii ¢QyHkuis g(x) sagoBonbhsie ymosi Jlipixie Ta 3ajaHa Ha

inTepBani 0<x<+oo. i TpancdopmanTa BU3HAUAETLCA 32 HOPMYIIOIO:
go=[ cosouxg (x)dx. (2.30)
0

Binmykaemo 1o miit TpaHcopMaHTI BUXIIHY (PYHKIIIFO.
Beenemo HOBY ¢yHKIiPO f (x), IO € MapHUM IPOJOBKEHHSAM (YHKIIT

g (x) (puc. 4):
- g(x), x>0 (%)
/ (x)_{g(x), x<0, w—

To6To f (—x)=/ (). 2 d

BianoBigHO [0 OTpUMaHOTrO  BHIIE Puc. 4
3arajibHOTO nepeTBopeHHs Dyp’e:
o) 0 o
fo= _[ f(x)e™dx J. +I (cosou+isinowr) g (x)dx=
—00 -0 0

+00
=2 _[ g(x)cosaxdx=2g¢.
0

~+00
Iarerpan j sinow/ (x)dx=0 3aBIsKM HeMapHOCTI IiAiHTErpanbHOI
—00
byHKITI.
dopmyity 0OepHEHHS 11 COS -nepemaopenuaDyp e (2.29) zanumiemo
y BUTJISIL:

o0 o0 o0
1 J —iox 1 c ,—iox 2 c
XfFa— e do=— _f e dx:—j cosoxdo=g(x). (2.31
S (¥ ) fa R = | < g(x). 231)
o —0 0

TyT BUKOPHCTAHO TOM (QakT, 10 go=8°, . [IoTpiOHO BiAMITHTH, 1110
BUXIJIHY ()YHKIIIFO BIZTHOBJICHO 32 YMOBH a0COIIOTHOI IHTETPYEMOCTI ii Ha

o0
niticHiit oci: 2j g (x)| dx<too.
0
Otpumaemo Ttenep ¢opmyny obepHenHs Onsi  SIN-nepemeopeHHs.

@yp’e. JInst 1bOTO MPOJOBKUMO (PYHKIIIIO g(x), xe[O; +OO) Ha MPOMI>KOK
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(—oo;O) HETapHUM YUHOM, TOOTO, OTPUMAEMO HemapHy (QYHKIO f (x)

(puc. 5)

P (x)—{ g(x), x>0

—g(x), x<0

g(x)

Y naHoMmy BUINAAKY:
o0 Puc. 5

f= I 1 (x)e ™ dx=2i j sin owxg (x) dx=2ig? .
—o0 0
BpaxoByroun, mo —g;=g°,, MOKHa 3aricaTH:

f (x):lec I e 2igtd a=7i I e Pgod a:2l(n—l) I sinowg,da,
e o 0

TOOTO MAaEMO:

27
g (X)ZE '([ sinoxg’da (2.32)
dopmyiry obepHeHoro sin-niepetBopeHHst Dyp’e. 11006 o popmyy
MOXHa OyJ0 3acTocyBaTH, BHUXiAHA QYHKIIIS g(x) MYCUTb OyTH

a0COJIIOTHO 1HTETPYEMOIO Ha 1HTEpBaJi, Ji¢ BOHA 3a/1aHa, 1 I Hel MaloTh
BUKOHYBAaTuCsl yMOBH Jlipixie.

2.3. InterpannHi nepersopenns Jlamnaca ta Mejutina

Tpanchopmanta neperBopeHHs Jlariaca 300paxxyeThes y Ghopmi:
gp:J. e P g(x)dx (2.33)
0
BinmHoBUMO BUXiTHY (QYHKIIIIO g(x), IIPOJOBXKYIOUM I HyJEM Ha

f(x>:{g(X)eyx’ =,

0, x<0

BiJ’€MHIM 4aCTHHI OC1 _

Jie Y — JIesdKe JOBUIbHE YHCIIO.
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Ckopucryemocs popmyioro (2.29):

p=y—io. dp=—ido=d ocz—df7
(e T foe " da= —io=p—y  o=—00—>p=y+ioo :—ly_j g e Pdp=
2 J 7 2ni ) °P
—0 a:-{-oO—)p:'Y—lw Y+i00
v Yo
_e ™ px
= I g€ dp.
y—ioo
SIKII0 B3ATH TUTBKM JOJATHI 3HAYEHHS _, TO OTPUMYEMO PiBHICTB:
Y+ioo
1 px
g(x)—zm, I gyeldp. (2.34)
y=ioo

s dbopmyna € cpaBeIIMBOIO Y BUMAIKY, KOJM BHUXiTHA (PYHKILiS

g(x) samoBonbHsIE yMOBaM: _” g(x)‘ e dx<+oo; g(x)zO(e'“"C ),
0
ne U<y.
®opmynu (2.33), (2.34) € BIANOBIAHO @hopmynamu npimozco ma
0bepneHnozo inmezpanbHo20 nepemeopenns Jlaniaca.
Hexaii Tpancdopmanta Memina ¢pyHKii g(x) Ma€e BUTJISI;

Ig(r)rs_ldr—gs . (2.35)
0

Bingmykaemo BuUXigHY (YHKIIIO g(x). 18 11por0 BUKOPHCTAEMO

dbopmyny meperBopenHss Dyp’e, e 3poOMMO TIONMEPEAHBO 3aMiHY
3MIHHUX:

fa=j:of(x)eio‘xdxzoff(lnr)ria_ldr, (2.36)
o 0

x=Inr, e‘=r,

_1 iox X ia_ o
dx—;dr, e e*) =r',
X—>+00,  F—>—>+00,
x—>—00, r—0.
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B orpumanomy iHTerpami 3poOMMO HOBI TO3HAYEHHS, a CaMe:
ia=s—y, Toni s=y+ia, ae y>0:

fa:]?f(lnr)r_yrs_ldr:]og(r)rs_ldr:gs , (2.37)
0 0

ne g(r): f (ln r)r_y. s tpanchopmantu Pyp’e (2.37) BUKOPUCTAEMO
dbopmyry oOepHEHHS, ¢ 3p0OMMO TaKOK 3aMIHY 3MIHHUX:

. dS . —io s
—io=y—s, doc=7, e "”‘:(ex) =

+o0
f (x)zzln J. e f da= 0—>—00, S=Yy—io0 =
e —>+00, s=y-+Hioo (2.38)

1 y+ico d v _y
— S r —
=5 I rerig, P J. rg.ds
y—ioo y—ioo
dopmyna (2.38) € popmynor obeprernoco nepemeopenns Mennina.
3adikcyemo nmapameTp y Ta po3rNISIHEMO 1HTErpai:

+ioo

© x=Inr | » ”

= r @: ryr dr =
j\f(x)\dx dxchf —lf(ln ) {f(ln) d y

rr-

—0

:sz ‘f(ln r) r‘y‘ ry_lclr:]<3 g(r)rdr.
0 0

OckuTbKH 1HTErpajl y JiBii YaCTUHI PIBHOCTI € aOCOTIOTHO 301KHUIA,
TO ¥ iHTerpan y mpaBiii yacTHHI Mae OyTu 30DKHUM. OTpUMaHO YMOBY,
MIpU BUKOHAHHI SIKOi € cripaBeinBoto Gopmyra odbepuenss (2.38). 11106
iHTerpa 30iraBcst Ha 400, MOTPIOHO B3SATH y=—r, a JJI 301KHOCTI y TOYIII
0 Benmu4MHA Y Mae 3aJJ0BOJBHATH YMOBI Y—I<l, ToOTO ¥<2.

TakuM 4YMHOM, MM TO3HAHOMWIMCS 3 METOJAOM IHTETpalIbHHUX
MEPETBOPEHh  PO3B’SI3aHHA  3a7a4  MaTeMaTudHol  (i3UKH, TaKOK
PO3TIISIHYJIM BIACTHBOCTI iHTETrpanbHUX neperBopenb Dyp’e, Jlammaca ta
Memnnina.

HactymHuii po3aiia MICTUTh MaTepiaj, sSIKUid T03BOJII€ 03HAHOMUTHCS
3 OJHMM 3 HaWBaXIJIMBIIIUX METOMIB PpO3B’S3aHHS OJHOBHUMIPHUX
KpailoBux 3a1a4 — MetooM ¢yHkmii [ pina.
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3. ®yukuisa I'piHa 0oAHOBMMIPpHUX KPailloBHUX 32/1a4

3.1. Buznauenns ¢pyukuii I'pina. Heoco0mBi kpaiioBi yMoBH
3aga4i MaTeMaTH4YHOI (Pi3uKHN

Po3rnsineMo HacTyNHY OJTHOBUMIPHY KpaloBy 3a7ady:

{ L () ()
Ly ae{ab). i

Tyr L, (y(x)) — JudepeHIialbHUM  omepaTop #-ro  MOPSAKY

L, (y(X)):épi(X)y(”‘j (%),
U [y (x)]=Us [y (x)]+U} [y(x)]=g%y(”(aﬁgﬁyym (b).

BBaxaeTbcs, 1m0  Koe]illi€eHTH Pj(x),oc
Po(x)20, p; (x), f (x)eC(a;b).

Po3B’skeMo ogHOBHUMIpHY KpaioBy 3amady (2.39). Ile o3Hauae, 1m0
MOTPIOHO PO3IIyKAaTH PO3B’sI3KU AudepeHIiaibHoro piBHAHHA (2.39) Ta
3HAWTH 3 HUX TOH, IO 3aJ0BOJIBHSE KpaioBi ymoBH 3 (2.39). Sk Bigomo 3
Kypcy nudepeHIiaIbHUX pPIBHAHb, KUIBKICTh PO3B’SA3KIB JIOPIBHIOE
MOPSIAKY CTapIIoi TMOXiAHOI OJHOPIAHOTO pPIBHSAHHA (PyHIaMEHTAIBHOL
cuctemMu gudepeHIianbHoro piBHAHHSA (2.39), a pO3B’S3KM  MarOTh
3aJI0BOJILHATH YMOBY:

(2.39)

i Pij — J1MCH1, 30KpEMa

W[yj (x)]: Yo (x) ¥, (x)....:..y;l_1 (x) |#0, (2.40)

W) I (@) ()

Ac W[yl. (x)] — BpoHckiaH (yHIaMEHTaNbHOI CHCTEMH pO3B’s3KiB (Y

Hactynmaomy ®CP). YmoBa (2.40) 3ab6e3neuye niHiliHy He3anexHicTb OCP
OJHOPiTHOTO piBHAHHA L, ( y(x))zO, xe(a;b). ['pannuni ymoBu 3 (2.39) €

HeocoOmuBuUMH. Heocobausumu OyneMo BBaXKaTH YMOBH, I SIKUX

BUKOHY€eThCs det

n-1
Vi|:y j (x)l’jzoio. (Y npoTuiiexxHOMYy BUNAAKYy YMOBHU
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Oynemo HazuBatu ocobnuBumH.) IlpoBemeno Takox Kiacupikariro
OJIHOBUMIpPHUX 3aja4y. Po3risiHeMo Tpu HACTyIHI OJHOBUMIPHI KpaioBl
3aja4i:

L, (y(x))zO, a<x<b,
ke =

L, (y(x)Ef (%), a<x<b,
Vil y(x) 0. i=0.n-1; (241

L, (y(x))=f (x),
Ly, =

[lepma 3amaya 3 (2.41) € OAHOPIAHOIO OAHOBUMIPHOIO KpaiOBOIO
3aj1a4yero, pyra — MiBHEOAHOPIAHOI OJHOBUMIPHOIO KPAaOBOIO 3371a4eto,
a TpeTs — TMOBHICTI0O HeomHopigHow. Creplry BHBYMMO OIHOBHMIpHI
OJIHOPIJIHI KpaioBi 3aa4i.

Teopema. SIKm0 TpPaHUYHI YMOBH OJHOPIXHOI OJXHOBHMIPHOL
KpaiioBoi 3a71a4i € He0COOJIMBUMHU, TO OJHOPiIHA KpalioBa 3aJaua Mae
TiJIbKHM TPUBiaJLHUA PO3B’SA30K.

Jloseoenns

3araqbHU PO3B’A30K ,Z[I/I(bepeHLIiaHBHOFO PIBHSHHS 300pa3uMo 'y

BUDIISII  cynepriosuiii oro DCP: y Z x . 3a70BOJIBHUMO

KpaiioBl YMOBH:

Vi) ZC% Z Vil () 0.

TakuM YMHOM, OTPUMAHO CHCTEMY JiHIMHHMX ajareOpaiyHuX piBHSHb
BiHOCHO HeBimomux koedimientis C s ij,ﬂ. BusHauHuk 11i€i cucremMu
BIJIMIHHUNA BiJ HyJd 3a paxyHok BiactuBocti @CP (2.40). ToOro Bci
koediuientn C;=0, ij,ﬂ. OTxe, y(x)EO.

Jlyist miBHEOTHOPITHOT OJTHOBUMIPHOI KpPaoOBOi 3a/1adi poO3TISTHEMO
¢dbyukiito ['pina Ta ii BIacTUBOCTI. 3a JOMOMOTOIO 11i€l QYHKIIT pO3B’SI30K
PIBHSIHHSA BIATOBIAHOT 33241 3aMMUIIIEMO Y BUTJISII:

36



b

y(x)=] G(x.8) £ (£)dE. (2.42)
VY BuUNagKy HEOMHOPIAHOI OJHOBHMIPHOI KpaloBO1 3amadi s
noOya0BH po3B’a3Ky noTpiOHO, okpiM OCP ta Qpynkuii I'pina, 3HaliTH 1€

0asucHy cucremy po3B’s3kiB (BCP) {\Ifk (x)}, k=0,n—1, xoxeH 4ieH SIKOi

Mae€ 3a0BOJIBHATH 3a1a4l:

L, (‘Vk (X)):O’
Vi I:Wk (x):lzsika k:O: n_la
ne o, — cuMBoa Kponekepa.

(2.43)

Otpumaim Qyskiiito ['pina Ta BCP, po3B’s30k HeoqHOPIAHOT 331241
MOJAAEMO Y 300pakeHH:

n—1

b
y(x):IG(x,g) S(E)dEY v,wy(x). (2.44) JoBenemo ne.
p k=0

Teopema. 3oOpaxennss (2.44) € po3B’AI3KOM HEOJHOPIAHOI
OTHOBMMIipPHOI KpaioBoi 3a/1a4i.

Jloseoenns. JloBenenusi Oyae ckiaaatucs 3 ABOX yacTuH. Crepiry
MPOJIEMOHCTPY€EMO, 1110 BUpa3 (2.44) miiicHO € po3B’sI3KOM BiAMOBIIHOTO
mudepeHIiaIbHOTO  PIBHSHHS, JUISI YOro0 3aCTOCYEMO JI0  HBOTO
nudepeHialbHu oneparTop:

n—1

L0 fotsa) e S}

=L, U G(x,E) f(x)Jngrni Vil (W (%)) (2.45)

OcraHHIN 3a7aTOK y CHiBBiIHOIIEHHI (2.45) MOpIBHIOE HYJIEBI 3a
paxyHok o3Haku BCP, a mepmmii 3a paxyHok gopmynu (2.42) nopiBHIOE
S (%).

Takum uywHOM, J10BedeHO, 10 GyHKIis (2.44) 3am0BOJIBHSE
mudepeHianbHe piBHAHHA. [lepeBipuMo Temep, 10 BOHA 3aJI0BOJIbHSE
FPaHUYHI yMOBHM. 3 II€0 METOK 3aCTOCYEMO JO Hei KpaloBui
GyHKITIOHA:
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. [y (x)]=V,~ ﬁ G(x, g)f(&)dé}rf/t |::Z;(1)Yk\|fk (X)}

3a paxyHOK TOro, 1m0 (GyHKIig ['piHa 3a/10BOJIbHSE MIBHEOIHOPIIHIN
KpaloBiil 3ajayi, IEPIIMA TOJaHOK JOPiBHIOE HyseBl. [pyruii momaHok
NEPENUILEMO Y BUTIISIL:

{ka\vk }ka[Vl Wi (x ]—Zwk&k—vl

Orxe, Vl[y( ]:yi.
HoBenn, mo 300paxkeHHs (2.44) € pO3B’A3KOM  HEOJIHOPITHOT
OJTHOBUMIPHOT KpaloBOi 3a/1aui.

Sk 0GauyuMo, NPUHIMIIOBO BAXKIUBUM Yy TMOOYAOBI pO3B’SI3KY €
HasBHICTh QyHKIIT [ piHa. Po3risHemo ii OCHOBHI BIIaCTHBOCTI.

3.2. Teopema npo eaHicTsb icHyBanHs pynkuii I'pina

Teopema. SIkmio ogfHOBMMipHa KpaioBa 3aJaya Ma€ He0COOJIMBI
KpaiioBi yMoBH, TO pyHkuis I'pina Takoi 3axaui € e1nHOI0.

Jlogeoenns. IIpoBoaUTUMETHCA Bl MPOTUIEKHOTO. [Ipunmyctumo, o
icnye mBi pi3Hi  ¢yHkuii Ipina G (x, &), G, (x, &) Taki, IO

yl(x):j. G (x,8)f(8)de, », (X)Z.TGZ (x,8) f(E)dE — € posp’szKamu

KpaiioBoi 3amaui. [loOymayemo dyHKIIIIO G(x,é):Gl (x,é)—Gz (x,E_,). 3a

paxyHOK TOro, WIO Y, (x), Vs (x) € PpO3B’SI3KM PIBHSIHb, 3aIUIIEMO:

L, (yl (x)): 1(x),L, ( V5 (x))= f(x). TloGyxyemo me omny QyHKUiIO
y(x)=y; (x)-», (x) Ta 3acrocyemo no Hei qudepenniansuuii oneparop:

L ()L (3 (9L (32 () ()7 ()00,

3 iHmIoro 60Ky,

L, (y(X))=i G(x,8) f(E)d E_.—T G, (x.8) f(€)d EF_TG(x,i)f (&)dE,

OTpumanu, o j G(x,8)f(&)d&=0 mms Gymp-sKOi NPaBOi YACTHHH

piBHSIHHS f (x) VY 3B’s3Ky 3 TUM, 110 (PYHKIIS € TOBUIBHOIO, BUOEPEMO i
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/o, xe(a; E-AE )N E+AE; D)

y dopmi: f(x)= . Po3B’s130K 3amaui y Takomy
) #0, xe(E-AE,E+AE)

BHUIIAJIKY, 3aCTOCYBABIIN TCOPEMY IIPO CCPCAHE, 3AIIUIMICMO Y BI/II‘J'IHIIiZ

y(x)=[ G(x.8) £ (8)de=G(x.x,, ) [ £(8)dE
AE AE

3ragaemMo, Mo QyHKIIA y(x) € PO3B’SI3KOM OJHOPIHOI KpailoBoi
3aj1a4i, TOOTO Mae NOpPIBHIOBATH HyJeBl. OCKUIBKM I1HTErpan y Mpasiii
YaCTUHI BIIMIHHHMM BiJ HYJIsS, TO BUIUIMBAE, IO G(x,xcp):O. DyHKIIIIO0
f (x) BUOpaHO JAOBUIFHUM YHHOM, TOOTO MOXKEMO 3pOOUTH BUCHOBOK, III0
G(x, @)EO 3Binku BUILIMBaAE, Mo G (x, §)=G2 (x, &) €IHICTD iCHYBaHHS

¢byuxkuii ['pina qoBeneHo.
3 Meroro 3’sicyBaTh yMOBHU icHyBaHHA (yHkuii ['pina moBememo
TEOpeMy PO YOTUPH BU3HAYAIBLHI BIACTUBOCTI QyHKIIIT [ 'piHa.

3.3. Teopema npo 4oTHPH BU3HAYAJIbHI BJACTHBOCTI
¢ynkuii I'pina

Teopema. SIkmo ¢ynxuis G(x,&), wWo 3agaHa y NPIMOKYTHUKY
a<x<b, a<€<b, Mma€ 4OTHPH HACTYNHI BJIACTHBOCTi, TO I (PYHKILiS €
¢pynkuiero I'pina niBHeoqHOpiAHOI KpaiioBoi 3aga4i.

m
ng(m) (x),

1) @yukiis ['pina Ta i moxiaHi 10 #—2 MOPSIKY T
X

m=0,n—2 c HemepepBHUMHU Y BCiil 00J1acTi;
2) Tloxiana pyukuii I'piHa #—1-ro NOpSAKY € pO3PUBHOIO HA JiHIT
x=€, Ta 1l cTpuOOK NOPIBHIOE OOEPHEHOMY 3HAYEHHIO KOoe(illl€HTa
IpM CTApLIif MOXigHiH G (x, x—O)—G(”_l) (x, x+0):#;
po(x)
3) Bynap-sika moxigHa 3a 3MIHHOIO N Bix ¢yHKIi ['piHa € HEMepepBHOIO Yy
obmactsax a<x<¢ Ta E<x<b. Y KOXHOMY 3 IHX TPHUKYTHHKIB
BUKOHYBAaTUMETHCS PIBHSAHHS LnG(x,ﬁ):O

4) ®yukuisa ['pina Mae 3aJ0BOJIBHATH TPAHUYHI YMOBHU:

V[G(x,E) 0, i=0,n-1, a<x<t, E<x<b.
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Jloseoenns
Posrisinemo puc. 6, Ta BBeieMO MO3HAYEHHs i o0nacted a<x<§

Ta E<x<b — A, Ta A, BinnoBinHO. 300pa3suMO PO3B’A30K MiBHEOTHOPITHOT
3anadi (2.41), axuit Mae 3a10BOBHATH QYHKIIs ['piHa, y BUTIISII:

x)=]£G(x,§) £ (8)de+[G(x,8) f (8)dE (2.46)

VY koxHIH 3 obnacteit A; Ta A, QyHKLiA

! ! I'pina Ta ii moxigHa € HEMEepPEPBHUMH, TOMY
: npu audepeHIliroBaHHl JOAaHKIB y TMpaBiid

" b . 4acTuHI piBHOCTI (2.46) MOXHA BHOCUTH
@yHKIN 1 piHA MOXIAHY TiJ 3HAK IHTErpaja, BPaxOBYIOYHU
BiIoMi popMynu:
0 o
j (x.§ dé;_ja (x,8)dE+F (x,x) Ta ?I (x,6)de=+
a X

ox

o

Ia— X, ?; d E-F (x x) 3 orniAny Ha e, MiApaxyeMo Mepury MoxXiJHy:
X

y'(x)z]i G (x,8) f(&)de+G (x,x-0) f(x)+j7‘ G (x,8) f(&)de-
—G(x, x+0)f (x) .

CnpocTtuMo OTprMaHUi BUpa3:

(x)zij(l) (x,8) f(&)d§+iG(’) (x,8) f (8)d&+f (x)(G (x,x-0)-G (x,x+0)). (2:47)

3 ymoBu HemepepBHOCTI ¢yHkmii ['piHa ocTaHHI AOZAaHOK Yy
piBHOCTI (2.47) nopiBHIOE HyJIeBi. 3a aHAJIOTIYHOI CXEMOIO MIIPaxyeMO
noxifaHi ¢pyHkuii ['pina 1o n—1  nopsaxy:

b

2 x):ji W (x8) 1 (8)de+[ GV (x8) f (8)dErs (x)[G("—l) (x,x-0)-

~G (x,x40)],  k=0,n1.

OcTtaHH1 10J]aHKK y BCIX BHpa3ax JOPIBHIOBAIM HYJEBI 32 paXyHOK
HenepepBHOCTI (yHKIIT ['piHa Ta 11 MOXiIHUX 3a BIACTUBICTIO TEOPEMH. Y
BUIMA/IKY TOXIAHOI 7 -T'O TOPSAKY MaTHMEMO:
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X

) (x)= j G (x,8) f (a)d@i G (x,8) f (&) de+f ()] " (x.x-0)-

~G) (x,x+0)]:]£G(n) (x.8) f(a)d§+sz(”) (x.8) f()de+f (x)pol(x).

OcTtanHs piIBHICTh OTPHMAaHa 32 BJIACTUBICTIO 2) TEOPEMHU.
[TincTaBuMo Temep Bci MmiapaxoBaHi MOXiAHI y AudepeHIialibHe
PIBHSIHHSL:

L, (y(x))=po (x) ") (1 py () U (xh 4, () ()=
=[L,(G(x.2)) £ (&)d&+[ L, (G(x.8)) £ (£)d&+f (x).

3a paxyHOK BIACTUBOCTI 3) TeopeMu Mepuri JBa JAOJaHKU
JOpiBHIOIOTH HyJeBi. OTxe, oTpuMaHo L, ( y(x))z f (x), TOOTO y(x) €
pO3B’s13k0M AudepeHIliaIbHOTO piBHIHHS 3a1a4i. [lokaxkemo, o GyHKIis
y(x) 3aJI0BOJIbHSIE KPailoBI YMOBH. 3 III€I0 METOIO 3aMUIIEMO IPaHUYHUN

(GyHKITIOHAT y BUTJISIL:
n-1 ) n-1 )
VL (e Lo ()} [ (o) JE ) (@ By (). (2.48)
j=0 j=0

[TimpaxyeMo moXijHi, 1110 BXOASTH 10 TPAHUYHHUX YMOB:

W (a>=T 60 (0.2) (= 1[G ()] ()

YR (5.2) () 72 6 (v8)] £ (©)de

a
Ta MIiJCTaBUMO IIi CMIBBIAHOIIEHHS Y PiBHICTH (2.48):

Vi[y(x)]:szi[G(x, &) £ (&)de=0, i=0,n-1.  (2.49)

PiBHicTb (2.49) oTpuMaHO 3a paXyHOK BJIACTUBOCTI 4) TEOPEMHU.
JloBeneno, mo (GyHKIIis, sSKa 33I0BOJIbHSIE yMoBaM 1) — 4), € QyHKITi€0
['piHa.

Cniocmeo. SIKIIO 3 YOTUPHOX YMOB TEOPEMH BUKOHAHO TUIBKH TPHU
nepiri yMOBH, TO (QyHKITis G(x, é) Oyzae hyHIaMeHTaTbHOIO (PYHKIIEIO:
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b

(] @ (%) f (£)de

a

3.4. Teopema npo icnyBanusa ¢pynkuii I'pina.
IHepummii cocié modynoBu

Teopema. SIkmo kpaioBi yMOBH 3a1a4i € HEOCOOJTUBUMHU, TO ISt
TAKOI 3a/1a4i 3aB:k1M icHye Qpynkuisi I'pina.

Joseodenns. IlpoBenemMo NOBEIEHHS 3a KOHCTPYKTMBHHUM ILJISIXOM.
[Tpunyctumo, 1mo QyHaameHTanbHa cucreMa po3B’s3kiB  (DCP)

Au(epeHIiaIbHOTO PIBHSHHS ), (x), j=0,n-1 € Bimomoro. IloOymyemo

GYHKIII0O JBOX 3MIHHMX TaKMM YHHOM, 100 K OiJbIle BIACTUBOCTEH
¢yukuii ['pina 6yno 6 Bukonano. Hanpuknan:

n—1

Zaj (é)yj (x), x<&

j=0

G(x, F,)z (2.50)

S0 (0. ot

[TomiTMO, 110 BIACTHUBICTH 3) TeopeMH A obnacTed A; Ta A,

BUKOHAHO 3aBJISKH TOMY, W0 (yHIaMEHTalbHI pO3B’SI3KU MAaKOTh
HEMNEepepBHI MOX1/IHI 10 7 -TO TOPSIKY.

BbyneMo Hamaratucsi BUKOHATH BJIACTUBOCTI, SIK1 3aJIUIIUIUCSA. 3 LI€I0
METOI0 MiIPaXy€eMO m -Ty MOX1AHY (YHKIIII:

n-1

Zaj (E,)ysm) (x), x<§
G (x,E) ’:_(1) m=0, n—1
Sb, (&) (x), ot

j=0

Jliist Toro, mo6 BUKOHYBajlach HETMEPEPBHICTh BCIX MOXIIHHUX JO 71-
TO TIOPSJIKY, BAMaraTHMEMO YMOBY:

n—1 n—1
G (x, x—O)—G(m) (x, x+0)zzob I (x) yE.m) (x)—z a; (x) ys.m) (x)=
= 0

n—1
= (bj (x)—aj (x))ygm) (x) npu m=0,n-2. (2.51)
=0
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n—1 1

G (x,x-0)-G" (r,x+0)=> (6; (x)-a,(x)) ) (x):ip ( (2.52)
Jj= 0
npu m=n—1.

PiBHocTi (2.51), (2.52) yTBOpHUIIM HEOJHOPIJIHY CUCTEMY 71 PIBHSHb

3 1 HEBIOMUMU KoedillieHTaMu ¢; (x):bj (x)—a ; (x), Jj=0,n-1.

BuszHauHMK  OTpUMaHOi  CHUCTEMH  BIAMIHGHHH  Big  HYJIS

n-1
detyg-m) #0 3a paxyHOK TOro, IO { iz (x)} e ®CP. Orxe, cucrema
J

Mae €JIMHUH PO3B’A30K, T00TO Koedirientn c; (x) Bimurykaemo exuHuM

yrHOM. [lepiry Ta Apyry BIaCTUBOCTI TEOPEMH 3a70BOJIEHO.
st toro, mo6 BUKOHYBaJlach BJIACTUBICTH 4), MOTpiIOHO miniOpaTu

koedimientu. Ilimpaxyemo moximai Big (yHKIii G(x,&) 3a MEepIIo0

3MIHHOIO Ha 000X KIHIIIX 1HTEpBATY xe(a;b) :
n-1 n-l
G (@ By a; ()2 (a), G (.2 b, (£) "
j=0 j=0
3uaiinemo Tenep V* [G (x, f;)] Ta V? [G(x, i)]

n-1
(G L oG (a8

VP G(x8) ZBWG (b,€).

Cdopmyemo rpaHnaHUM (byHKmOHaJI.

ACES A SIS z ()"

+ZBszb Za Wiy (x ]+Zb W[y (x)] @53)

JIJBI BUKOHAHHS quBeme YMOBH 6y21eMo BUMaraTt, 1100
rpaHUYHUI (YHKITIOHAT JOPIBHIOBAB HYJIEBI:

V[ G(x,8) 0.
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I[oz[aMo Ta BiJHIMEMO y TpaBiii dacTuHi crmiBBigHOIEHHS (2.53)

BHp&BZa Vb[yj ]
ARSI YICA IO

—gaj(ﬁ)lfib[yj(x)]zgaj(&) [ ]+Zc Vb[yj ]—0. (2.54)

Koeoiuientn c; (&):b] (E;)—a ! (é’;) 6yJ10 BU3HA4YeHO paHime. Takum

YHHOM, OTPUMAHO HACTYIHY PIBHICTS:

’i“j(@)[ ]Zc Wiy, (x)] @59

Cuctema (2.55) € cucremMor JiHIMHUX anreOpaiuyHuX pIBHAHD
BIJIHOCHO HEBIJIOMUX KOE(DIIIEHTIB «; (F?) Busnaunuk 1iei cucremu

[yj (x) H #0. lle 3abe3medyeHo THUM, IO

KpaiioBi ymoBHU € HeocoOmmBuMU. OTXKE, CUCTEMA € PO3B’A3YEMOIO, BCi ii
Koe(ilieHTH BHU3HAUCHI. BHUKOHaHO BCI YOTHPH YMOBHU Ta 3aKiHYCHO
noOynoBy ¢yHkmii I'pina.

3.5. CamocnpsikeHi Kpanosi 3aa4i Ta ixX 3B’ I3KH 3 3a/1a4€l0
I typma-JliyBuiias

Hexaii 3aano iniitmii L[I/I(bepeHuiaHLHI/Iﬁ OEPATOP 71 -FO TOPSIKY:
Z p; ()" (x)=f (x). (2.56)
Togti ClpsiKe i 10 HBOTO or[epaTop M€ BHTIISL:
Lj;y(x):zn:o(—l)j (o, (x)y ()], (2.57)
<

YV eumaaky, sxwo L,y(x)=L,y(x), omepatop HasuBaioTh

CaMOCIIPSIKEHUM.
BBeneMo BU3HAUEHHSI CAMOCIIPSKEHO1 KpailoBOi 3a1aui.
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L,y(x)=f(x), a<x<b
Kpaiiosa 3a/1a4a S HA3UBAEThCS
V. [ y (x)]:O, i=0,n—1

CaMOCTIPSDKEHOTO, SIKIIIO BUKOHAHO Bl YMOBH:
1) onepatop 3amadi € CaMOCTIPSKEHU;

2) icCHYIOTh 1Bl (DYyHKITIT u(x) Ta v(x), K1 3aJJOBOJIBHSIOTh BUXIJTHY

KpaloBy 3a/1auy, TO JIJIsl HUX BUKOHYETHCS IHTETpaJibHAa yMOBa:

f [ (o) Lyt (o) () L, v (x) | die=0.

3.6. Teopema npo cumerpuuHicTs GpyHkuii ['pina
CaMOCIHIPSKeHOI KpaioBoi 3a1aui

Teopema. ®yukuia ['pina camocnpsizkeHOI KpaoBoi 3ajadi €
cumerpuunow: G(x,5)=G (& x).
Jloseoenns. Hexait MaeMoO caMOCTIpSDKEHY KpaloBy 3a/1auy:
Ly(W=f (). xelab).
)k,
3a 03HAKOI CaMOCTIPSKEHOI KpaloBoi 3a7a4l BUTIIIUBAE, I110:

(2.58)

1)L, ( y (x))zL; ( y (x)) , TOOTO qudepeHIiaIbHIN oTiepaTop 3aaadi €

CaMOCTIPSDKEHUM.
2) BukoHyeTbCcs I1HTerpaJibHa yMOBa [JIsi ABOX (DYHKIIIHA, IO
3aJI0BOJILHSAIOTH KpaioBiit 3a1aui (2.58):

L{u(x)}:f(x), xe(a,b), i=0,n,

J[v(x) Lu(x)u(x)L,v (x)]zO (2.59)

Oynkuisg ['pina 11s1 060X po3B’sI3KiB € 0JTHAKOBOIO:
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J.Gxi x)—J.Gx& &

Toni, mimcTaBisitouM 1i BUpa3d 110 CHiBBigHOmEHHs (2.59),
OTPUMAEMO HACTYIHY PIBHICTB:

J. [v(x) L (x)u(x) L,y (x) |de= I S (x) (v (o) (x)) dx=
(2.60)
_jf jG(xa dgdx—jf jG x,8) f (&) d&dx=0.

MO)KHa 3arnmucartu I_Il HOBTOle lHTGFpaJ'II/I SK HOZ[BII/IHI

j j F(%)f(E)G(xE dxdg—j j £(%) £ (6)G(x,8)dedx=0. (2.61)

Y MEepUIOMY  JTOAAHKY Bnpasy (2.61) 3MiHUMO TOPSAOK
iHTerpyBaHHﬂ

j j 1 G(E, x)dxdg—j j £(x) £ ()G (x,E)dxd&=

[ £(2) £ (06 )62
3 115010 ;I[jIHJ'II/IBaC piB};ibcTI,:
[[£(x)£(&)[G(x.E)-G(&x)]drde=0. (2.62)

3Benemo mosHawenns F(x,&)=G(x,E}-G (& x), 3a momomoror
SKOTO BUCHOBOK (2.62) SaHI/IHIeMO y BUTJISAIL:

j j f(x (x,€)dxd&=0. (2.63)

3 piBHOCTI iHTerpana HYJIO II€ HE BUIUIMBAaE, mo F (x,ci)EO.
JloBeneMo 11e, IPOBOSYH TOBEJCHHS TEOPEMHU Bij mpoTuiiexHoro. Hexai
F (x,&);tO, TOMI iCHYE JaesKka TOodYKa xoe(a;b) taka, mo F (xO,E_,O);tO,
Hanpuknag, F (x0,§0)>0. OcCKinbKM  PO3B’SA30K  KpaloBOi  3anadi,
300pakeHuit yepe3 PpyHkiiio ['pina, Mmoxxke OyTH 3aCTOCOBaHUM A Oy/Ib-
K01 HerepepBHOT QyHKIIT [ (x), Ma€eMO TpaBO BUOpaTH i HACTYIHUM
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ypHOM. [Ipumyctumo, mo [ (x) BIJIMIHHA BiJ] HYJIA B OKOJI1 JI€SKOi TOYKU

Xp#20, a 30BHI 1OrO OKOJy BOHA JOPIBHIOBATUME  HYJIEBI:

{ S (%)20, xo(a;D)

. AHaJIOTIYHY MOBEIIHKY Ma€ (QYyHKIA f (&)
S (x)=0,  xe(a;x0 ) A xg3D)

B okomi Touku . Takumii BuGip QyHkuili OaszyeTbcs Ha TOMY, LIO
pPO3B’SI30K iCHYE i Oyab-sKoi HemepepBHOI (PyHKINT y mpaBiii 4acTuHI
TUQEepeHIialbHOTO PIBHAHHA. Y TakOMy BHIIaJKy, HE OOMEXYyIUd
3arajibHOCTI MIipKyBaHb, MOXXEMO BBaXKaTH, IO f (x0)>0 Ta f (&,0)>0.

Toni piBHicTh (2.63) mpuiimMe BUTIIAL;
[ | () ©)F(xg)dxde=0.
A(x0) A(&o)

ITix iHTErpanoM TyT CTOITh (QyHKIIS, 3HAYEHH AKOI Y TOULl X&), €
nogatHiM  F (xo) f (QO)F (x0,§0 )>0. Omxe, iHTerpan Big Hel y JiBid
4aCTHHI PiIBHOCTI Mae OyTH JOJATHIM: .[ J F(x) f(E)F (x,&)dxd&>0

A(x0) A(&o)
OTpumanu nNpoTupivys, 3 SKOr0 BUILUIMBAE, 0 QyHKIIS F (x, é):O ,a

3 IOTO, Y CBOIO Yepry, BUILJIUBAE, 1110 G(x, ?';)EG(&,x).

3.7. 3Benenns 3agaui Htypma-JliyBuiuis 10 iHTerpajabHoOro
PiBHAHHSA

HeoOxinnicte po3B’s3anHa 3amaui  Llrypma-JliyBumns BuUHUKae
KOXHOTO pa3y, KOJM HEOOXITHO 3BeCTH audepeHIlialbHe PIBHSHHA Yy
YaCTKOBMX IMOX1JIHUX JI0 3BUYAHHOr0 H(epeHIiaabHOro piBHIHHSL.

() y ()2 (e ) =g (6 (e s () 2 (7)1 (.9)] - (2.64)

~q> () u(x,y)=f (x.9),  ag<<ay, by<y<b.
Ilin wac 3acTocyBaHHS s IOTO METOAY IHTErpajbHHX
IIEPETBOPEHb MMOTPIOHO MOOYAyBaTH SAPO IIEPETBOPEHHS, SKE Mae
3aJI0BOJIBHUTHU TaKy KpailoBy 3ajady:

1 (x) [Kl (x,0) py (x)] —q, (x) K, (x, a):—a2K1 (x,0), ag<x<a

(2.65)
V" K (x,0) 20, i=0,1
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Copoctumo mro 3amauy Utypma-JliyBmmns Tta 3Bememo i g0
cTampapTHOTO  BHMDIsAmy. IlosHaummo o=\, K| (x,0)=y, (x) ta

MOMHOXXUMO O0OWJIBI 4YacTWHU piBHSIHHS (2.65) Ha (—(l)j Hanami
r(x

6ynemo Beaxaru 7 (x)=r(x), p(x)=

=p(x), zll((j:)):q(x) )

3aIMM1MCyBaTUCA HACTYITHUM YNHOM:

— p(x) v, (x) |+q(x xzkyX(X) Ay<X<a
[ 2(x) 3 (x) ] +4(x) v, (x) r(x) O (2.66)

Tomi  kpaiioBa 3amaya (2.65) Oyne

v [yx(x)]:o, i=0,1
®dopma (2.66) € cranmapTHor0 (hopMoro KparoBoi 3amaui [lItypma-
JliyBumia. BBenemo oneparop L typma-JliyBums:

A
Sy, (x)= i; ?)E;C), ay<x<a,

, (2.67)
V[ (x) =0, i=0,1

ne Sy, ()= p(x) ;. (%) |*+a, (x) 3, (x).
Icuye nBa ocHoBHHX Bunaaku 3anadi [ltypma-JliyBums (2.67):

1) perynsipauii BUIIAAOK, SIKIIO: a) iHTEpBal, Ha SKOMY 3MIHIOETHCS
3MiHHA, € CKIHYeHHUH; 0) Bcl PyHKIIT Ta iX MOXIJHI € HETIEPEPBHUMH Ha
LbOMY IHTEpBal; B) QYHKIIS r(x)>0, xe[a;b].

2) HeperyJspHii BUNAAOK, SKIIO MOpylleHa Xo4ya O OJHA 3 YMOB a),
0), B).

PosristHemo momoMiKHY KpaioBY 3anady Ta JOBEIEMO, 110 BOHA €
CaMOCIPSIKEHOIO:

{Sy(x)zf(x), a<x<b (2.68)

v y(x) 0, i=0,1

Jljist 1ibOTO CriepIry JOBeAEeMO, o AudepeHIianbHuil oneparop S €
CaMOCIIPSIKEHUM:

Sy(x)==Lp (%) 7' (x) =4 (%) y (x)==p (x)y"(x)=p'(x) ' (x}rg (x) y (x).

Sxmio 3ragatv 3aradbHUA BUTISIT AUQPEPEHINATBLHOTO OIeparopa
JPYTOTO MOPSIIKY
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L,y (x):po (x)y"(x)erl (x)y'(x)+p2 (x)y(x), Ta CHPSOKEHUH 10
HBOTO MOJKHA 3aIUCaTH HaCTyHHI/IM YUHOM:

Ly (xH po(x) y(x) " o1 (x) y(x) |42, (x) y (x)=

=po(x)y"+3" 2p0 (x)-py (X)]tv () 2o (x)-21 (x)+25 (x) .
Iopisusiemo omeparop L,y(x) 3 oneparopom Ltypma-Jliysmmist Sy(x).
Sk 6a1mmo, p,(x)=—p(x), p;(x)=p'(x), p,(x)=g(x).

Tenep mopiBHsgeMo koedimientn omneparopa IItypma-JliyBwmns 3
KoedilieHTaMu crpspkeHoro omeparopa. Koedimientn mnpu  crapuriit
noxigHid 30iratotbes. IlopiBHsSeMo iX mpu  mepmiid  MOXIAHIN:
— p'(x):Z(—p'(x))+p'(x):—p ‘(x). Jam mnpoBenemMo TMOPIBHSAHHSA NIpH
sHaueHHsX GyHKuii y(x):

o Hp () () 0 (a0).

3HaiiieMo YMOBH, 32 BUKOHAHHS sikuX ornepatop Ltypma-JliyBuiis €
camocnpsbkeHuM: 1) p, (x)zp;) (x); 2) pg (x)—pi (x)=0

Temep 3anmummaeThCsi MEPEBIpUTH iHTETpadbHy yMOBY. Hexail icHye
nBi  GyHKIT u(x) Ta v(x), M0 3aJ0BOJBHSIOTH JBI HACTYIHI
HiBOJHOPIHI KpaloBi 3a1a4i:

v(x
u(x
v ( )—O =0,1
v(x)
Hosenemo, 110 BUKOHYETHCS piBHIiCTB
.[ [ u(x)Sv(x )}dx:ﬁ JlificHO, ~ TiACTaBUMO  3aMiCTh

cxopoquoro 3anucy onepatopa Ll typma-JliyBumnis iioro noBHy Gopmy:
b

[V [(puyra (x)u () () (-pv") q (x)v(x) =

:'[ [—v(x)(pu')+u(x)(pv")']dx.
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OTtpumanwmii iHTETpaJl IPOIHTETPYEMO 32 YACTUHAMH:

b
—v(x)Bu'(x) Z+u x)pv'(x b

Jns Toro, mo0 migpaxyBaTh y BuUpasi (2.69 ) MiJICTaHOBKH,
BUKOPHUCTAEMO KpaloBl (QyHKIIOHAJIN:

u u oL U
V,.m[ (x )H (g (e )]=o, i=0,1; o1, 20; ag=a, a,=b.
()] [ ooy (@ Jouv'(a;)
. u'(a;) oo u(a)|
3BiIKH Ma€eMo, IO —— . [igcraBumo 1o BUpazy
vi(a)] | v(a;)
(2.69) oTpumaHi CITiBBITHOIICHHS:

—v(b) p(b)u'(b)+v(ay) p(ag)u'(ay )+

(8) p(6)9' () 1(@)p (@) (@-+(0)p (8) - 22u)

11

#(0) () - 22u(a) s 6) p(0) - 229(0) () (@) - 22210)

InTerpansHy ymMOBY BUKOHaHO. TUM cCaMHM IOBEZIEHO, 1110 KpaioBa 3a1a4a
[rypma-JliyBumiss € CcaMOCHPSDKEHOI, OTXKe, 11 PO3B’SI30K MOXKHA
3amucaTH 3a qonomororo pyHkii ['pina:

x)=[ G(x.8) £ (8)dE. (2.70)

x—j x)dx. (2.69)

L

Hexaii maeMo HacTynHy KpaﬁOBy 3a7a4y:
(L (), xelwh)

v [y(x)]zO, i=0,1
Tyt y(x) — € BuacHl ¢yHkmii 3agaui lrypma-JliyBumnsa. 3

2.71)

noBeneHoto Buiie ¢hopmyiu (2.70 ) BUmIuBae, mo po3B’ 30k 3anadi (2.71)
MOXHAa 306pa31/1T1/1 y Gopwmi:

—xj xa y(8)dg  Sy(x )—xsﬁﬁf@? y(&)d&}. 2.72)

a

Tobto mokazano, mo po3B’s3atu 3amaudy llrypma-JliyBumis e
€KBIBAJIGHTHUM JI0 pPO3B’si3aHHs piBHsAHHA (2.72). Temep mnoTpiGHO
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JIOBECTH 3BOPOTHE: pO3B’si3aHHA piBHAHHS (2.72) eKBIBaJICHTHO
po3B’si3aHHIO  BiANMOBIAHOI 3ajmaui  [lrtypma-JliyBwmis —  Oyab-skuid
po3B’s130k piBHAHHA (2.72) € po3B’sa3koM KpaiioBoi 3amaui Iltypma-
JliyBumns. 3actocyeMo n0 piBHsSHHSA (2.72) nudepeHIialbHIN oniepaTop,
TOOTO OTPMMAHO TPaBy YACTUHY PIBHSHHS, a 3 I[bOTO BUIUIMBAE, IO
nudepeHIiaibHe  PIBHAHHS —3aj1adi  3ajo0BojieHO. [lepeBipumo, 110
BUKOHYIOTbCS TpaHU4HI yMoBH. lle Mae Micue 3a paxyHOK TOro, IIO
¢yukuiro ['pina moOy10BaHO TaKUM YMHOM, IO TPAHUYHI YMOBU MAlOTh
Oytu 3amoBoneHi. OTke, MOKa3aHO, IO PO3B’S30K piBHIHHS (2.72) €
po3B’s3koMm 3anadi Lltypma-JliyBusis. JloBeeMo MOBHY €KBIBAJICHTHICTh
3anaui LlItypma-JliyBuiuIsl Ta IHTETpaIbHOTO PIBHSIHHS.

[Tokaxemo, 10 HETPUBIATILHUN PO3B’SI30K 3a7a4i BUHUKAE JIUTIIE IS

IIeBHUX 3HA4YeHb mapamerpa A, A=A, , n=0,00, KUX € JIYMIbHA MHOKHHA.
3 11i€r0 METOIO MPUBEJEMO 1HTETpabHe PiBHSAHHS (2.72) 10 CTAaHAAPTHOTO

. 1
BUTTIAAY, ML 9OT0 ITOMHOXKXHUMO O6I/II[B1 HYaCTHHH Ha f Ta BBCIACMO

(x)

MMO3HAYEHHS (p(x): ( . PiBusHH (2.72) HaOyBa€e BUTIISIAY:
r(x

b
o(x)=1[ K (x,8)0(2)dE, (2.73)
ne K (X, §)=W A0o0 B iHIIIH (HhOpMI MOXKHA 3aMMKUCATH:

(p(x)—?»sz (x,&)0(E)de=0, xe(asb). (2.74)

Lle € onHOpiHE 1HTErpaibHe piBHIHHSA PpearojabHa 3 CHMETPUUYHUM
AapoM (OCTaHHE BUIUIMBAE 3 BIAcTUBOCTI PyHKuii ['pina camocnpskeHOi
3asadi). 3 BIACTUBOCTEH 1HTETPANBHOTO PiBHAHHS (2.74) BUILTUBAE:

1) IarerpanpHe pIBHSHHS 3 CHMETPHUYHUM SIPOM, Ma€ JIHUMIIbHY

MHOYKHHY BJIaCHHX 4mcen A, n=0,00. P0o3B’a3kH, 110 iM BiJIOBIJaIOTh, —

Bi1acHI QyHKLIT @, (x) 3aJI0BOJILHSIIOTH PIBHSHHS:

O (x)_Knj‘K (x,8)e,(§)dE=0, xgasd).

2) Bnacui QyHKUii, 10 BiAMOBIZAIOTH PI3HUM BJIACHUM 3HAYEHHSAM €
OpPTOTOHAJHbHUMHU:
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J.(pn () dx=(9,1, 9, =011 (pn’mH2 : (2.75)

Ix moxna HpOHOpMyBaTH. Sxmo BnacHi ¢yHkmii 3amaul ltypma-
JliyBumis mo3HaueHo y(x):Y (x), Ta, BPaxOBYIOYH, 110 BJIACHI (PyHKIIIT

IHTErpajabHOrO PIBHAHHS JJOPIBHIOIOTH:

Y, (x)
Q,(x)= , (2.76)
(S
OTPUMAEMO YMOBY OpTOTOHaJTbHOCTI BiuacHux ¢yHkiin IItypma-
JliyBmmns. 3 1mi€r0 MeToro mifcTaBUMO Bupas (2.76) 0 CIiBBiTHOMIECHHS
(2.75):
b b

, J”% dx:y/"(x)wdxz(n X,). =5, 2.77)

r(x)

JloBeneHa opTOroHalbHICTh BiacHUX ¢QyHKUIA 3amaui [ltypma-
L

(%)

3) JloBepemo Temep TPETIO BIIACTHBICTh BJIACHUX (YHKIINA 3amadi
[typma-JliyBuiiis, 1110 HOCUTh Ha3BYy TeopeMHU po3BUHEHHS CTEKI0Ba.

—
~

==
~
=

JliyBuiins 3 Baroto

3.8. Teopema CrekJioBa

Teopema. bBynb-iky (QyHKIil0 £ (x) , JBiYi HemepepBHO
nndepennitoemy  ma  imrepsani  [a;b] h(x)eC?[a;b] Ta
32/10BOJIbHSII0YY KpaiioBum ymoBam Itypma-JliyBmmas V™ [h (x)]zO ,

MOKHA PO3BHHYTH B PiBHOMIPHO 30DLKHMI Ppsix 32 BJIACHUMHU
¢pynxuismu 3agaui Hlrypma-JliyBuis.

Jloeeoenns. Haragaemo Tteopemy ['inmpOepra-llIminTa 3 Teopii
IHTerpajibHUX PIBHSAHB, SIKA CTBEPIKY€E, IO SAKIIO (PYHKIIIO h*(x)

300pakeHO y BUTJTISL:

h*(x)ZTK (x.8)g*(&)d¢, (2.78)

To QyHkuito K (x, @) MOke OyTH PO3BHHEHE Y PIBHOMIPHO 301KHUU psif

3a BJIACHUMU (DYHKI[ISIMH 1HTETPaIbHOTO PIBHIHHS (2.78):
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0

(x)=) (F*,9,)0,(x), (2.79)

s (1,0, 1), (£)d2

Bukopucraemo 110 Teopemy Hajaji Mg Yac TOBEICHHS TEOpEeMHU
Crexnona.

SIkwo 3a ymoBoto Teopemu dynkuis i (x)eC?[a;b], To 10 Hel MoxkHA
3actocyBatu  omeparop  Ulrypma-Jliypuwmast: S [h (x)]:g (x) R (S
g(x)eC [a;b], xe[a;b]. 3rifTH0 3  yMOBaMHM  TEOPEMH,  MAaEMO
V. [h (x)]zO, i=0,1. [ns orpumanoi kpaiioBoi 3amaui Bke paHiiie
noOyznosano Qynkuito Ipina G(x,&). OTxre, MaeMo 3ammucaTy po3B’s30K y

BUTJISA/IL:
b

h(x)=[ G(x.€)g(2)dE..

a

JIOMHOXUMO OOHBI YaCTHHHM PIBHOCTI Ha Ta MiJ 3HAKOM

1
r(x)

iHTerpajia MOMHOKHUMO 1 TIOJUIMMO Ha r(x). BBeaeMo HOBI MO3HAYEHHSA

hs (x):;% , 2«(£)=g(€)+/7(&). OTpumaemo inTerpanbHe piBHSHHS:

b

e (x)=] K (%) g+ (€)dE,

a

Tyt K (x,é):\/%. 3a Teopemoro I'inbGepra-lllmiara MoxkeMo

300pasuti QyHKLi /i (X) y dopmi:

0

he(x)=)(hes9,,) 0, (%)

n=0
3anuiemMo ckaasApHUN J00yTOK dYepe3 BiacHi (yHKIIT 3amadi
[rypma-JliyBusmis:
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(2.80)

S [ VS C Ve
y

OT)KG teopeMy CTEKJIOBa TOBEJICHO.

3.9. BuBenenHnst popmy./in o6epHeHHs 1151 iHTerpajabHOIO0
NepPeTBOPEHHS HA CKIHYEHHOMY MPOMIKKY

Hexait maemo audepenuianbie piBHAHHA BUIIAAY (2.64), 10 sKoro
3aCTOCOBAHO IHTErpajbHE [EPETBOPEHHS 3a 3MIHHOIO L 3 fapom
nepersopenns K, (x,a):

SIx mokaszaHO BHIIE, SAPO I[HOTO TIEPETBOPEHHS MA€ 3aJOBOJBHSITH
kpaiioBy 3anauy Lltypma-JliyBuis i € ii BinacHoo QyHKuiewo Y, (x), sIKa
BIZINIOB1JJA€ TIEBHOMY BJIACHOMY 3HAUEHHIO A, :

u, (y)zjz?((;))u(x,y)dy. (2.81)

Ha d¢opmyny (2.81) ™MokHa JAMBUTHCA, SK Ha 300paKeHHS

TpaHc(HOPMaHTH 1HTETPATBLHOTO MEePETBOPeHHS. BuxigHa QyHKIis u(x, y)
Mae 1Biui HenepepsHi noxinni u(x,y)eCt (a;b) Ta 3a10BoNbHsE rPaHAYHI
ymou Lltypma-Jliysums V™ [u (x, y)]zO 3rigno 3 Teopemoro CTekI0Ba

il MOXHa PO3BUHYTH B pAJ 3a CHUCTEMOIO BJIACHUX (YHKIIIH {Yn (x)}

BiamoBiaHOI 3aaa4i [lItypma-JliyBumis:

u(x, y)zi ¢, ()7, (x). (2.82)
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3HaiizeMo 300pakeHHsT KoedirieHTiB po3BuHeHHA (2.82). 3 miero
Y, (x)
r(x)

METOI0 TTOMHOXKMMO OOWJIBI YaCTUHH PiBHOCTI (2.82) HA MHOKHHK

Ta npoiHTerpyeMo Ha HpOMi)KKy xe[a;b] :

Tu( % ax ZC I x—ZC )(Y,.%,,),. (2.83)

CKaJ'IHpHI/II/I I[O6yTOK, 110 BXOJUTH y BUpa3 (2.83), JOPIBHIOBATUME:
0, n*m

(¥-2,0), = ’fo(();)

Y BUNagKy #n=m MaeEMO U ( ) —C N2, 3Bigkn BHUILIMBAE, 110

m m?
(V) o
C = . HIHCTaBI/IBH_H/I OTpI/IMaHe CIIIBB1IJHOLIICHHA MO0 pOSBI/IHGHH}I

m 2
m

(40), 3mobynemo obepHeHy (opMyiy IHTETpallbHOTO TIEPETBOPCHHS HA
CKIHUEHOMY MTPOMIKKY xe[a;b] , 3 IpsIMUM TiepeTBOpeHHsIM (39):

dx=N>

[e e}
u(x, y)=2”’]lézy) Y, (k). (2.84)
n=0 n
Takum YUHOM, MM TTO3HAMOMMIIUCS 3 TAKHUM BaXKIMBUM MOHATTSAM SIK
¢byskmis ['piHa 0JHOMIpHUX KpalHOBHX 3aJad Ta PO3TISHYIH JIBAa PI3HHUX
MEeTOH 11 TOOYI0BH.
Omxe, 3apa3 MO3HAHOMHMMOCH 3 HaWBaXJIMBIIIUMH METOJIaMU
PO3B’sI3aHHS 3a/1a4 OUTBII JETAIBHO Ta PETENLHO JOCHIIUMO BIACTHBOCTI
PIBHSIHb OCHOBHHX THITIB MAaTEMAaTUYHOI (Di3HKH.
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ll. PIBHAHHA ENINTUYHOIO TUMNY 3 ENEMEHTAMU
TEOPII NOTEHUIANIB

Marepian 1bOTO PO3AUTY MPUCBIYCHO AOCHIIKEHHIO EIINTHIYHUX
piBHSHb (HAMBAXIHMBIIIMM TPHUKIAIOM SKOTO € piBHsAHHS Jlammaca ta
[Tyacona), a Takox 0COOJIMBO BaXJIMBIii 3 TOUKH 30pY PI3HUX 3aCTOCYBaHb
Teopii MOTEHIiaTy.

1. IloOynoBa pynnamenTanabHoi pyHkuii piBHsiHHA Jlanuaca.
Ii pisuuHMi cene

Hexaii  ¢ymkuis  u(x) —  ¢yHkuis ~ Garatbox  3MiHHHX
u(x)=u(x,%y,...,x,) . Tyt - MOUKHa NPHIATH CEHC BEKTOPA , & X, Xp,..., X,

— HMoro mpoekIii Ha Bici. SIK BiOMO, BIJICTaHb MiIX JBOMa JOBIIBHUMU
TOYKaMH _ Ta y 7 — BUMIPHOTO IPOCTOPY BBOIHUTHCS 3a dhopmyoro:

\x—y\:\/ (xl—yl)2+(x2—y2 )2+...+(xn—yn )2 ,

a JUIsl HampaBJSIIOYMX KOCHUHYCIB € BIpHOI0O (opmyna: coSo =

Xi=Vj
=y
j=l,n. TlpoimocTpyeMO 1€ HAOYHO IS IMPOCTOPOBOTO BHIAAKY (n:3)

>

Poszrnsinemo piBHsiHHS Jlamnaca
Au (x):O, 3.1)
2 A2 2
e A:iz‘iiz+. . % .
ox{ Oxy;  Ox,

IMokaxemo, mo ¢ynkuis @, (x, y):l, x#y € QyHIaMEHTAIbHUM
X=y

po3B’siskom  piBHaHHS  (3.1). [ mporo  migpaxyemMo — MOXiJTHI

oD, (x,y)

8xj

, j=Ln:
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a@na)(c)f,y)zai_ 1 :ai ; {[Z(x’ _yj)zj ]:

J I n 5 % Jj=1
[Z(xj‘yj) j
=1
_ xj_yj . —y] COSOLj
g N b ef
;("j‘yj)

[Tinpaxyemo Temnep Apyry MOXiaHy:

0’D, (x,y):_ 0 X~y
ayjz axj [n

_|.3 2(’“1‘%')25/2 .\ I
_ 3(%—%)25/2_ L
Sy} (B

2
3 X =y,
{ (x]—ysj) . X—ly3 ]_x—ly5 (3(xj e )2_x_y2) G2

300pakeHHss Apyroi mnoxigHoi (3.2) miacTaBUMO [0 PIBHSHHSA
Jlannaca (3.1):

Z (x.2)_ l:?)Z(x ;) by } (3.3)

=l J ‘x_ ‘
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SAxmo y dopmym (3.3) B3sTM 3a n=3 Ta BpaxyBaTW, IO

i(xj_yj)z

=

To piBHsHHA Jlammaca (3.1) Oyae 3am0BiIbHEHO

ABTOMAaTH4HO, WO i o3Hauae, wo ¢yukuis O;(x,y)=—— € iioro

Sl

dbyHIaMEeHTaIbHUM PO3B’SI3KOM.
AHAJIOTIYHUM YHHOM MOJKHA TMOKa3aTH, IO [JIs BUNAIAKYy #n=2
byHIaMeHTaIbHUI ~ pO3B’S30K  MOTpIOHO  Opath y  BUDJISAL

@, (x,y)=In x—ly Jlosenemo neit pakt. Hexai:

@, (x,y)=In L n i —1/21n Z(x yj)2
‘X—y‘ R 2 j=1
(xj‘yj)
j=1
3HaiiIeMo nepIry moxXiaHy QyHKIi:
00, (x,y)_ 1 2(x;) XY XY
ox. 2 .n 2 n P . 2°
! Z:,(xj—y,-) Z}(xj‘yj) o
Jj= Jj=
Jns npyroi noxigHoi GyHKIii OTpUMaeMo:
2 2
0°®, (x,y)_ 2(x;~v)) 1 :2(xj_yj) 1
o (g ) Y (x-v, ) ot el
jzz;(xj—yj) = i

Onepxani 300pakeHHS JJIsI MOXITHUX TMIJCTAaBUMO 0 PIBHSHHS
Jlamnaca (3.1), ne Bi3bMeMO n:2'

22( —yj)

2 62CD X - 2 X— 2
Ac1)2 ('xa y)zz P (2 y A ‘ y‘ 7=
o ! \x—y\ ol ey
BceranoBumo  ¢iznuyHMii ceHC TOOYI0BaHOTO (yHIAMEHTAIHHOTO

PO3B’SI3KY.
BukopucraeMo 3aKOH BCECBITHBOTO TSDKIHHS, SIKUM MPOLTIOCTPYEMO
Ha npukiaal. Hexail y mpocTopi po3TamoBaHO [Ba Tijga 3 MacaMH m; Ta

m, BIANOBIOHO, IO NPUTATYIOTBCS OJHE N0 OJHOrO 3 CHiIow F,

58



a0CoOTHA BENWYMHA SKOI MPSIMO MPONOPIIIOHATbHA MacaM IHX TiT Ta
myiy

ot

00€epHEHO MPOoNOopIIiOHATFHA KBAAPATY B1ICTaH1 MK HUMHU: ‘F ‘:

—_—

ne F=Fji+F)i)+F3i;, i; — HanpaBisito4l opTy,
— mynycoso. ;. My | X =y ;
o' 0 1( )
Fj:‘F‘cosocj: L= Lt

=y’ =y -y

Ao npurycTuTH, mWo my=l, 10 F,=—

BBezieMo 03HaueHHs nomenyiany cunogozo noni. ®yukuis V(x) e

MOTEHI[IaJIOM CHJIOBOTO MOJISA, SKIIO ii TPagi€HT 300pa)xKye CHIIy TSHKIHHS
OJWHHUYHOI MacH JI0 3aJaHOi:

VV( )—gde( ) gc/zl—k—gfﬁ%ﬁ

3a MM O3HAYCHHSM, K 0aunuMo, (PyHIaMEHTAIbHUN PO3B’SI30K — II€
€ TIOTEHIIiaJ CUJIOBOTO IOJISA, SIKHH BU3HAYA€ TOHKIHHS OJMHUYHOI MAacH,
IO 30Cepe/KeHa y TOYII ;Mo OIMHUYHOI MacH, MO 30CEpeIKEeHa Y
touui y. lle 1 Bu3Hauae ghizuunuii cenc hynoamenmanvroi hynryii.
Hanpuknan, y BUmajaky #=3 Maemo:
1 10 1 = 8 1 = 0 1 =
Vo P L S M L P S M L
=) O ey 0y ey 8 [y
. (xl_)ﬁ) = (xz_J’z) (x3 J’3)
- 3 h 3 7
ol e T Ref

PosrnssHeMo BUTIAOK, KOJIM Y TOUKaX y(J ) ( jzl,n) 30cepeHKeHI MacH

VO, (x,y)=V

L=F 11+F212 +F3 3.

m; ( j=1,n). [ToTenian, KUl CTBOPIOETHCA IUMU MacaMH Ta MPUTATYIOUU

OJIMHUYHY MacCy, 30CEPE/DKEHY Y TOUIl _ , ONUCYETHCS 3a (popMyInoro:
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2. O0’emHi Ta MOBEepXHeBi NOTEHUiATH

3’acyeMo, SKAW TOTeHHianm OyJae YTBOPIOBATUCS MAacor, IO
posnonineHa y npeskomy o0’emi D. Jlns mporo posib’emo 00’eM Ha
HECKIHYEHHO MaJi mapaneneninean. Budbepemo cepen HUX eleMeHTapHUIA
napainenemnine] JOBIIbHOrO 00’eMmy dx;dx,dx; Ta 3Haiinemo Moro
enementapuy macy m=p(y)dx,,dx,dx;=p(y)dD, me p(y)— rycruna.
[Ipunyckarouu, 10 TIIO € OJHOPIAHUM, MIJCYMOBYEMO MOTEHLIAIN

(y)dD

KOXXHOI'0 CJIICMCHTY ‘ ‘ . HiI[C}’MOBy'BaHH}I HECKIHYEHHO MaJIuX

IpUBEAE 110 iHTerpana

IJJ 2 ‘x_y‘ dyzdys—m s dy (3.4)

dopmyna (3.4) OTIUCYE 06 eMHULL (Hb}OInOHOGCbKuu) nomenyiai.
SAxmo n=2, TO, BUKOPUCTOBYIOUM ONHUCAHY BHIIE TEXHOJOTIO,
OTPUMAEMO:

j j In—— ps () dy,dy,. (3.5)

e 1 € noeapugmiunuii nomemﬂaﬂ MacH, 0 PO3MOAUICHHN Ha
wionuHi () 3 TYCTHHOIO Ps ( y).
PosristHemo macy, 1mo po3mnoisieHa
Ha TOBEPXHI (muB. puc. 7), ne
po3TanioBaHa 000J0HKa TOBUIUHU /1 .

25 BuaiiimiMo  HECKIHYEHHO  Majui
/' eJIeMEHT  OOOJIOHKH, Horo  00’em
nopiBHIOBaTUME hdG, a Maca y TOYIli )

. . Ha cepenHHIN MOBEPXHI

Puc. 7. HeckinuenHo Majmii
eJIeMEHT 06OIOHKH BU3HAUaTUMEThCSI BUPA30OM [ ( y) hdc
a0o, SIKIIIO BBECTHU byHKIII0

Po ( y):po ( y)h , TO Maca JOpPIBHIOBATUME P, ( y) do. Tonmi moTeHIian

npocmo2o wiapy 3anuiieMo 3a (bopMyﬂoro'

p
CH P

Sxmo n=2, 3amicTh HOBerHl PO3IJISIHEMO BICh CTPYIKHS JOBXKUHU [
. Bubupatoun iioro enemeHTapHy AUISIHKY d/ Ta TPUIYCKArO4Yd, IO
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I'YCTHUHY, IIIO BiJHECEHA JI0 OJIMHHUII JOBXWHU CTPYIKHS S ( y), 3anIIEMO

JI02apihMUUHUL NOMEHYIAT NPOCMO20 Wap):
| -
Vi(x)=|In—— dl.
1( ) ! x_yp(y)

3. JlimoJti Ta moTeHUiaa MoABIHHOIO WIAPY

o [lin wdac BUKJIAACHHS HACTYIHOTO

- _},El:' Martepiany 6}:)16 3aCTOCOBAHO  TOHATTS
“Big’emMHa Maca”, mo 3 (HI3UYHOT TOUKH 30y €

¥ |:III:| HEeMOXIUBUM. J{11s1 TOoro, 1100 BHECTH (Di3UUHY

TPAKTOBKY IIbOTO TIOHSATTS, JIETIIE YSBUTH
B1JI’€MHO Ta J0JIaTHE 3apsKEHI MacH, 110, K
B1JIOMO, Ma€ MICIIE€ B €JIEKTPOCTATHIII.

Posrnssnemo moBepxHIO  Ta BHOEpEMO

Puc. 8. Hanpsam Hopmadi .
Ha HiM Touky y (puc. 8). IIpoememo

HOpMaJlh V B IIili TOUIIi Ta Bi3bMEMO Ha HOpMari Toukn p' Ta 0. bynemo

BBaXXaTH, IO Yy TOYIIl y1 30cepeKeHa oJaTHa Maca, a 'y TOuIll yO —
BiJ’eMHa. BillykaeMo MOTEHIa]l CHUJIOBOTO TMOJS, IO YTBOPIOETHCS
IUMU Macamu:

my my

4 (x)— (3.6)

| ]
®opmyna (3.6) Haraaye ¢opMyily 3 MeXaHilli, ¢ BU3HAUECHO Mapy

cWIL. /{lunonem OyneMO HA3WBATH JIBi MacH, IO OJTHAKOBI 32 BETMYUHOIO Ta
MPOTHIICKHO 3apsi/keHl. BuzHauumo momenm ounonsi 3a (HOpMyIIor:

m(y):m0+yl—y0‘. 3HaiiieMo Mexy TOTEHI[ialy CHJIOBOIO  TOJS,

1.0 1_,,0
OPSIMYIOYH ), )" 110 TOYKH y (BPaxOBYIOUU IPH IOMY, IO ‘ y =y ‘—)0,
KOJIU yl,yo—)y):

1_,,0
my My ‘y Y ‘_
of |[,,1

=y

lim ¥ (x)= lim

1] o~
vy 70y ‘x—y ‘ ‘x—y ‘

ET 1.0 1 - I ) 1
_yl’ligri)y mo‘y y‘ ‘x_yl‘ ‘x—yOU‘yl_yo‘

61



1 11
A

MHOXHUK e IIPUPOLICHHS

(byHnaMeHTanbHOI QyHKIIII (D:L, a MHOXXHHK mo‘yl—yo‘ — MOMEHT

-

JUIIOJIA. OT)KG, OTPHUMAHO:

lim ¥ (v (p) 0| L |
vy vy | =y
®opmyna (3.7) BU3HAYAE cunoge noje OunoJis.

Maemo 3a3HauMTH, IO AHAJOrIYHI MIPKYBaHHS IPOBOASTHCS B
MEXaHil[l MiJl 4Yac BUBEICHHS BEJIMYMHU 30CEPEHKEHOr0 MOMEHTY B
3amaHiid  Toumi. Ilpouenypa BHBEACHHS CKIAAA€Tbcsi 3 TOTO, IO
30JIMKAIOTh CHJIM, SIKI YTBOPIOIOTH Mapy CHJ, 30UIBIIYIOYH iX BETHYUHY
TaK, 1100 MOMEHT MapH 3aJHUIIABCS HE3MIHHUM Ta PIBHUM 30CEPEIKEHOMY
MOMEHTY. AHAJOTIYHMM YHHOM, TiJ dYac BuBeAcHHsA (opmynu (3.7),
30JIMDKYIOUM BiJICTaHb, BOAHOYAC 301IBIIYEMO Macy Tak, mo0 MOMEHT
JTUTIONIST 3aJTUTIIABCS] HE3MIHHUM.

BBeaemo 1o posrnsany nomernyian noogiino2o wapy. 3 MEW0 METOIO
ySIBUMO JIBa ILIApH, CEPEIMHHI MOBEPXHI SAKUX MapayiejbHl OJlHA J0 OJIHOT
Ta MapajelbHi MOBEPXHI (puc. 9). Ilpumyctumo, mo oauH 3 IIAPiB
3apsKEHe 0/IaTHE, a IHIIUH — BiJ’ €MHE.

3 [IpoBeneMo  HOpManb Vv [0
MOBEPXHI y Touli y. B koxHomy 3

(3.7)

mapiB BUOEpeMO Ha HOPMaJi V TOYKU !

2 .
N Ta )~ CUMETPUYHO BIJHOCHO TOYKH Y

TaKUM YMHOM, 1100 HAMPSIMOK BiJl y1 bi (e}

y2 30iraBcs 3 HampsIMKOM BeKkTopa V. Y

TOYKaX y1 Ta y2 KOXHOTO 3 IIapiB

Puc .9. /IBa pizHo3apsinkeHi mapu

pO3TallyeEMO Macu, IO 3apspKeHi
MPOTUJICKHUMH 32 3HAKOM 3apsiIaMH.
[le yTBOpIOE PI3HUILIIO TOTCHITIATIB:

1ty (x)=10®@, (%, 37 110 ®@,, (. ' Joeg e

| 1 _
Ho ‘x—yl‘

S W N
| pey]) ey
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Crpsmyemo y',y? 710 y Tak, mo6 BeTMYMHA MOMEHTY IHIIOJIS
Lo ‘yl—yz‘zm(y) 3ajumanacs ImocTikinoo. Tomi MOTeHmian aumois y
Toulll _ OyJe HACTyIHUM:
D, (x,1° D (x, )" oD (x,
uy (x)= hrln m(y) n( 2) 1< ):m(y)g(y) (3.8)
y'o0 ‘y —y‘ Vy

OTxe, CWIOBE TMOJE HECKIHUCHHO Majoi JUISSHKU TOPiBHIOBATHME

u, (x)dG. 3HaliiIeMo TOTEHIal y TOYIll > O YTBODIOEThCSA BCiMa

JUTIOJISIMU, SIK1 po3n0)1ineHi Ha HOBerHi

j m (%) ) ds,, (3.9)

Axmo »=3, TO iHTErpan (III.9) HA3MBAIOTh NOMEHYIAIOM NOOBIUHO20
wapy. ko n=3 To Jzoeapuquiunww NOMeHYIanom noO0BIliIHO20 Wapy:

jm a ln L ds, (3.10)

4. OcHOBHA BJIACTUBICTH MOTEHIIAJIIB

[TokaxxeMo, 110 BCi MOTEHIIIATN 330BOJIBHSIIOTH piBHSHHS Jlariaca,
TOOTO € eapmoniunumu yurkyiamu. 1le oOCHOBHA BIIaCTUBICTh MOTEHITIAMTIB.

Teopema. IloTennianu V] (x), j=0,72 32/10BOJILHAOTH pPiBHsAHHA Jlaniaca:
AV, (x)=0, jzﬁ y Oyab-sikiii To4IIi, KpiM TOYOK 00J1acTi iHTEerpyBaHHS.

Jloseoenns

[Tokaxkemo, IO TeopeMa BUKOHYETHCSA JUISI HAWOLIBIN CKJIQJHOTO
BUIMAJIKy TOTEHIIaTy MOABIHHOTO IIapy. Y pemTi BUNAIKIB JTIOBEICHHS
MIPOBOJUTHUMETHCS 32 AHAIOTTYHOIO CXEMOIO.
Hosenemo, mo AV, (x):O, SKIIO TOYKA . HE HAJNEKHTH MOBEPXHi

(omxke, mijg iHTErpanoM x#)y ). IligpaxyeMo moxijiHy: c
o 1 o0 1 8 1 _
\x—y\_ayl = cos(vynhigy, , cos(v y’y2)+8y 1 cos(vy.3)

cos( y,yl-).
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3 MareMaTH4HOro aHaji3y BiJIoMO, MmO Juisi TOTO, MO0
JudepeHIiaIbHAA onepaTop MOKHA OyJI0 BHECTH IIiJ 3HAK IHTErpana,
JIOCTaTHBO, 100 MmiAiHTerpagbHa PyHKIlIA Oyiia HEMepepBHOIO.

B namomy Bumaaky e mMae wiciie, 60 BCl MOXIJIHI HEMEPEPBHI MPH
x#y. BHecemo moXiJHYy miJg 3HaK i1HTerpaja B omeparopi Jlammaca,
BUKOpHUCTOBYIOUU hopmyiy (3.9):

3
AVz(x):Ajm(y)Zai_x_lycos(vy,yi)dcy. (3.11)
o i1 Vi

VY mpagiit yactuni ¢opmynu (3.11) BHecemo onepatop Jlamnaca y KoKHUMN
JIO/TaHOK:

AV, (x ij cos( y,y,)a iydc 0. (3.12)

i=l 5

JloBenu, mo AV, (x)=0, AKINO XZ£) .

5. ®opmyaa I'pina.
Teopema npo HOpMaJIbHY NOXIAHY FAPMOHIYHOI (PyHKIIT
HoBenennst ¢opmynu ['pina Ga3yerbcs Ha
dhopmyii OcTporpaacbkoro.
Hexaii gynkuii O, (x), i=1,3 3amano y obnacti D,
gKa OOMEXKEeHa KyCKOBO-TJAQIKOI TIOBEPXHEIO
(puc. 10), a v Hopmanb y OyIOb-SKMM TOYIl IIi€]

MOBEPXHI. Toni dbopmyia OcTporpaacekoro
T 3al'II/Icy€TBC$[ y BUTTISIAL:
Puc. 10 aQ ( y
IﬂZ dyldJ’2dJ’3—HZQ cos(v yl)dc (3.13)
D =l o =1

®opmyna (3.13) € crnpaseuBoro, AKIO QyHKUiT O, ( y)eC (D), a
Takok O, (y)eC (o) (izﬁ). BisbMemo 3a mi  QyHKOii  Takw:

O (v)=u(y) 81(;)(})/) , ne u(y),v(y) e Takox mBiui udeperuiioBanMu —
i

u(y),v(y)eC (D). Minpaxyemo noxiai GyHKii:

aQi(y):u(y)azo(y)Jra“(y) ov(y)
Y 8)112 ;o

MICJISl 4YOTO TIPOBEJIEMO IT1/ICyMOBYBAHHSI:
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ZaQay() ¥)Av +§ a ). (3.14)

y.
i=1 1 1

[lincraBumo otpumany cymy (3.14) y mniBy dYactuHy GopmysH
OCTporpaz[cmcoro (3 3)

jlj)j{u( ) Au( +Z a 5, } —ﬂ {_ Cos(uyl)}dc (3.15)

MosKkHa IIOMITUTH, IO Zag(y)cos(o yl) a%g)y) Axio Tenep s

i=1

dynxuii  Q;(y) B3swmm  300paxenns QO (y)=v(y) ou(y )(—1 3) Ta

l
MIPOBECTH aHAJIOTIYHI MipKyBaHHS, TO OTpI/IMa€MO

m{ Au(w; o0 y)}dy
o) %

Bix popmynu (3.15) BigHiMeMO (bopMyny (3.16):

m[u )Av(y )0 () Au( ]dy_“.{ &jag)—o(y)a%iy)}dﬁy- (3.17)

[Momitumo, mo mus Toro, 1moO ¢opmyra [pina (3.17) Oyna
CIPaBEJIMBOIO, HEOOX1AHO BUKOHAHHS HACTYITHUX YMOB:
u(y)eC2 (D), U(y)eC2 (D), u(y)eC'1 (0), L)(y)eC1 (c).
Cniocmeo. SIkmo GyHKUIA € TAPMOHIYHOK B JAesiKHH 00J1acTi, TO
iHTerpaj mo 3aMKHeHill o0JiacTi, 0 IIJIKOM JIeXKUTb B 00JacTi
TapMOHIYHOCTI, JOPIBHIOE HYJIEBI.
Joseoenns. Ilpunyctumo, muo y dopmyni (3.18) dyHkuis
U( y)El, yeD . Hexai u( y)— byHKIIIs, KA € TapMOHIYHOIO B objacti D,

cos(o y,)}dcy. (3.16)

orke, Au(y)=0,yeD. HNua dymxuii v(y) maemo Av(y)=0, a Takox

ov(y)
oV

OCHOBHHMX YAaCTHHHUX TOXIJHUX, SKi JOPIBHIOIOTH HyJeBi). Buxomsun 3
dopmynu ['pina, orpumaemo:

=0 (60 HOpManmbHa TmOXigHAa 300paxkye Cc000K KOMOIHAIIIO

65



Il 6uag)y )dcy:O. (3.18)

(¢

6. InTerpasibHe 300pakeHHs] TAPMOHIYHOIT PyHKILIT

Hexait u(y)— QyHkuis, rapMoniusa y
obrnacti D (puc. 11), mo oOMexeHa MOBEPXHEIO
, TOOTO Au ( y):0 st Oyab-sKO1 TOYkKH  yeD.
Hexaii V/ ( y):1 — (QyHIaMEHTAILHHI
£ X—y

pO3B’s130K piBHSAHHA Jlammaca, ToOTO AV(y)zO,

SIKIIO X#). Y BHUIAJKY, KOJU TOYKA _ JIGKUTH Yy

Puc. 11. Obsnactn .
rapmoniunocti pynxuii  007acTi [, TO 3 METOX0 BUKOPUCTAHHS (HOpMYJIU

['piHa NOTPIOGHO BUKIIOYMTH LIO TOYKY 3 00acTi
D, obmexyrouun ii  cdeporo  pauiyca
=¢. Beememo mosmauenns: K(x,e):|x—y<e (ue e Bes

e=0(x,0),
obnacTe ycepeausi chepu Ta Ha ii nosepxHi), D.=D-K (x, 8). B o6nacTi

D BuxopucranHs ¢opmynmu I'piHa € cnpaBemnnuBuM. bynemo
BpPaxoOBYBaTH, 10 MOBEPXHs 001acTi [ CKIANA€ThCS 3 IBOX YAaCTHH  Ta

G(X,S). Tomi popmyna I'pina (3.17) HabyBae BUTIIALY:

”[u = (y) Au( ]dc —I{ algﬁy)_V(y)ﬁng@)}de+
ou(y)
+ u( )7—V( )7 dc(x,s). (3.19)
G(;[S){ V)" 5y AN }

3a yMOBOWO Maemo, mo Au ( y):O; OCKIIbKU c(epa, 1110 MICTUTh
TOUKY |, BUKIOUEHA 3 PO3LIANY, TO AV( y):O. Posrnsinemo noknagHiie

IpyTuid TOAaHOK TpaBoi yacTuHU Gopmynu (3.19), sxuil 3ammmemo y
dbopwmi:

1 ou(y)
R= u do(x,e) (3.20
-[ [ 6v \x—y‘ v ov, (x.2) (3.20)
Benemo cq)equHy CI/ICTeMy KOOpAHMHAT 7,0,( 3 IEHTPOM Y TOYII
. Hanpsimok 306inbuieHHst 3MiHHOI 7 (y L€l cuUcTeMi KOOpJIWHAT e
paniyc chepr) IpoTHISKHUN HanpsAMKY Hopmaii. Toxmi:
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o_ o0 11
ov, or’lx—y| €
Ta OTKeE,
IR TV
| A

Tyr MaeMo MiIKPECIUTH, MO IMOXIJAHA MiJPaXOBYETHCSI Y TOUKAX
cepu o(x,¢).
VY dopmymni (3.20) 3acTocyeEMO TeopeMy PO CEPEeIHE:

I F(y)do(x,e)=F (ycp') I do(x,e) (3.21)
o(x,€) o(x.e)
Ta OTPUMAEMO HACTYIHE CIIBBIHOIIECHHS:
o 1 1 ou(y) )
R4 4me =
[U (y cp. ) ov ‘ xX—y, ‘ ‘ X—Yep. avy - e
- ”(i’zcn)_i@géﬂ 4me’=dmu(y,, )—4ne 629 ) ,(3.22)
Yo ly=yep, Y =y,

ne 4ng’= _[ do(x,¢).
o(x.e)
Jlnst Toro, mo0 mepelTy 10 po3risiay Beiel obmacti D, 3po6umo y
dopmymni (3.21) nepexin 0 MeX1, IPIMYIOUU € 10 HYJIS:
lim R=4mu (x)

e0
(Tyr BpaxoBaHO, 110 OCKUIBKH Y., — L€ AOBUIbHA TOUKA Ha Cepi G(X,S) ,

npu €0, y,, —>x).
Tomi popmymna I'pina 6yz[e 3aMUCyBATUCS Y BUTJISIL:

J-lau()
47: \xy\ dv,

u

o 1
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VY Bumanky, konu n=2, cuiBBinHomenHs (3.23) HaOyBae hopmy:

u(x)= ) j{ 1 ouly) u(y )m)fy}zl (3.24)

‘x y‘ av

7. lIpuHIUN MAKCUMYMY AJIsl TAPMOHIYHOI pyHKIil

[TpuHIMI MaKCUMYMY (HOPMYITFOETHCS HACTYITHUM YHHOM.

Sxmo 3amaHa (QyHKISA, sKa € TapMOHIYHOKO Yy oOjacti D, 1o
o0OMeXeHa MOBEPXHEI0 §, TO CBOIX €KCTpeMalbHUX 3HAU€Hb I (QYHKILiS
JIiCTa€ TUTbKY HA TPAHUIll 00JIaCTi.

Jlist Toro, mo0 jgoBecTH CHOPMYIIBOBAHHMIA BHUIIIE TE3UC MAKCUMYMY,
JIOBEJIEMO TIOTIEPEIHBO JIEMY.

Jlema. Byab-akui PO3B’SI30K PiBHAHHA IIyacona
Au(x)=f(x),xeD 'y obmacti D He Moxke CAraTH CBOIO

MaKCHMAJILHOTO 3HAYEeHHS Y Toulli ), e f ( y)>0 Ta He MOKe CAraTu

cBOro MiHiMaIbHOrO 3HaYenHs y Touni y, ge f (¥ )<0.

Jloseoenns. byne MPOBOJAUTUMETHCS BIJI MPOTHIIEKHOTO.
[Tpumyctumo, 1o icHye TOYKa y B cepeauHi oomacti D Taka, mo f ( y)>0

Ta QYHKIIiS u(x) JICTa€ y L€l TOYLl CBIi MakKCUMYyM (u ( y)=maxu(x)).

0 .
OTxe, BUIUIMBAE, 110 uég;y ):O, j=1,3. Ipyra noxigna ¢pyHkIiii Mae OyTu
ou —
BiJl’EMHOIO %0 ( j=1,3) (meit (axT BUIUIMBAE 3 MAaTEMATUYHOTO
i

aHauizy, Je, K BIJIOMO, TIOBEACHO, 10 (YHKIIis, SIKa CATA€ MAKCUMYMY Y
TOYI[, Ma€ y I TOYIll BiJ €MHY APYTYy MOXIiJIHY), & 3 IIbOTO, y CBOIO
3. 0%u
4yepry, BUILIUBAE, IO Az(y)
J=1 ay J

YacTHHI MAaEeMO JOJAATHO BH3HaueHy OQYHKIO f (y)>0. Otpumano

<0. Toni mpumymeHo, mo y NpaBiit

CYIIEPEYHICTh, YUM 1 JOBEJCHO JIEMY.
3acTocyeMO JIeMy ISl TOBEICHHS NPUHYUNY MAKCUMYM) .
Hexait yeD — BHyTpimHS TOYka 00JIacTi Taka, IO TapMOHIYHA

byHKLIA V(x) cira€ B HIA CBOr0O  MakCUMyMy, TOOTO
V(y)=maxV(x),xeD, I[le x came w™MoxHa chOpMyIIOBaTH TakK:
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V(x)+8<V( y), e — Oyab-sika mana BenuuyuHa. BBememo (yHKIIO

u(X)=V (x )y |x—y x—y\zz(xl—yl)z—l-(xz—y2 )2+

+(X3—y32). BI/I6epeMO quCJiIo &0 Take, 110 ‘X—y‘<8, Ta 3aCTOCYyEMO 0

&0
2 , e v>0,

dyuxkuii u(x) oneparop Jlamnaca:

Au (x)=AV (x HyA (x—y2 ):yA (x—y2 ):6y :
Bupasumo Buxigny ¢ysHkuio V (x) yepe3 (QyHKLIIO U (x) :

V(x):u (x)—y\x—y\z. OuiHuMO 3HaY€HHS BUpa3y V(x)+8, BUOHpaOUn y
JIOCUTH MaJTUM:

V (xHe=u(x)—y \x—y\2+8>8—y ‘x—y‘z—i-u (x)>%|—u (x).
Buxoas4um 3 TOro, MmO y TOYIi ) MAaEMO MAKCHMYM, MOXHA

3aIMcaTH:
V(y)pu (x)+% .
3 inmoro OOKy, Tak siK V(y):u (y), Ma€eMo, IO u(y)>V(x)+8/ 2,
TOOTO y TOUIll ) (YHKIA u(x) CSIra€ TaKOXX CBOTO MakCUMyMy. Aje
byHKITISA u(x) 3a/l0BOJIbHAE piBHAHHA [lyacoHa Au (x): f (x), ne

f(x)=6y. Sk Gaunmo, f(y)>0, a 3 iHworo 6oxy, y € Touka, y SKiif

byHKIIIS IicTae MaKCUMyM. BimoBITHO 10 TOBEEHO1 BUIIE JIEMHU, TAaKUH
dakt He Moxe Matu wmicug. OTxe, OTPUMAHO CYNEPEUHICTh, IO
JTOBOAUTUME T€, IO (PYHKIIS MOXE CAraTd CBOTO MIHIMaJbHOTO Ta
MaKCUMAaJbHOTO 3HAYCHHS JIUIIIEC Ha TPaHUIll 00JacTi.

Cniocmeo 1. Slkmo rapMoHiuyHa (QYHKINS JOPIBHIOE HA TpaHUIl

00JacTl TapMOHIYHOCTI HYJEBI u(x)‘czO, TO BOHA JIOpPIBHIOE HYJIEBI
BCIOJIM ycepeauH1 00J1acTi.

Jlosedenns. JloBeneHHST TPOBOAUTHMETHCS BiJ] MPOTHIIEKHOTO.
[Tpunyctumo, o ycepeaurHi 00JacTi rapMOHIYHOCTI ICHY€E TOYKa y, 1€

byHKIliS BiIMiIHHA BiJl HYJS - u( y);tO, yeD . Toai MOXKIIMBI JBa BUITAJIKH:
a00 (yHKIIA y 1i¥ ToYI ToaaTHA, abo Bix eMHa — 1) u ( y)>0, 2)u ( y)<0.

BianoBinHO 10 OBEACHOTO BUIIE MPUHIIMITY MAKCUMYMY Y MIEPIIOMY
BUIAJKY (QYHKIIS J1ICTa€ CBOr0O MAaKCUMyMY y TOYIIl ), IO PO3TalllOBaHa
ycepeauni o6nacti. [Ipuiinmm 10 cynepeyHocTi 3 IPUHIUIOM. Y IpyromMy
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BUMAJKY (PYHKISl JICTA€ y TOYLl ) CBOTO MIHIMAJIBbHOTO 3HAYEHHS, 11O

TAKOX € HEMOIKJIUBHUM.
TakuM 4MHOM, CIIIICTBO JOBEJICHO.

Cniocmeo 2. SIKmo0 3Ha4YeHHS ABOX TapMOHIYHHMX QYHKUIH
u(x),v(x) HA TIpaHuLi o0siacTi rapMoHiYHOCTI cmiBmajgae

u(x)‘czv(x)‘c, TO BOHHM CHiBNAJalOTL i BCIOAM ycepeamHi obaacti
rapmoniunocri: u(x)=v(x), xeD.

Jlosedenns. BBenemo HOBY (QYHKIIIO w(x):u(x)—v(x), TOAl Ha
rpaHulli 0o0JlacTi TapMOHIYHOCTI (QYHKIIIS w(x) JIOPIBHIOE HYJIEBI:
W(x)‘czo. OyHKITIS w(x) 3a/I0BOJIBbHSE piBHSAHHIO Jlammaca — Aw(x)=0. B
cwry cminactBa 1 QyHkiis w(x) TOPIBHIOE HYJIEBI BCIOAM yCEpenuHi

obmnacti, TOOTO w(x):0, xeD, 3BIJIKM BUILUIMBAE, 1110 U (x):v(x), xeD.

8. OcHOBHI KpaiioBi rapMoHi4Hi 3agaui

[Tlim rapMOHIYHMMH 3aJadaMH MalOTbCS Ha YyBa3l 3ajadyi, 10
0B’ s13aHi 3 piBHsAHHAME Jlannaca a6o [Tyaccona. Ix icHye Tpu Tummu.
Ilepwa ocnosna eapmoniuna 3adaua (3adaua /ipixne) CKIagaeThes 3
TOTO, 110 MOTPIOHO BIAIIYKATH TapMOHIUHY (DYHKIIIIO ycepeanuHi o0iacTi
TapMOHIYHOCTI, SKIIO (DYHKITiS 3a/1aHa Ha TpaHuIli i€l 06macTi.:
Au (x):O, xeD,

u(x)‘G:f(x),xeG,f(x)eC(G).
llpyea ocnosna eapmoniuna 3adaua (3ad0aua Heiimana) — notpiObHO

BIJIIIYKaTH 3HAYEHHS TapMOHIYHOl (QYHKIT ycepenauHi oOjacTi
TapMOHIYHOCTI, SIKIIIO HA TPAaHMIII 3a]]aHa HOpMaJibHa TOX11Ha (PYHKITIT:

Au(x):O, xeD,

ul(x (3.26)
¢ 6(v ) _/(x), xeo, £ (x)eC(0).
(o)
TyT V — 30BHILIHSI HOPMaJb 10 TPAHUILIL.
Tpemsa ocunoeéna 3adaua BUMArae BIAIIyKaTH 3HAYeHHS QYHKIIi
ycepeanHi 001acTi TapMOHIYHOCTI, SIKIIO Ha TPaHHIN OOJacTi 3aJaHo
YMOBH TPETHOTO POJIY:

(3.25)
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(3.27)

[augs,x) +B(X)u(x)} =1 (x),xe0,B(x), f (x)eC (o).

TakoX po3rAga0ThCs B MaTeMaTHUHIN (Pi3uIl Miwani 3a0ayi, KOIU
Ha YacTUHI 001acTi 3a1aH0 YMOBH OJHOTO THITy, a Ha IPYTHH i 4acTHHI —
yYMOBH iHIIOTO THITY. Po3risinemo nesiki BactuBocTi 3anaui Aipixie.

Teopema: 3apmauva Jlipixyie 3aBxkad Ma€ He Olablle, Hi’K OIMH
PO3B’SI30K.
Jloseoenns. IIpoBoarMo JOBeACHHS B MpOTHIeKHOTO. Hexait icHye

nBa po3B’s3ku 3aaa4i Hipixie (111.25) u (x) Ta U(x):

Al:u(x)}—o,xeD,

v(x (3.28)

u(x)‘czo(x)‘cz f (x),xec, f (x)eC (c).
Beenemo HoBy (ynknito w(x)=u(x)-v(x). Sk Gaunmo, ust PyHKuis

3aJ10BOJIBHSE 3a1auy JlipixJe:
Aw(x)=0,xeD,w(x)eC (o),
(xF0.52Dw(x)C o) .
w(x)‘cs:O,xecs.

Po3B’s130K Takol 3amadl — w(x)EO. 3BiJKHY BUILIABAE, 1110 u(x):U (x)
Teopema. 3anada Jlipixje € CTiIiKO0, TOOTO MaJIMM 3MiHAM 3aJlaHUX
(GyHKINHN BIAMOBIIAIOTH MaJIH 3MIHH IIIYKaHOT (PyHKIII].

Hosedenns. Hexaii maemo, mo ¢ynkuii u(x) T1a v(x)

3aJI0BOJIHSIOTH 3a7a4ay Jlipixie:

A [u (x)} 0
o(x)
() = (3):0(), =73 (5). () o (2)eC ().

Toni, SKIIO BUKOHYETHCS, 10 ‘ h (x)— 1> (x)‘<8, e () AK 3aBIOTHO

Majie 4YHCJIo, TO 1 ‘u (x)—U (x)‘<8. [ToTpibHO MOBecTH e (axT.
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Baezemo HoBy dynkuito w(x)=u(x)-v(x). Toxni kpaiioBi ymoBu st
Hei HaOyBalOTb BUITIALY w(x)‘ﬁz fi(x)-/f>(x). 3 ymoBun Teopemn
BUILTUBAE, 1110
‘w(x)‘6<‘ f(x)15 (x)‘<8. (3.30)
3 TpUHLUIY MaKCHMyMy BHUIUTMBAa€, IO YCEepPEOuHI 00iacTi
3HA4YCHHS HE MOXXYTh OyTH OibIINMH, HIK HA rpaHuli. To6To Maemo, 1m0
‘w(x) D‘<8. 3BiIKM BHILTHBAE, 110 ‘u (x)—o(x)‘<8, Ko xeD.

Biamitumo, mo mns apyroi 3amaui HeliMana JoBecTH €IHICTh
PO3B’SI3Ky € HEMOXJIMBUM. BUXOIf4uW 3 BIACTUBOCTI TapMOHIYHUX

Ou(x)

ov
c
3anavya Heiimana Oyna po3B’sizaHa, NoTpiOHO, 1100 BUKOHYBalIach PIBHICTb

[ £(x)do=0.

GyHKUIHA, MaeMO I do=0. 3 mporo BUIUIMBAE, MO AJIS TOTO, MO0

Jns Toro, moO JO0BECTH KOPEKTHICTh 3amaui Jlipixie, morpiOHO
JIOBECTH TPU YMOBH: €JHICTb, CTIMKICTh Ta PO3B’sI3aHHS 3a7adi. 3 METOIO
JTOBECTH 110 OCTAHHIO BJIACTUBICTH PO3TIISIHEMO JESK1 J0JaTKOB1 TOHSTTSI.

9. BijiacTuBOCTI MOBEPXHEBUX MOTEHIIATIB.
HoBepxHi JIanmynoBa

BiamoBimHo 10 TOro, sk Oynau BBENEHI MOTEHINIANM IS BHUMAJAKY
MOBEPXHEBOIO  IMOTCHIiAJly MPOCTOTrO  IMapy, Maemo  (opmyiry

Vl(x):J. i(_J;) do,. V [BOBHMIDHOMY BHNAjiKy BIH 300paKyeTbCs 3a
(e}

dbopmyoro I7l(x):'[ p(y)ln dly. TloTeHmianu TOMBIHHOTO TIApy

300paXKyIOTbCSl HACTYNHUM 4uHOM: V), (x):J aixiym( y) do, — 'y

TPbOXBUMIPHOMY  BHIIQJKy, Ta j 6 ln xiy (y)dly -y

JTIBOBUMIPHOMY.
Sk Oyno MOBenEeHO paHilie, K0 TOYKa . e HaleXuTh MOBEPXHi

xz(cs,l ) Ta X#), TO YCi NOTEHIiaJIi € TAPMOHIYHUMU (PYHKITISIMH. G
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[TpoimocTpyeMo Ha puc. 12 OCHOBHI TO3HAYEHHS: BHYTPIIIHIO
0071acTh, A¢ PyHKIS € TapMOHIYHOO, MMO3HAYMMO K D™, 30BHIIIHIO 5K
D™, v, - HOpMalIb.

Uy

Puc. 12. O61acTh rapMoHiYHOCTI 00MeskeHA IOBEPXHEI0

SIkmo To4ka

HAJICKUTh MOBEPXHI , TO TAPMOHIYHICTH MOXKE

OyTu mopyiieHo, 00 TiaiHTerpajibHa (byHKuislGM(»Ke NEPETBOPIOBATUCS HA
HECKIHYEHHICTh, TOOTO OyJle OTpUMaHO HEBJIACHUH iHTerpasl. Ha nutanus
YyMOB MOro IiCHyBaHHS [1aB BIAMOBIAb BUAATHUN POCIACHKUN BUYCHHUH
O.T. JIsnyHoB. IM Gyn0 BBeIEeHO NSl IILOTO HOBE MOHSTTS — TOBEPXHI
JlanyHoBa. [loBepxHIO Ha3UBAKOTh nogepxHero JIanynosa, AKIO BUKOHAHO
TPH YMOBHU:
Y KOKHII TOYIll TOBEPXHI ICHY€E TOTUYHA TUIOIINHA;

Axmo y Oyab-sKMi TOYLl AOTUKY NOOYAYyBaTU KyJIKO JOCTAaTHBO
Majoro paiiycy, TO LS Kyl JIITUTHME BCIO TOBEPXHIO, Ha Bl —

1)
2)

IOBEPXHIO, 110 JIEKUTh yCEpeauHi cpepu Ta 30BHI: 6=0,+C.. A0o,

1HAKIIe KaXy4d: SKIMIO 3 Oyab-fKOi TOYKM KyJl MPOBECTH JIHIIO,

Puc. 13. IloBepxHst
JIanyHoBa

mapajenbHy A0 ~ HOpMadi, TO  BOHa
MepeTUHATUME TTOBEPXHIO TIIIBKU OJIMH pa3 (110
JI03BOJISIE BBECTH JIOKAITbHY CUCTEMY KOOPAMHAT

y=(31:23):33=f (11,7, (puc. 13).
3) SIKmio B3SATH ABI TOYKH yl Ta y2 Ha
MOBEPXHI Ta MPOBECTH HOPMaJIi IO HUX v, Ta

1 2%
vV ,, TO vyl—vyzﬁcy -y ‘ , e

y

c=const, 0<o<l, abo ‘e‘éc‘y -y Z‘G

TakuM YMHOM, SIKIIO IOBEPXHS € mnoBepxHew JlsamyHoBa, TO
HEBJIACHIM 1HTerpan OyJie iCHyBaTH.
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10. InTerpan I'ayca

Binomo ¢opmyny i migpaxyHKy noxiz[Ho'l' 3a 6ym> AKUM

%5 B o 1 _
3203 S I, av ‘x—y‘ Zax ‘x— cos(vy,xj) (331)
PO3KpI/I€MO NOXIAHY TiJ 3HAKOM
CYMH:
x] H0 0 1 :_l 2(xj_yj ):yj_x]_

. IR T il 2 o ef
o A= | .
o Vit (3.32)

14. Teometpis 3axaui \x—y\ ‘ x_y‘
Yi™X;

‘ J MOJXHa JUBHUTHCA, SAK HA BiI[HOI_IleHHH KaTcTa
X—y‘

Ha BigHONIEHHS

. . Yi=X; -
JI0 TIMOTEHY3H, K JopiBHIOBaTUME (puc. 14): ﬁ:cos X=y |,x; |-
X=y
CniBBigHomeHHs (3.32) nepenuumemMo y BUTIISAIL:

cos((xjy}xjj
0 1 _ . (3.33)

0x; [x—y] \x—y\z
[TincTaBumo Bupas (3.33) mix 3Hak cymu y Gopmyi (3.31):

- -
cos (x—yj,xj cos(Vy,xj) cos (x—yj,?fy c0so
_ _ Xy

o’ o’ o’

6Vy ‘x y‘ Z

RN

OTxe, 0CTaTOYHO OTPUMAHO:
0 1 _ cos (pxy

= (3.34)
vy -] \x—y\z
[ToTenttian moABIHHOTO APy MpUHMEe BUTIISI;
(CosQ,,
v, (x)—J. ‘ m(y)do,. (3.35)

c X—y‘
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Skmo y dopmyni (3.35) B3swtu m(y)=l, yeo, To oTpumaemo
inmeepan I ayca:
J (x| 2% 46, (3.36)
> bof
Baaxaemo, 1m0 L e JOBUIbHA (piKcoBaHa Touka xe€D~, a Touka y
— 3MiHHa. ToJl 3MokKeMO HiL[anYBaTI/I BaKJIMBE CI1BBIIHOIICHHS:

8\/ x—y_za \x ycos( y’yf)

H
—cos| | x—y |,x
0 1:_l2(yj‘xj):_yj‘xj:

O 2 pyf et oy

b

- -
—cos| | x—y |,V
y

0 1 _ . COS(pxy

Vbl e e
3BiJIKH, BPAXOBYIOUH (bopMyJIy (3 36), OTpI/IMaGMO'

j ——dc (3.37)

Sx BimoMo, IHTErpayi 1o 3aMKHeH0My KOHTYpYy, IO JIEKHUTh
ycepeauHi 00y1acTi FapMOHIYHOCTI BIJl (PYHKIIT HOpPMaJIbHOI IOXI1JIHOI,
nopiBHIOE HyseBl. OTxke, Ko Touka xeD~, 1o J (x)=0. SIKImo Touka X
byHKIIT HaNEXKUTh KOHTYpPY IHTETPpYBaHHS XEG, TO IHTErpall MaeMO

pPO3YyMITH B HEBIIACHOMY CEHCI, Ta 30DKHMM BiH Oyje, TIIbKH SKIIO
MOBEPXHs € MoBepxHero JIsmyHoBa.

[Migpaxyemo inrerpan Iayca s Bumaaky xeD', ToOTO TouKa
JEXKUTh ycepenuHi o0iacTi rapMoHidyHOCTI. [ToOymyemo O TOYKH

KyJII0 3 LEHTPOM B TOYII X’ paniyca [S—GSZa(x,S):I TaK, I00W KOJO
L1JIKOM JIEKAJIO y 001acTi TapMOHIYHOCTI D, .

VY Toii yacTi mpocTopy, 10 JIEKUTH 3a KyJieto (Ha puc. 15) Bianosigae
. . . 1 .
3alITpuxoBaniii - obmacti)  dymkuis  u(y)= € TrapMOHIYHOIO
Xy
BpaxoByrouu, 1m0 3aMKHEHI KOHTYPH Ta G, TOBHICTIO JIEKaTh Y
0071aCTi TapMOHIYHOCTI, MOXKHA BUKOPUEIaTH TEOPEMY IIPO HOPMAlbHY
MOXI1JIHY, 3alMCABILIN PIBHICTH:
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[0 L do+| aildcayzo. (3.38)

ko y touri 1 PO3TAIIyBaTH MOYATOK
JIOKaabHOT CEepPUYHOi CHUCTEeMH KOOpIWHAT

(7,6,9), To moBepxHs o, y wuiei cucremu
KOOPJMHAT BU3HAYATUMETHCS PIBHAHHAM 7=q,

. 1
=y

1 . .
—. 30BHIIIHA HOpMaJlb JiJIsi 00JacTi
r

Puc. 15. T'eomerpis 3agaui

D, Ha o, Oyne HampaBleHa Yy HamnpsMOK,

OPOTWICKHUN HAMpsIMKYy 3MIHM 3MIHHOI 7.

1
=—. Buxomsun 3
r=a a

OTke, 3 1IbOrO BMILIUBAE: 81:(_81)
ov, [x— \ orr

OTPUMAHOTO pPe3ynbTaTy, piBHICTH (3.38) MokHa 3amuMcaTv HACTYITHHUM
YUHOM:

—J(x)+al2 [ do, =0 (3.39)
Ga

Hpyruit gonaHok y jdiBiid yactuHi piBHOCTI (3.39) 300paxkye 1oy
Kyl Ta opiBHIOE 47a?. 3 IIbOTO BHILINBAE:

J(x)=4n, xeD,. (3.40)
ITinpaxyemo 3HauenHs inrerpana J(x) npu xec. Y upoMy BUIaIKy

IHTErpaji € HeBJIACHUM 1 JJi1 MOro MiJipaxyBaHHs MOTPIOHO BUKOPUCTATH
BJIACTUBOCTI TOBEPXHI SK JIAMYHOBCHKOI. YHHKAIOUM JOBEJICHHS ,

MPUBEAEMO OCTATOYHHIT PE3ynbTaT J (x)=2n , KO XEGC.
OcTaTo4yHO Ma€eMO:

0, xeD~
Y (x)=4n, xeD? (3.41)
1 4n, xec
2
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11. Po3puBHIi BJIaCTHBOCTI NOTeHLiay NOABIHHOIO MIAPY

Hexail Touku x,y HanexaTb MOBEPXHI

% g o . Bubepemo TouKy ), IO TAKOXK JICKHUTH
Gl‘ Ha i€l MOBEpXHI, Ta MOOYAYEMO KOJIO 3
HEHTpOM y  TOYll Yo paziyca

—0
o (puc. 16).
* Beenemo gonomixHy QyHKIIIO:
Puc. 16. I'eomeTpist 3apaui
CosQ, 0
([ m(y)-m(3*)|ds,, (3.42)
O=G-+C., I€ 6.=6—C.-, — I0BepxHs JIanyHoBa.

ITokasxeMo, 110 SIKIIIO

y—yO‘SS, ne 0>0- Oyap-sfika Maja BeJIMYHMHA,
TO Ma€ MICIIE OLlIHKA:
g€
m(y)-m(y°)< £, (3.43)
e ~—rnnct oS0 _ gg 3aBroJHO MaJie YHUCIIO.

Jlns moBeneHHS 1IbOTO (DAaKTy BUBEIEMO TIEBHI TOMEPE/IHI OIIHKH.
Hexali o. — neska yactuHa moBepxHi . [loBemeMo OILIHKY IHTerpana

o
cos (pxy < _ .
‘ ‘ d c,<c, c=const . Po3rasiHeMo i 11b0oT0 AB1 (PYHKITIT:
X=y

o (1)=[ T [m(y)ym () |do,,

[SF ‘x_y‘

W, (x):I C()S(p;y[m(y)—m(yo)]dcy.

2 =y

(3.44)

[ToOGymyemMo iX pI3HHIIO Ta IMOKaKEMO, IO BOHA MOXE OyTH 5K
3aBTOJITHO MaJIOK0:

w(x)=w( ) =ws (x) 4w () -ws () -wo (4°). (3.45)

Tyt x — noBiTbHA TOYKA, IO MOXKE JIGKATH SK YCEpeOuHi, Tak i
30BHi. [Ipo1oBXrMO MipKyBaHHS y TpaBiii yacTuHi piBHOCTI (3.45):

w(x)=w(5 )=y () w5 () 4w () (°) | (3.46)

77



Buxoaumo 3 B1OMOT HEPIBHOCTI, 110

‘wg, () —w; ( yo)‘ < ‘ws (x)‘ + ‘wg, ( yo)‘ . BpaxoBytoun 11e, 3amumemo:

‘w(x —w( O)Hw6 x)‘+‘w6(yo)‘+‘w0(x)—wo(yo)‘. (3.47)
‘coscp (y)—m(yo)‘ ‘coscpx
s (%)< j 2 v do, <} c{, - yj do, <} (3.48)
cosP o ‘m yo)‘ cosP o,
‘WS (;[ ‘ _‘ G,< 40-[ ‘ 5 3 dcysfcc.
5
Jani oTpuMaeMo OIIHKY OCTaHHBOTO JIOJaHKY B HeplBHOCTl (3.47):
) 0")=f [m(0)m(5°)]| 2= e, )
oy \x—y\ ‘yo_y |
abo:
6wl ) ) 2 -0
o

S0 nmpumycTuMo, 1o y Beiid 006acTi TyCTHMHH OOMEXKEHi, TO 3

¢

IILOI'0 BHILJIUBAE, IO ‘m(y)—m(yo)‘écl. A K110 cos (P;y _S® (ng S% ,
= ]
TO OCTATOYHO OTPUMAEMO 3 ypaxyBaHHSIM HepiBHOCTI (3.49) :
‘WO (x)—w0 (yo)‘s% (3.50)

Otxe, BpaxoBytoun oTpumani ouiHku (3.48) ta (3.50), 3aBepimrmo
oriuky (3.47):

‘w(x)—w(yo)‘ég+%+%=a (3.51)

Mu nokazanu, mo JOMOMiXKHE BBeIeHA (YHKITiS W(x) 3a GOpMYIIOI0
(3.42) € HenepepBHOIO 1 MOXKHA 3amMKUcaTH 11 'y Gopmi:

w(x) fcos% (v)do,—m(°)J (), (3.52)

abo:
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w(x)sz(x)—m(yO)J(x). (3.53)
Po3ryIsHEMO TP BUIAAKU PO3TALIYBAHHS TOUKH _
1) Skmo xeD~, 1o J(x)=0, 3Binku maemo w(x)=V,(x).

2)  Skmo  xeD¥, 10  J(x)=4m, 3Bigkm  Maemo
w(x)=V,(x)—m (y0)4n.
3) Sxmo xec — w(x)sz (yo)—m(yo)Zn.
VY BuUMaaKy, KOJIH HAJIOKNUTH TOBEPXHi, Moxkemo B3stn x=)".
MaTtumemMo 3Ha4Y€HHsS MOTEHIATy w( 0 ) =V, ( y{) ) , SIKE Ha3WBaIOTh

NPAMUM 3HAYEHHAM NOMEHYIATY.
PozrisiHemo rpanuyHi 3HaueHHA. 3 GOpMYIIH 2) BUIUIMBAE, 1O SIKIIO

x—1" (to6To mixxomom 1o Hei 3 6oky D) (Tak sk lim V(xS ( yo)),
X—>y

TO MOXKHa 3aIlucaTu w( y° ) =V, ( y° ) —-m ( y° ) 4m. 3 iHmoro O6oky, 3 1)
BUILIMBAE, IO w( yo): vy ( yo) T, SIKIIO MAXOJUMO JO TOYKH 3 OOKy
obmnacti D~ . OTKe, MaeMO:

Vy (yo)_V2+ (yo):—4nm(y0). (3.54)

CmiBBigHomeHHs (3.54) Bu3Hauae CTpUOOK MOTEHITIATY TOJIBIHHOTO
HIapy mij 4ac mepexoay uepes MmoBEpXHIO.

12. 3Benenns 3axayi Jipixsie 10 iHTerpajbHOro piBHsIHHSA.
/loBeieHHSI iCHYBaHHS MO0 PO3B’A3KY

Jlng 3anayi Jipixie, ne noTpiOHO BIAIIYKATH TapMOHIYHY (PYHKIIIIO
u(x) B obmacti D, 10610 Au(x)=0,Xx€D, sKIWO Ha rpanuui ob6macti

TapMOHIYHOCTI 3a/J1aHO 3HA4YeHHS (QYHKIIIT u( yo): f ( yo), yYec, panimre

OyJ0 JOBEIEHO €IHICTh PO3B’SI3KY Ta MOro CTIMKICTH (puc. 17) .
[I{o6 3aBepIUTH AOBEACHHS KOPEKTHOCTI 3a1aui Jipixie, moTpioHO

nokasat i po3s’si3yemicts. Hexait u(x)=V, (x):J- cosi)jy;;(y) do,,.
(e}
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Ao Touka | HE HAJCKUTh MOBEPXHI,
" To ¢pyHkuia V, (x) € TAPMOHIYHOIO (QYHKITIEIO:

AV, (x)=0.
3a/10BOJIBHIMO yMOBi1 Ha TpaHWUIl, IS
4Oro  CHOpSMYeMO . JI0 ,  Tomi
D=D"  BHKOPUCTAEMO JOBEICHY BIACTUBICTDH 2) Ta 3
OJTHOTO OOKY OTPUMAEMO:
Puc. 17 w(y0)=V2+(y0)—m(y0)4Tc,

3 1HIIOTO OOKY 3 BIIACTUBOCTI 3) BUILIUBAE:
w(y! )= (5")=m(s ) 2.
[TpupiBHSABIIM J1iB1 YACTUHH PIBHOCTEH, MAEMO:
vy (yo)—4nm (y0)=V2 (yo)—ZTcm (yo),
abo:
vy (yo):V2 (y0)+2nm (yo).
OcTaTo4yHO OTPUMAHO:
u(y")=05 (7)=0a () +2mm(5").
3 iHmoro OoKy, u ( 0 ) =f ( yo) . JlopiBHSBIIM OOMABI YaCTHHU ITHX
piBHOCTEH , MAEMO:
21tm(y0)+V2(y0):f(y0). (3.55)

[Togimumo oOunaBi wacTwHHM criBBigHOIIEHHS (3.55) Ha 2m Ta
3amMuIIeMo 300paKeHHs MOTEHIIATy TTOABIHHOTO MIapy:

cosQ o m(y N N ¢
m( 0)-1—2171_ gyz()dcsyzf(yo),f(yo):fg}c),yoea (3.56)
o P
Otpumanu iHTerpanbHe piBHAHHA (3.56) BITHOCHO HEBIJOMOI
(GyHKIIT TYCTUHH MMOTEHIATY m( y). JloBeaeMo Horo po3B’I3y€EMICTb.
3 1i€r0 METOK CHEPINy PO3MVITHEMO HACTYIHE IHTETpalibHE PIBHSHHS
®penronpma:

1)K (xp)u(r)do,=/ (x). xeo. K (1) C:i(ypgy

(3.57)

Axmo y piBasHHI (3.57) B3aTH A=—1, a x=y0, TO OTPUMAEMO
BUXIJIHE 1HTerpaibHe piBHAHHA (3.56). BignmoBimHo A0 Bigomoi
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anprepHaTBu ~ Dpearonbma, IS €IMHOCTI Ta  PO3B’SA3YEMOCTI
1HTerpasibHOro piBHsHHA (3.57) 3 HemepepBHUM sapoMm (abo sapom 3
0COOJIMBICTIO TUITY TIOJIFOCY) TIPH HEMEPEPBHIN MpaBiil YacTHHI, HEOOX1THO
Ta JOCTaTHBO, 00 O HOPIAHE piBHSAHHA (3.57)

x)—KIK(x,y)u(y)dcy:O (3.58)

MaJIo TUIbKH TpUBIaTbHUNA PO3B’sI30K. T1 3HAUEHHS A, MPU SKHUX ICHYE
HEHYJIbOBUN PO3B’S30K, HA3UBAIOTh GIACHUMU YUCIAMU [HMESPATbHO2O
DIBHAHHSL.

Y BIAMOBIAHOCTI 3 BUIE3a3HAYEHUM, MYCHMO JOBECTH, IO
OJTHOpIZHE PIBHSHHS:

1
m(y°)+5- 2 do =0 (3.59)
2n
¥’ —y
Ma€ TUIbKU TPUBI1aJIbHUN p03B’$130K. Ile MoxHa 3pOOUTH, SIKIIO JTOBECTH,
0 A=—1 He € BIaCHUM YHCIIOM JUIS piBHHHHH:

m(y 0) j m ‘ yzy dc =0. (3.60)
[IpunyctuMo, 1o moBepxHsa € NoBepxHEr JlanmyHoBa, mpudomMy

. T
onykJior. Toxai —gS(pyoySE. 3 OCTa@HBHOTO BUILIHUBAE, IO COS (py0y>0. Ile
€ CIpaBeIJIMBUM TUIBKU JJIsi OMyKJIoi moBepxHi. bymemo BBaxkartu, mio
m( y)iconst Ta € HeMepepBHOIO (YHKINEIO HAa MTOBEPXHI G, m( y)eC (G).
Orxe, BIAIIYKYEThCA TaKa TOYKA X, B AKMI (QyHKIIsA m( y) csira€ CBOTO

MakcumMymy. 3 piBHOCTI (3.60) maemo:

m(y)cose
m(y°)= zkni yo_y2y0yd0y' 3.61)
3poOUMO HACTYIIHY OILIIHKY:
()< W Tm(x) [ O(Pyoydc (3.62)
oV —V

OcraHHI MHOXHHMK Yy TIpaBiii 4acTuHi HepiBHOCTI (3.62) €
inTerpanom ['ayca na moBepxHi. Panime Oyno moBeaeHo, mo Horo
3HAYEHHsI JOPIBHIOE 27t. 3 IbOTO BUILIHUBAE, LIO:

81



P f () 5o
[IIo6 Taka cTpora HEpiBHICTh BUKOHYBajacs, HE0OX1THO, 1100 W>l ,

a 3 IbOro Maemo, Mo A=—1 He Moxe OyTh BiracHUM uucioMm. OTxe,

piBHsHHA (3.60) Ma€ TiITBKU TPUBIAIBHHUIA PO3B’S30K, a BUXIJIHE PiBHSIHHS

y TAKOMY BHUIAJKy Ma€ €JUHUIN PO3B’A30K, SIKUM 3aBKU ICHYE.
PosrnstHeMo BUMaIoOK, KOJIH m( y):const. Biamosinue omHOpimgHE

piBHsAHHA (3.60) npuiime BUTISAA;

1y g
c+c2nf do =0,

a60 c+c=0, 2c¢=0. 3BiAKH OTPUMAEMO, III0 C JTOPIBHIOBATUME HYJIEBI.

82



IV. PIBHAHHA NMAPABOJTIIYHOIO TUNMY

®i3uyHi SABUINA, TOB’s3aHI 3 TPOIlECAaMHU TEIJIOMPOBIAHOCTI Ta
mudy3ii, 3 pO3MOBCIOJKEHHSIM €JIEKTPOMArHiTHUX TMOJIB, 3 PyXOM B’A3KO1
PiAMHU, ONMUCYETHCS PIBHSAHHAM napabosiyHoro tumy. Haiimpoctimmm ix
NPUKIIAZOM € PIBHSHHS TEIUIONPOBITHOCTI.

1. [locTaHOBKa MOYATKOBO-KPAail0oBOi 3a/1a4i
TUNoBUM MPEACTABHUKOM IHOTO KJACy PIBHSAHb € PiBHSIHHS
HECTAI[IOHAPHOI TETJIONPOBIJHOCTI.
byaemo mosnauatu depes u(xl,xz,x3,t) TEMIEparypy y TOulll
TPHOXBUMIPHOTO TIPOCTOPY x:(xl,xz,x3) B MOMeHT 4acy f. Ll yHkIis
3aJI0BOJIbHSAE PIBHSAHHS:
ou _
ot

ne  x&l?, 0<<T, aZ:Cl;, k — KoediIlieHT  TEeIUIONPOBIAHOCTI,  C-

a*Au=f(x,t), 4.1)

KOCQIIIEHT TEIJIOEMKOCTI, P — TYyCTHHa, f (x,t):(c[);’t), F (x,t) -

. 0% 0*u S
NOTYXKHICTB JuKepen Temna, Au — oneparop Jlannaca: A="—+—-—+—— .
ox; Ox; Ox3
PiBusiuast (4.1) € piBHAHHSIM MapaOOJIYHOrO THUIY Ta Mae€
HECKIHYEHHY MHOXKHHY PO3B’SI3KiB. 3 METOI0 BIJOKPEMJICHHS €JUHOTO
pPO3B’SI3Ky TMOTPIOHO 3a7aTh KpalloBi yMOBHM Ta TMOYaTKOBI YyMOBH.
JoBenemMo, 110 SIKIIO Taki yMOBH 3a/1aHo, TO 3a7a4a Oy/Je MaTh He Olablie
OJHOTO PO3B’SI3KY.

Ilocmanoska nowamxko6o-kpaiiosoi 3aoaui
otpibro  Bimmykarn dyskuito  u(x,f), sKa 3aL0BOJBHIE
nudepeHIianbie PiBHIHHS:

Z_L;—azAu:f(x,t),xeR3,0StST 4.2)

Ta KpailoBl yMOBU
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((xngJrocou):g(x,t), (4.3)

ne 71 — HOpPMallb 10 TIOBEpXHi , mo obMexye obmacte G,
x€6=00, 0<¢<T. Takox MaroTh BUKQHYBAaTHCs [I0YaTKOBI YMOBH:
u (x,t)‘tzoz(p(x), xeG . (4.4)

IIpumimka: axmo y piBHAHHI (4.2) o,=0, TO OTpHUMaeMoO Iepury
KpaioBy 3azady, gkmo o,#0,a,=0, To oTpumaeMo ApPyry KpanoBy
3agauy; akmo o,#0, ay#0, ToO OTpUMaEMO 3arajJbHUM BHIAJ0K — TPETIO
KpailoBy 3a/1a4y.

2. IIpuHIMI MaKCUMYMY

PosrisHemo Bunanok, ko f(x,t)=0 Ta npumycrumo, wo u(x,t)
HenepepsHa npuxeG=GUOG. BynemMo BBaxartu, mo QyHKIisA u(x,t)
csAra€ CBOr0 MaKCUMyMy abo y Jeskuil Toui (xo, yo), TOOTO
M=maxu(x,t)=u(xy,ty), x€0G,0<(<T, abo BOHa csra€ CBOIO
MakCUMyMy B TIOYaTKOBIi MOMEHT dacy: m:maxu(x,t), xeG, t=0.
B3zarami kaxxyuu, Mae miciie HepiBHICTb m<M .

Teopema

SIK1I0 BUKOHYIOTBHCSI HACTYIIHI YMOBH, a came:

1) u(x,t) — nenepepsHa Qpyukuis npu xeG, 0<¢<T;,

2) BUKOHY€ETHCH OJHOPiAHE PIBHAHHS TEIJIONPOBIHOCTI:

%Lt‘_azAu:O npu xeG, 0<<T;

3) ynkuin u(x,7) csarae cBoro Makcumymy y Todmi (X, %))
M=max (x,t)=u(xy,1,),

xeG, 0<(<T,
TO ISl TOYKA a00 JIeKMTh HA TPAHMLI HATPITOrO TJIa, 200 HHOTO
MaKCUMYMY QYHKIif CAra€ B NOYATKOBUII MOMEHT 4acy:
(Xoty) €1x€0G,0<t<T}y U {xeG,t =0}

Jloseoennst

PO3IIsHEMO  OHOBUMIpHHH BHIAmOK: x=xe&R' (puc. 18).
JloBeneHHs TPOBOIUTUMETHCS BiJ MPOTUIICHKHOTO, a CaMe — MPUITYCTUMO,
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wo Touka (x,,Y,) JEKUTH ycepeauni obmacti: (x, yo)e{xeG, t0;T ]}

JoBenemo, wo Toxi icHye Touka (X,);), He

-
N N
i
}-._a
—

nopyuieHo piBHSAHHS (4.1).

7% ts) (E ; ) Posrasinemo yHkIrio U(x,t)
? : e v(x,t)=u(x,t Hw(x,t) (4.5)
E I:xl ,31\;' e w(x,t)=M7_2m(x—xo)2 .
0—=; 7% 2l
3Hal1IeMo 11 MAaKCUMYM:
Puc. 18. O, i i
o max V()20 (X0, 1 U (X0, 1 HW (g, 10 JEM 40,
xeG, 0<<T. (4.6)

3 iH1I0TO OOKY:

SKIIO
M-m;,» M m
max v (X, )<m+=_— l—m+7—fM, 4.7)

a6o ve[0;/], =0, abo x=0, 0<I<T, x=I,0</<T.

Y (4.7) BpaxoBaHO, WIO \x—xo\sl . 3 HepiBHocTel (4.6) Ta (4.7)
BUIUIMBAE HACTYMHE: (QYHKIIS U(x,t) csiTae CBOr0 MaKCHMYMY ycepenuHi
obnacti {xeG, 0<t<T'} . [lo3naunmo wo TouKy (x;,7 ). Toai mo o3Ha4CHHIO

80_0 ov —0 ov

MaKCUMyMYy MaEMO, moa— el 8——0, 3BIJIKH:
2 2
Ou_ 207U _Ov_ 20V _ow. 26w>0
ot ax ( t]) at axz ot 5x
X1,

Otpumano, mo piBHsHHSA (1) mopymieHo y Todii (xl,tl). Teopemy

JTIOBEJICHO.
3 NPUHIUITY MAKCUMYMY JIETKO OTPUMATHU TaKl CTBEPXKCHHS:
1) Po3B’s130k piBHSAHHS aab;—az g L;—O csira€ CBOTO MIiHIMaJbHOTO
X

3HAYCHHS B TTOYaTKOBHUU MOMEHT 4acy abo Ha IpaHHMIll 001acTi.
JloBenennss Oa3yeTbcsi Ha TOW camiii cXeMi, MO 1 JOBEACHHS

OPUHLIUIY MAaKCUMYMY JUTsl PyHKIIT (x,t)z—u (x,l‘).
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2) OyHKuUig ‘u(x,t)‘ cAra€e CBOIO MAaKCMMQJIbHOTO 3HAYCHHS B

MMOYATKOBHUM MOMEHT yacy abo Ha I'paHHIli 00JIacTi.

3. Teopemu €1HOCTI Ta CTIHKOCTI PO3B’A3KY NOYaTKOBO-KPaiioBOL
3agayi

Teopema eonocmi
ITouaTkoBo-KpaiioBa 3aga4a:

‘gbt‘—azgng‘:f(x,t),xe[o;l],osrg, (4.8)
u (O,t) =gy (z‘), u (l,t) =g, (t) , (4.9)
u(x,0)=g (x) (4.10)

Ma€ He OJIbIIe HI2K OJMH PO3B’A30K.
Jloseoenns
[Ipunmyctumo, mo u, (x,t), U, (x,t) € po3B’szkamu 3amadi (4.8) —

(4.10). Bregemo HOBY (YHKIIIO w(x,z‘):u1 (x,t)—u2 (x,t). Ax Gauumo,
byHKIIISA w(x,z‘) 3a710BoJibHAE piBHAHHA (4.8). Takox s Hel
BUKOHYIOTBCS KpaloOBI YMOBHU W(O,t):O, w(l,z‘):O, 0<t<T' Ta mouaTrkoBa
ymoBa w(x,0)=0, 0<x</.

3 NpUHLUITY MAKCUMYMY BUILIMBAE, 1110 w(x,t)zO . A 3B1KM 1 Te, 1O

U, (x, t):u2 (x,t) .

Teopema cmitikocmi
Mausium 3mMiHaM 3aJaHuX PYHKIIH Yy IOYaTKOBO-KPaiioBii 3a1a4i:

0 0

a—?—angé:f(x,t),OSxSl,OStST, (4.11)
u(O,t)ng(t),u(l,t)zgl(t),OStST, (4.12)
u(x,O):(p(x),OSxél (4.13)

BiINOBIAAI0TH MaJIU 3MiHM PO3B’SI3KY, KUl PO3IIYKY€EMO.

Jloseoenns
Posrnsinemo 3a1avy 3 moXHOKO0 y TOYAaTKOBUX Ta KPalOBUX YMOBax:
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@_azﬂzf(x’[),fE[O;T],XG[O;Z], (4.14)

o(2), a(Lt)=g, (t)=g,(t)+¢,(¢),t[0;T], (4.15)
+g(x), xe[0,]. (4.16)

(¢) X)), 0 -

MaKcUMaJbHy TOXUOKY B yMoBax (4.15), (4.16). ITokaxxemo, 110 1151 Oy/I6-
SIKUX (x t) noxubka y pogB’;BKy HE TICPEBHIIYE MOXUOKH y KPaOBHUX Ta

},max‘s(

3a &* BizpMeMO &*=max {max {‘80 (1),

IIOYaTKOBUX yMOBax: ‘u X t) X, t ‘<8*

[Tobynyemo QyHKIIitO w(x z‘) (x t) (x,t). BoHa € po3B’s3kom
BiJIMTOBITHOT MOYaTKOBO-KpaHoBOi 3a/1aui:

ow _ 2@

o ¢ P =0, (4.17)
w(0.0)=¢, (1), w(l.f)=¢, (¢), 0<T, (4.18)
w(x,O)zs(x),OSxSl. (4.19)

BianoBigHo 10 MpUHLMIYY MAKCUMyMYy AJis OyAb-sKOT TOYKU (x,t)
BUKOHYETHCS
‘w(x,t)‘ﬁa*,

10 1 MOTPiOHO OYJI0 TOBECTH.

4. 3agaya Kouri

Ilocmanoska 3aoaui

[Tin wac mocmiJKEHHS MPOIECY TEIUIONPOBIIHOCTI Yy TOYKaX, IO
po3TalioBaHi Ha JOCUTh BEJMKIH BIJICTaHI BiJ] TPAaHWIN TUIA, BIUIMBOM
TPAaHUYHUX YMOB MOJKHA HEXTYBaTH Ta BBAKATH TUIO HECKIHUYCHHUM. Y
Takiii mocTaHoBLl BUHHMKae 3anadya Komi— mnoTpiOHO BiAlIyKaTu
PO3B’SI30K PIBHAHHS TEILJIONPOBIAHOCTI MPH 331aHUX TTOYATKOBUX YMOBaX:

ou

o 26 S=f (x,t), —o<x<too, 0<<T,

(4.20)

u(x,O)z(p(x), —00<X<+00, (4'21)
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VY OinpmiocTi BuUmankiB Ao 3amadi Komri momaerbcs ymoBa abo
00OMEKEHOCT1 pO3B’SA3KY ‘u (x,t)‘SM , @00 mpsIMyBaHHS Horo no0 HyJsl Ha

HECKiH4eHHOCTI u (X,1) ‘—) 0.
X|—>0

€0Hicmb po36 3Ky

Teopema

3anaua Komri (4.20), (4.21) mae He OLnbII HiXK OAMH 00MeKEHM I
PO3B’SI30K.

Jloseoenns. IIpoBoquTUMETHCS BiJ MpOTUiIeKHOTO. Hexait icHye nBa

pisHi oOMexeni po3’ssku 3amaui Kowri u(x,t)#u,(x,t). ToGymyemo
HOBY (QYHKIIIIO w(x,t) 3a (HopMyII0I0 w(x,z‘)zu1 (x,t)—u2 (x,t), BIJIHOCHO
AKoi 3anuiemMo 3aaady Kormi:

ow_ 20w
o ox?

w(x,O): 0, —o<x<c0. (4.23)

3 yMOBH OOMEXKEHOCTI pO3B’S3KiB ul(x,t),uz(x,t) BUILIMBAE

=0, 0<t<T, —oo<x<00, (4.22)

o6MexeHicTb GyHkuii w(x,t):
‘w(x, t)‘S‘ul (x, Z)Huz (x, t)‘S2M (4.24)

JUist Oyib-IKMX _ Ta f.
Breaemo mie ogHy 10moMi>KHY (YHKIIFO HACTYITHOTO BUTJTISIY:

2
Jlerko mepexoHaTHCs, MmO 300paxeHHs (4.25) € pPO3B’SI3KOM
PIBHSHHS TeruionpoBigHocTi. 3adikcyemMo Oyab-sike 3HaueHHs [L>0, Ta
MOPIBHAEMO O0M/IBI (DYHKITIT w(x,t) Ta U(x t) B obnacti —L<x<L, 0<¢<T .

AM x>
2

v(x,1)= 42/[ (gr tj (4.25)

Skmo =0, —-L<x<L, 10 w(Xx, O)—O< (x O) SKII10 =L,

TO:

‘ +L,t) _2M<4£/[ (%Fa tj v(£L,1).
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BpaxoByroun oTpuMaHi OIIIHKM Ta KOPUCTYIOYHCH MPUHITUIIOM
MaKCUMyMYy, JOBEJIH, IO ISl OyIb-SKOTO xe[—L;L],te(O;T ) BHKOHAHO

HEPIBHOCTI ‘w(x,t)‘éo(x,t).
3adikCcyeMO TOUYKY (x,t) Ta copsaMyemMo L 110 HECKIHYEHHOCTI.

Otpumaemo, mwo v(x,#)—0.
OyHKITis w(x,t) BiJl BENMYUHU [ He 3aJIeKUTh, 3BIAKH MA€EMO, IO

w(x,t):0. OT1xe, po3B’SI3KU u; (x,t) Ta U, (x,t) CITIBIIAJAI0Th.

5. IloOynoBa ¢pyHAaMEHTAJBHOIO PO3B’S3KY PIBHSHHSA

TeIUIONPOBITHOCTI
@dyH/1aMEeHTAIbHUI PO3B’SI30K OJIHOP1THOTO PIBHSHHS
TeIJIOTPOBITHOCTI a’Au (x, t):%; , Iie xeE,, x:(xl,..., X, ) , O<t<oo
300paxyeThest 3a (OPMYIIOLO:
2
x_
exp| -2
4a“t
D, (x, y,t)= , (4.26)

(Za\/; )n

: : 2 2
i€ B1ICTaHb MIXK TOYKaMM BBEJICHA SIK \x—y\:J (=) +.Hx,—>,)" -

Hosenemo 1ieii ¢akt. 3 i€ METOI MOKaxkeMmo, mo (pyHkisa (4.26)
3aJI0BOJIbHSE PIBHSAHHSA TEIUIONPOBIAHOCTI, a IJIsS LBOT0 TMIAPAXyeEMO
BIITOBIIHI TTOX11HI;

el = el
P 4a’t || 4a’t? 4a’t
oD_ - M= @427)
o (2a1)’ (2a)" 277
S
4a’t | (|x—y|
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el =l
azq)n__exp( 4a2t _(xj yj)CXp 4a2l‘ (_xj—yjj:

o (2at)'2a%  22%(2alt)"

et?
:eXI{ 4a2t (xj_yj )2 )
2a2t(2a\ﬁ)n 2a°t

[TincraBumo  cmiBBigHOmeHHs (4.27), (4.28) 10 piBHAHHS
TETUIONPOBITHOCTI:

2
x_
n 52 eXp(_4aJ;t] | ‘2
x_
PAD,=a*Y n= _ A | (4.29)
=1 axj (Za\ﬁ) 2t
Ax 6aunmo, nopiBHABIIK Bupasu (4.29) ta (4.27), oOuaBi YaCTUHU
piBHSHHSA  crmiBmagaroTh. JloBemeno, 1o  ¢yHKmia  (4.26) €
(GyHIaMEeHTaJIbHUM PO3B’SI3KOM PIBHSHHS TEIUIONPOBIIHOCTI.
BBeneMo a1 CKOpOYEHHS 3amucy Iu(epeHLianbHUN oneparop L :

Lu (x,t):%b;—azAu — omepatop TeronpoBiaHocTi. [loBeneHo, 110

(4.28)

LD, (x, y,t):O. [Tokaxxemo, sik 300paxkyeThcsi po3B’si30Kk 3amaui Komri
yepe3 GyHIaMeHTalbHY (QYHKIIIIO:

{ Lu(x,t)=0, xeE,, 0<t<,

u(x,0)=0(x), xeE,,¢(x)eC(E,),
(p(x) — HemepepBHa Ta oOMexeHa (PyHKIIis.

(4.30)

JloBenemo, 1m0 po3B’s30k 3anadi Komi (4.30) mae Burisiz:
1
u(x,t)=——1\D, (x, yt dy. 431
(ot 7z | @alor)ol)dy (431)
PosristHemo BuMaok 7=l — OJJHOBUMIPHY 3aa4y.
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exp| =5

1 ® da“t
u(x,t):ﬁ_[o ot (p(y)dy. (4.32)
[loOu JIOBECTH, 10 Lu (x, t)=0 , MOTPiOHO BHECTHU
nudepeHIiaTpbHIR oriepaTop b 3HaK 1HTerpasa:

Lu(x,t)=L, \/%jjiq)l (x,y0)p(y)dy :\/lgjjiqu)l(x»J’»t)(P(J’)dy:O-

Ane i IbOTO MAaEMO TMOMEPEAHBO JOBECTH, M0 BUXIAHUHN
HeBIacHUM 1HTerpan (4.32) € piBHOMIpHO 301KHUM 3a 000Ma 3MIHHUMH,
e no-nepire. [To-apyre, MaeMo mokazatu, IO MicIsi BHECEHHS orepaTopa
BIH TAKOX 3aJIMILAETHCS PIBHOMIPHO 301KHHUM.

3 Li€I0 METOI0 3pOOUMO 3aMiHy 3MIHHHX x—y:2\ﬁan, y=x—2\/;an,
dy=—2\/tadn; y=—o0, \=+o0; y=too,=—0. Y  HOBAX 3MiHHHX
iHTerpain (4.32) npuitme BUTIIS;

+00
1 2
u(x,t=——1(x,2), (x,0)= | e o(x—2/tan)dn. (4.33
()\/;()()—J;o (P( ﬂ)ﬂ( )
[Toxaxemo piBHOMIpHY 301KHICTh BIJHOCHO TMapaMeTpiB . T t
HeBJacHoro interpana (4.33). [IpomaxxopyeMo 1eif iHTerpai iHTeTpaiom,
Akl OyZe y CBOIW uepry 30DKHUM Ta He OyJe 3ajexaru BiJ LHX
napameTpiB:

‘ X,t ‘<l J e ‘(p x—2\fan)‘dn< Je n’ dn (4.34)

[aTerpan, mo orpumano y HepiBHOCTI (4.34), € 361>I<HHM, 3BIJIKM 3a
kputepieM Beitepmitpaca BumiuBae, mo iHTerpan (4.32) € piBHOMIPHO
301KHMM 3a 3MIHHUMHU _ Ta {.

Buecemo omneparop L, mij 3HaK IHTerpaja Ta JOBEIEMO HOro

301KHICTB!
P (en)=L [ e o(x2ian)d
(x,t)—tyjn e (p(x— tan) n.
[TinGepeMo 11s1 LbOrO 1HTErpajia MakOpyrouuid. SKio B3sATH 3a O

MAaKCHUMAaJIbHE 3HAYEHHA [, TO OTpHUMAEMO!
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I*(x,t

) Sé I n"e " dn.

[HTErpan TyT € He3aNeKHUM B 3MIHHHX _ Ta ¢ 1 30DKHEUM. OTXe,
JIOBEJICHO, 110 BUXITHUN 1HTErpall € pIBHOMIPHO 301KHUM 32 3MIHHUMH
Ta ¢t 1 MCHS 3aCTOCYBaHHsS omeparopa NudepeHlioBaHHS BiH TaKOX €
PIBHOMIpHO 301KHUM.

[TokaxxeMo, 1110 TOYATKOBI YMOBH TaKOX 33JJ0BOJIEHO. Bukopucraemo

TOU Cl)aKT, 18(¢) ﬁ_‘[oe—ﬂzdnzl, 3BIJIKM Ma€eMO (p(x):qi;%):[o e‘”z dn-

PosrasineMo pi3HHULIIO:
u(x,1)-¢ \/7 J e [ x—2\fan) (x )]dn. (4.35)

Po3i6’emo iHTepBan iHTerpyBaHHs y (4.35) Ha (—OO; -N ) U
(—N ;N )U(N ;+oo), ne N>0. Otxe, pizHunsg QyHkiii (4.35) 3anuieTsbes
3a popmyI010:
N
- 1
e ™M [ (x—2\/>an)—(p }dn-l—\/% _Le n [ x—Z\/}m)f

L7
teirebF L (4.36)

]dn+.[ [ x—2\fan) ()}dn.

HOKa)KeMO mo pizHus QyHkuii (4.36) npsmye 10 HyIs, KOTU ¢
npsiMye 10 HyJist. [IpoBeaeMo omiHky:

‘u (x,t)—(p(x)s\/lE _J. e ‘ (p( x—2\/?ar|)—(p (x)‘ dn+

N
e T olofa
\/7]‘ ‘(P X—2\fan ‘dn—# \/E_J;ve N ‘(p(x 2\/;an)—(p(x)‘dn, (4.37)

BpaxoByemo Toii ¢akr, mo GyHKis (p(x) € BCIOJY HETIEPEPBHOIO B
npocropi E, , a 3Ha4UTH € 00MEKEHOI0, TOOTO:

“P(x)‘ga (P(x—zﬁaﬂ)—@(x)‘ﬁ‘@(X—Zﬁan)H(p(x)\£2c.

Omxe, Maemo:
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-N
u(x,t)—(p(x)SjE I e dn+ I e dnt

Jr\/lE ]j;e—nz ‘(P(x—z\ﬁan)—(p(x)‘ dn.

~+00
2 . .
Iarerpan I e " dn € 30DKHUM, 3BiIKH BUILIUBAE:

—00

-N +o0
2f‘7 [ e—nzdmf [emanser2. (4.38)
T TT

Y iHTerpam, 10  3aJMIIMBCSA,  BPAaXOBYeEMO  Te,  WIO

N
‘(p(x—2anﬁ)—(p(x)‘ dn<e, a inTerpan j e™ drconst<+oo. OCTATOHO
N
MaeMO:
‘u (x,t)—(p(x)‘SAs npu t—0,
a00, 1HaKIIIe KaXy4H:

1i_>r{)1‘u (x,)-(x)=0. (4.39)

3 cniBBigHomieHHs (4.39) BuIUIMBaEe, IO TMOYaTKOBI YMOBH
3aJI0BOJILHUIIN.
OTtxe, po3B’s130k 3aaa4i Komri mae Burmsia (4.31).

6. CrilikicTs 3axa4i Kouri

[Tokaxemo, MO0 SKIIO 3aJaHa y TIOYATKOBIM yMOBI (YHKIIIA
3MIHIOETHCSI HECYTTEBO, TO 1 p0o3B’ 30K 3a7a4i Ko Takoxk 3MIHIOETbCS Ha
OyAb-SKy Mally BETUYHHY.

Hexaii maemo mBi yHkuii u;(x,7),u,(x,1), ki 3a10BOIBHAIOTH

HacTynHi 3aaa41 Komi:

2
6uj (x,t):a2 o 4 (ZXJ) , —00<x<00, (<t<0,
ot Ox (4.40)

u;(x,0)=¢; (x), —o<x<eo, j=1,2.
Po3p’si30k 3amaui Komi Oyne crTifikui, SKIIO Y BUOAAKY, KOJHU
‘(pl (x)—(p2 (x)‘Ss , PI3HUIIA PO3B’A3KIB 33JJ0BOJIbHSE HEPIBHICTD:
‘“1 (x, t)—u2 (x,t)‘SAs, (4.41)
1€ . — fK 3aBTOJIHO Majie I0JIaTHe Yucio, A=const .
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3 ypaxyBaHHsM 300pakeHHs po3B’s3Ky 3anadi Komri (4.31) moBegemo
OLIIHKY pI3HMIII pO3B’SA3KIB:
2
)
4a’t

‘”1 X, 1)y ( xt f I 2ol ‘(Pl (v)-o, (J’)‘d)’S

_ exp| —

2
=yl
2

< € I 4a t dy AS

N R YN AN

Takum uymHOM, mna 3amaui Komri goBeneHo: 1) €nHICTH PO3B’S3KY;

2) icHyBaHHS po3B’s3Ky; 3) criiikicTe. OTke, 3agaua Komry € KOpekTHO
MOCTABIICHOIO 33/1a4e0 MAaTEMATHYHOT (i3HKH.

(4.42)

7. llapagokc Teopil TemIonpoBiAHOCTI

[TpunyctumMo, 10 PO3IIAJAETHCS HArPITUA CTPUIKEHb, Y KOXKHIM
TOYIIl SIKOTO 3a7aHo Temreparypy. llpumycTumo, 1m0 HarpiB MpOBOAMUBCS

Ha JUISHIT CTPYOKHS xe[a;b]. Brenemo 10 posrisiny GyHKIIIO:
=0, xz[a, b]

>0, xe[a,b]
Po3B’s130K BiAMOBIAHOT 331241 3aITUIIIEMO Y 300pakeHHI:
(x—y)

()= je o (v)db. (4.43)
f 2a\f '
VY Oyab-Kuil MOMEHT 4acy MiJ[paXyeMoO TEMIEPaTypy Yy AOBUIbHIN
TOYLI X, HECKIHYCHHOTO CTPHIKHS 3a hopMyInoro (4.43):

) —y)2
ulx, )ff g0 @

To6TO0 B MAOBUIBHIM TOYIl y J[AOBUIBHMM MOMEHT 4acy ICHY€
TemnepaTypa. B ToMy i MICTUTBCS mapagoKC TEIJIONPOBIIHOCTI: TEILIO
PO3MOBCIO/DKYETbCI  MUTTEBO. lle mOB’sA3aHO 3 THUM, IO PIBHAHHA
TEIUIONPOBIAHOCTI € PIBHAHHAM MapabOJiYHOrO0 THUIYy, XBWJII TerJja
BIJICYTHI, TEIJIO “MHUTTEBO”’ PO3MOBCIOIKYETHCS B TiJIi.
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V. PIBHAHHA NNEPBONIYHOIO TUMY

Bci ¢i3nuni nponecu, 1110 NOB’s43aH1 3 MPolleCaMH KOJIMBaHb, & CaMe —
KOJIUBaHHS CTPYHH, MEMOpaHHW, ra3y, eJCKTPOMAarHiTHI KOJIMBaHHS
OPUBOAATH A0 3a/ay, J€ BUKOPUCTOBYIOTHCS PIBHSHHS TiNEpOOSIYHOTrO
TUIY. XapaKkTepHOI OCOOIMBICTIO BCIX MEpepaxoBaHUX BHILE MPOILIECIB €
CKIHYCHHA IMBUAKICTH 1X PO3MOBCIOKCHHS.

1. 3agaya Kol 1J1s1 piBHAHHA KOJIMBAaHb CTPYHH

TunoBuil npeACcTaBHUK PIBHSAHD LOTO TUITY — 11€ XBUIbOBE PIBHSIHHS:

gt? 2Au(xt) (x,t)zu(xl,xz,...,xn,t). (5.1)

VY BuUManKy, Kolu n=l, XBUJIbOBE PIBHSAHHSA MEPETBOPIOETHCS Ha
PIBHSIHHA KOJIMBaHb CTPYHHU:

o%u(x,t) ,0%u(x)
2 ¢ 2
ot Oox
BBenemo HOBI 3MiHHI E=x—21, n=x+ct :

B HOBUX 3MiHHUX piBHSIHHS (5.2) HpI/II/IMe BUTJISA (MB. 10J1aTOK A):

ok(en)_,
€M

[IpoinTerpyemo 3a 3minHOIO & piBHSHHS (5.4):

gl n)—fo( )

a Mcis IbOTO 3a 3MIHHOIO n. 3aranpHU PO3B’SA30K piBHAHHS (5.4)
OTPUMAEHO Y BUTJIAI:
a(&n)=] fo()dnef (B4 (8).
[ToBepHYBIINCH O BUXiTHUX 3MIHHUX, 3aIHILIEMO PO3B’SI30K:
u(x, )=, (x—ct Hr; (x+ct).
IIpoananizyemo QyHkuii ¢, Ta @;:

P (x=c1)| =0y (%) (5.6)

, —00<x<00, (<f<00, (5.2)

(5.4)
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0 (x—ct)‘t:lo =, (x—ct,) (5.7)

Slkimo nobymysatu rpadik GyHKii @) (x), To, sk Gadmmo, rpadik
GyHKuii @, (x—cto) Oyzne ycynyTto. Bennunna ¢ — 1e mIBUAKICTh XBUII, a
GyHKLIO @ (x—ct) Ha3UBAIOTb NPAMOIO X6Uielo, Ha BIIMIHY BIJ @ (x+ct) ,

AKa € 3BOPOTHOIO XBUJICIO.
Ix rpadiune 306paxeHHs AMBUCH Ha pucyHkax 19 ta 20.
[Toznaunmo x—ct=y . x=ct, y=0.

lﬂn(}’:' i :
5 a5 ¥ et &

Puc. 19 Puc. 20

[Tosnaunmo x+ct=y. x=—ct, y=0.

3aoaua Kowi 0ns pieHsaHHA KOIUBAHbL CIPYHU
Posrnsnemo 3anauy:

0%u (XJ) 2 0u (x’t)zo —oo<x<00, xeE;, >0
o o B
u(x,0)=0(x), (5-8)
ou(x,t
1

Bnepme 3amauy (5.8) Oyno posp’sizano [JanambGepom. IloOymyemo
PO3B’SI30K Ta BOJHOYAC BCTAHOBUMO, SIKI OOMEXEHHS MOTPIOHO HAKIACTH
JUTSL HOTO OTPUMAaHHSI.

Sk mnokazaHO paHilme, po3B’sI30K piBHAHHA 3 (5.8) omMcyeThes
dbopmynoro (5.5). 3a10BOILHUMO TIEPIILY TOYATKOBY YMOBY 3 (5.8):

u (x, 0):(p0 ()c)+(p1 (x):(p (x) (5.9
Bigmykaemo moxiHy 3a 4acoM 3 METOI 3aJIOBOJIBHUTU JPYTY
MOYaTKOBY YMOBY:

ou (x,t) , . \ \

5 =P (x—ct)‘tzo+cq)1 (x+ct)‘t:0:—ccp0 (x Heo, (x )=y (x). (5.10)

96



[IpoinTerpyemo 3a 3MiHHOIO _ OOW/BI YaCTUHH OCTaHHBOI PIBHOCTI:

@y (X )¢, (x)zJ\p (s)ds+c,. (5.11)
0
3 criBBigHOMmIEHH (5.9) Ta (5.1 1) PO3ILIYKaEMO @ (x) Ta O (x):
x X
@y (x)= 21 I s)ds—c,
0 (5.12)
@ (x j s)ds+c.

0
Orxe, BiAMOBiMHO 10 Gopmynu (5.9) oTpuMaeMo po3B’SI30K 3aaadi
Komri (5.8) y Burmnsizi:

x+ct

u(x’t):(p(xz—ct)+(p(x2+ct) 210 \|](S)dS. (5.13)

x—ct
®opmyny (5.13) HazuBawTh ¢opmynorwo [larambepa, BOHA 1 €
po3B’s3K0oM 3aaa4i Kol a1 KoJauBaHb CTPYHHU.
JloBenemo Temnep, 1o 3agava Komri (5.8) Mae enunamii po3B’s30K.

Teopema

3amaya Kowi (5.8) Mae ennnuii po3B’si30K.

Hoseoenns. TlpoBoguTUMEThCS Bil mpoTHiIekHOTO. [lpumyctumo,
o y 3azadi (5.8) icHye 1Ba PO3B’S3KH U (x,t), j=l,2

0% (x,t) 0%,
Can
u;(x,0)=0(x); (5.14)

Ou (x,7)

, J=L2;

Beenemo HOBY (yHKIIiIO 32 (hopMyII0K0:
w(ox,t)=uy (X0 uy (x,2). (5.15)
Sk 6aunMo, BOHA 33/I0BOJIHHSIE HACTYIHIN 3a/a4i:
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2 2
0 w(x,l‘)zc2 o°w(x,1)
ot? ox?
w(x, 0):0; (5.16)
ow(x,t)
o | 7

OTpuMaHO OMHOPINHY 3a7a4y 3 OAHOPIAHUMHU yMOBaMH. Buxomsun
3 I[bOT0, MAEMO, II[0 w(x,z‘):O, a 3BIJIKH U, (x,t)zuz (x,t). JloBeneHo, 110

b

3amada Ko Mae e quHuil po3B’s30K.
JloBenemo Temep CTIMKICTh PO3B’s3Ky 3azaul Kowmrl ang piBHSAHHS
KOJMBaHb CTPYHHU.

Teopema
Magum 3minam 3apanux ¢ynkuii y 3agadi Komri st kosiuBaHb
CTPYHHM BiINOBiZa€ MaJjia 3MiHA HIYKAHOT0 PO3B’SA3KY.
Jlosedenns
[Ipunyctumo, 1m0 icHye 1Ba po3B’si3kM 3amadi Ko, ki
3aJI0BOJILHAIOTH BIJIMOBITHUM MOYAaTKOBUM YMOBAM:
8214]. (x,t) iy azuj (x,t).
=c
ot* o
u;(x,0)=p;(x); (5.17)

ou ;(x,1)
P .
=

ITokaxxemo, 0 AKIIO ‘(pl (x)—(p2 (x)‘Sa Ta ‘\ul(x)—\uz (x)‘SS, TO 3
I[LOTO BUIUIMBAE, IO ‘”1 (x,t)—u2 (x,t)‘SA-e, ne A=const,& — K 3aBTOJHO
Majie gojatHe yucio. BignosigHo go hopmymum anambepa maemo:

@;(x—ct) @;(x+ct) 1 _
uj(x,t): J 7+ J g I wj(s)ds,]:1,2.

x—ct

PosrasiHeMo pi3HULIO U (x,t)—u2 (x,t):
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uy (6,0 )ty (., t):(pl (x—cz‘);q)2 (x—ct) L@ (x—i—ct);(p2 (x+ct) .

whet (5.18)
o [ (wi(s)ws(s))as

x—ct

[TpoBenemo ominky pizHuii GyHKIiH 3a hopmynoro (5.18):

x+ct
C=Py P~ @ 1
uy (3,2 )u, (x,1)< 12 2‘_}_‘ 12 2+2c I Wy (s)w, (5)ds<

x—ct

x+ct
<E+l4 2 [ dsmererme(lat)eA(lte).
x—ct
SIKo po3risiayBaTH CKIHYEHHMM 4acoBid MPOMIKOK, TO PO3B’SI30K
3anaui Ko Oyae cTidkuid.
BucHoBok, skuii MoxkHa 3poOutH: 3amaya Komri namsi piBHSAHHS
KOJINBaHb CTPYHH € KOPEKTHO ITOCTABICHOK0 3aJa4ei0 MaTeMaTHYHOi
(13uKH.

[{ikaBO BCTAaHOBHUTH, KOJIH € cIipaBeiiinBot0 dopmyna Jamambepa. Sk
JICTKO TEPEBIpHUTH, 1€ OyJe, SAKIIO (p()c)el2 (El),\u(x)el1 (El) To6To,
MarpTh MICIE€ JOCHTh KOPCTKI oOMexeHHs. s Toro, mob ix Tpoxwu
MOCTa0OUTH, PO3TISTHEMO 3aMiCTh (p(x) MOCITIIOBHICTh {(p j (x)} TaKy, 110

. b 2 LT
1ﬂ¢j(x):@(x)zl ,ane @, (x)el”(E,), j=l,0.
J

Po3p’sa30k 3amaui Komri y npomy BHUMajnky OyAyeTbes A KOXKHOI
bynxuii @ (x). Axuio icHye Meska OTPUMAHOT OCTiIOBHOCT] PO3B’A3KiB
{(p i (x)}, j=l,0, TO W0 MEXy HA3MBAIOTb y3aradbHCHHM PO3B’I3KOM

rinepGoxiuxoro tumy: limu; (x,t):u (x, t) .
J—>®©
Tpusumipnuii 6unadox

P03B’sKeMO 4acTKOBHil Bunaaok 3axa4i Ko muist mpocropy Ej:

0%u (x,t

“(z):czAu (x,2), O<t<oo,
ot H

u, (x,0)=0, (5.19)

ou
a—t” =4ncp(x), xeE;.

t=0
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L

ar(x,a)

Puc. 21. I'eomeTpis 3agaui

*3F3

x2.F2

Puc. 22. T'eomerpis 3agaui

[Ipunyctumo, mo ¢ € mouaToK chepuyHOi

CUCTEMHM KOOpPJMHAT 1 BOAHOYAC LEHTP Kyl
paniyca a (muB. puc. 21, 22) \x—y\ﬁa.

P03B’s130k mocTaBiIeHOI 3a/1a4l 3aMUCy€EThCS

3a popMyII010:

1
U, (x,t):a j n(y)do,(x,ct)=
‘x—y‘=ct
1
= I p,t(y)dcy-(x, ct),
o(x.t)
e ct=a, a IHTErpyBaHHS TNPOBOAMTHCS 3a
3MIHHOIO ).

(5.20)

JloBeneMo 11€.

3 METOIO

MIOJICTIIICHHS 1HTETPYBaHHS 3a KOOPIUHATOIO,
3poOMMO 3aMiHY 3MiHHHUX:

y=x+ctv, (5.21)
y=(y1,y2,y3), x:(xl,xz,x3), V:("la"zavs) -

BEKTOPH.
[TpoexkIrii IuX BEKTOPIB 3aMUIIEMO Y

o)  BHIIBIAL V=X ;+ClV, Jj=1,3. Orxe, Maemo, 1110

\ y—x\:ct \v

_YiTXi (* )
V== =cos(v.y; ).

I3 cmiBBigHOmEHHs (5.21) BUIUIMBaE, IO

, V= /i3 +v3=l, sx cyma kBazpatis
HAIPaBIISIOYHX KOCHHYCIB.

I'padiuno 1e BU3HAuae, MO 3aMiHa
sminaux  (5.21) mepetBoproe  chepy
o(x,ct) no opuumunoi chepu o(0,1).

3’sCyeMO  3HAUEHHS  BEJIMYUHU
dy=dy,dy,dy; —  BenumuuHH  00’eMy

Puc. 23. I'eomeTpis 3apaui

P
eNIEMEHTApHOTO  Tapajesermineay —  y
cdepuuHiil cucteMu KoopAuHaT (puc. 23).
Enement cdepuunoi cucremu dV

nopisrtoBatume: dV=r? sin 0drd0d ¢
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[Tpu 36inpmenHi pagiyca chepu Ha BETMUMHY dr 3aMiCTh eeMEHTa
kym d G(O,r) OTPUMAEMO  €JIEMEHT Ky d G(O, r+dr). Ortxke,

dv=d G(O, r) dr.
VY Bumaaky, koju paaiyc chepu =1 d G(O,l):sin 0d0do.

3 ypaxyBaHHSM 3aMiHUd 3MiHHHX (5.21) Ta TpeACTaBICHOTO BUIIE
Ma€EMO:

do(x,ct){ct)’ sin0d0do={ct)’ do(0,1). (5.22)
[TincraBumo criBBigHOMmIEHHS (5.22) 10 Gpopmynu (5.20):

u, (x,t)zgt J },t(x+ct)(ct)2 do, (O,l)zctj n(x+ct)do, (0,1). (5.23)

vi=l V=1
Tyt Touka  He HAIeKHTE 00yacTi IHTETpyBaHHS, TOMY SKIIO
u(x)eC2 (E3), MOXXKHa 3acTocyBaTtu 10 QyHkmii (5.23) omneparop
Jlannaca:
ILL(x t —ct.[ Ap x+ctv)dc5 (0 1): I Ayp )dG (x,ct). (5.24)

M =1 ‘x—y‘—ct

[lepeBipMO BHKOHAaHHS MOYaTkoBMX yMoB 3amaudi Kom (5.19). 3
I1€}0 METOFO Hpoz[H(bepeHui}oeMo cnouatky ¢yHkiito (5.23):
ou (

81‘ —cj (x+ctv)do, (0,1) +ctJ. P (x+ctv)do, (0,1). (5.25)

M 1 M 1
BpaxoByroun ¢opmyny 3B’SI3Ky MOpOEKITiH Yi=X; —+ct COS( Vi,V ])

MOJKHa 3aI1ucaTu HOXII[Hy 3a 3M1HHOIO t y BI/IFJ'ISI)_II

6u(x+crv y)oy;
or ot Z_: ayj j Z CCOS( vy
o Ou ()
=c cos , y Ayp
JZ=1: 6y] e )‘!. ct)
Bianogigxo no mporo popmyiy (5. 25) MePENUIIEMO:
ou (x,z‘) (x t)
U \X.1) Uy
TG tI( ) (5.26)

e I(x,t)= I Z 6 cos(v,yj)dcv (0,1).
A=
TlepIy HOYaTKOBY YMOBY 33 paXyHOK 300paxeHHs (5.23) BHKOHAHO:
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u, (x, O)=O.

[lepeBiprMO BUKOHAHHS JPYroi MOYaTKOBOI YMOBH:

ou, (x,t
“a(t’) :C},L(x) j do, (0,1):471:cu(x).
t=0 M:l
TakuM 4YWHOM, JOBEJCHO BHUKOHAHHS ITOYaTKOBHX YyMOB Y pasi
300paxkeHHs1 po3B’s3Ky 3azauyi Komn y Burmsaml (5.23). 3anummiocs
JIOBECTH, 1110 111 PYHKIIisI 3a]J0BOJIBHSE XBHIIHOBE PIBHSHHS.
VY dbopmymi (5.26) moBepHEMOCS 0 CTApUX 3MIHHUX:

auu (x,t)_uILL (x,t)LI

ot t ’

j Zau )cos(vyj)dc (x,ct).

‘x—y‘—ct J=1 J

(5.27)

3acTtocyemo GopmyTy OCTpOFpaI[CBKOFO st Bunazxy xymi K (x,ct):

J‘ Z@yfdy—j ZQ cos(v,yj)dcy(x,ct), (5.28)

x ct x t J=l
‘x—y‘—ct
0 e
e 0, () Sy(]fv), jA3.

3 1bOr0 BUILIMBAE, 110 iHTErpai (5.27) nHaOyBae BUTIALY 00’ €MHOTO
IHTerpasa:

1
j Ap Gy=; j f(y)dy, (5.29)
K(x,ct) K(c,t)
ne dy=r?sin0drdOdu, 0<r<ct, abo y iHmoMy 3amucy dy=do(0,r)dr.

3anumeMo 00’ eMHHM 1HTETpall Yepe3 MOABIHHI IHTErpau:

ct
1
1= [rPdr | Au(y)do(xr). (5.30)
0 o(0,r)
3HaiiieMo Ternep mepiry Ta Apyry MOXiJHI 3a 4acoM 3 ypaxyBaHHSIM
criBBigHOIIEHHS (5.27) Ta 300paxenHus (5.30):

W% xt+f Pdr [ Ap(y)do(xr)|. (531)

o(0.r)
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Jlpyra moxiiHa 3a 4acoM JOpiBHIOBATUME:

82%(2)@)_ 1[ xt+jdr 'f Au )dG(X”)]+

2
ot ¢ 0 ‘x—y‘—ct

1[ | _J Agp dG x ct)] [uu(x,t)+

+]£dr J. Ayu(y)do(x,r)]+1[iu“(x,t)+1Tdr J Ayu(y)dc(x,r)]+

0 ‘x— y‘:ct 0 ‘x— y‘—r

+c I Ayp dc(xct =% I Ay dc(xct) (5.32)

‘x—y‘—ct ‘x—y‘—ct
Otxe, 3 ypaxyBanHusaMm ¢opmyi (5.24) ta (5.32) goBeaeHo, 110
82
2
c“Au ,
( ) atZ

a 3 IbOTO BHUILUIMBAE, MO0 PO3B’sA3KOM 3amaui Komri st TpUBUMIPHOTO
Bunajaky (5.19) € 306paxenns (5.20).
SKIo NpUIYCTUTH, MO (PYHKIIIO p(x) MOXHA B3SITU y BUIJISIIL

u(x):\zg;), w(x)e C? (E3), TO MOXHa JIOBECTH, 10 HACTyIHE

306pa)KeHH5{ TAKOXX 3a10BOJIBHAE 3a/1a1y Komni:

1
i, (x,t):4ncztx_;[zct\p(y)dcs(x,ct), (5.33)
o t
Au, (x,t):Z;/@(;’), 0r<o0,

U, (x, O)=O, xekEs,

ou (x,t)
1=0

3. ®opmyau Kipxroga. llpunnun I'oiirenca

Posrnsaemo 3amauy Komri:
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0%u (x, t)

c?or?
u(x,O):(p(x), (5.34)

oul _
E t:O—\.V(X).

Au(x,t)= xeE;, O<t<oo,

Axio 3aMicTh HEBIIOMOT (yHKIIIT u(x,t) BBECTH HOBY (DYHKIIIIO

v(x,¢) 3a popmyuoto:

(5.35)

TO MO>Ha MoKa3aTu, o QyHKIis (5.35) 3a/10BOIbHSE PIBHAHHS 3a/1a4i:

ou (x, t)
ot

Av(x,t)=A =0,

10 BUIUTMBAE 3 TOTO (PaKTy, mI0:

A ou (x,t)_a3u (x,) 24 ou(x,t) ¢ {6%; (x,2) e (x,t)}:a[O]: .

ot o ot ot 2 ot
3aILOBOJ'II>HI/IMO HOanKOBi YMOBH, BPaXOBYKOYH LIO
ou,(xt) 5 1
V()= =L J.tu(y)dcy(x,ct). (5.36)
X—y|=c
ITo3nauumo:
1 Ouy(x.t) 1 a1
o (S e e | 00)do().
n(x)=o(x) pe=t=et

OyHKIis (5.36) € XBUITBLOBOIO (PYHKITIEIO, 1110 33/I0BOJILHSE XBHIIbOBE
piBHAHHA. 3 300paxkeHHs (5.36) Jerko oTpUMary, 110

1 Ou (x,l‘) 1
1, (x,0) =4 4“& = —4mc (x)\u(x)ﬂp(x)qp (x).

H(x)=o(x)
3HaiiIeMo MOoXiaHy 32 4acoM Ta BizbMeMo B Hei =0, },t(x):(p (x) :

GuH(x,t) 1 quu(x,t)

ot ‘tzo e ot ‘ 1=0,

m(x)=v(x)
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Sxmo BuMaraty, mobu QyHKii (p(x)eC 3 (E3), \p(x)eC 2 (E3) , TO

300pakeHHst (5.36) Oyne 3am0BOJIBHATH BCiM yMoBaMm 3amayi Komri, a
oTpuMany (GopMyIly Ha3UBAIOTh gbopMszo;o Kipxeoqba'

1
u(x,t):4nczt j y(y)do,(x, cl‘)+—att o(y)do, (x,ct). (5.37)
‘x—y‘:ct x—y‘—ct
3dopmymnroemo npunyun I ioticenca.
Hexaif y Touli y nokani3oBaHO BHXiTHE 30ypeHHS, TOOTO (GyHKIIT

@(x) Ta y(x) Binminnui Big Hysst 30BHI oOnacti D. 3adikcyemo yac =,
Ta BBEACMO II03HAYEHHS: d; — MIHIMaJbHA BIJACTaHb BIJ TOYKH
crocTepekeHHa )y po obmacti D, D, — MakcuManbHa BIICTaHb. Y
BUIIAJKY, KOJH Ct+<d,, XBUJIA 30ypeHHs 1lIe HEe TOpKaeTbcsa obnacti D Ha
BIAMIHY BIJ BHIAAKY ct>d;, KOIM 30ypeHHs nocarim o0nacTi.
AHaNoOriYHUM 4MHOM, AKIO ct:>D;, 30ypeHHs mpounum obnacte D Ta

BOHA HAaXOJUThCH y crokoi. TakuM unHOM, 30ypeHHs1 OyayTh MPOTIKATH y
obnacti D, xomn d\<t«c<D;. B npomy 1 micTuThCs npuHUMN ['1oirenca:

JIOKaJi3amis y MpOCTOpl MOYaTKOBOTO 30ypeHHS BIAMOBIAAE JOKami3allii
KOJIMBaHb Yy Yacl.
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VI. CNEUIANbHI ®YHKUIT MATEMATUYHOI ®I3UKU

[TpakTuuHe 3acTocyBaHHS AU(PEPEHLIATBHUX PIBHSIHb TOCUTh PI3HUX
3ajad, K1 BIAHOCATBCA JO  TEIJIOMPOBIAHOCTI Ta  JAWMHAMIKH,
eJIEKTPOMArHiTHUX KOJMBaHb Ta a€POMEXaHIKH, KBAHTOBOI MEXaHIKHU Ta
Teopii MOTEHIialiB, IPUBOANTH A0 CHEUiaTbHUX (YHKIIIH.

Y HacTymHOMY pO3AUTI MICTUTBCS KpaTKi, ajie Ba}JIMBI IS
3aCTOCYBaHb BIIACTUBOCTI OCHOBHMX CIHEIIaIbHUX (YHKINH, a Takox
MPUKIIAIN 33]1a4, JIe BUHUKA€E HEOOXiHICTh 1X 3aCTOCYBaHHS.

6.1. bera- ta rama-gynkuisa Eiiiepa

3a oznaueHHsM I' ¢ynkuis Elinepa 300paxyeTrbcst y BUTIISII
IHTerpasa:

o0
T(z)=[ e e dr. (6.1)
0
Hns toro, mo6 1mei iHTterpan OyB 301KHUN, Ma€e BUKOHYBATHUCS
ymoBa Rez>0; BiagMiTHMO, 110 rama-QyHKIlS MOKe OyTH KOMILJIEKCHOIO.
BcranoBuMO BaXIIMBY AJ11 BUKOPUCTaHHS (popmyty:

F(z+1):of t7e! dt:[—tze_t};w+zoftz_le_’ dt=2I"(z).
0 0

Otxe, Mmaemo:

F(Z+1):ZF(Z), (6.2)

F(Z+1) :

abo F(z)z Py PosrnssnemMo 4acTKOBI BHMAiKu Tama-(QyHKII].

Bizememo z=0. 3a ¢popmyioro (6.2) MaeMo F(O)zr(()l), 3HAYEHHS F(l) 3a
(1)

Bu3HaueHHsM (6.1) nopiHtoe 1. OTxe, F(O)—TZOO.
[Tpu z=1 3a dhopmyoro (6.2) 3100yBaeEMO
-1
-1 -2
y TOYIl (—m) rama-QyHKI[isSi Ma€ TMOJIOCH Tepmoro mopsaky. [padik

PO (22" (oo, m0,1,2,..., 060

rama-(QyHKIi1 Mae BUTISA (puc. 24):
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.3( -2: ﬁ a 12
: | |
s 1 |
! I 1
! i |
1 i |
| | |
: ! |
! ' |
! i |

Puc. 24. I'padik rama-pynkuii

BBeaemo noHsTTA CUMBOIIY HoxraMMepa:

{(a)n:a (a+1)+. . .+(a+n—1) ,
(a)ozl .

3a Horo A0MoMororw 300pa3uMo 3HaYeHHS raMa-(QyHKIIT s MUIHX
JIOJATHUX 3HAYEHb ApTYMEHTY:

I (nH)=nl (n-1)=n(n-1)T (n—1)=n(n-1)(n-2)T (n-2)=.=n! (6.3)

PosriissHeMoO 1HIIMA BATIAOK:
I (a+n)= a+n-1)T (a+n-1)=H a+n-1)(a+n-2)T (a+n-2)=.=al (a}...
...(a+n—2) (a+n—1):(a)n F(a) (6.4)
3BIJIKH BHUILIUBAE, 110
I'(a+n
]

Po3ristHeMo BUIIAI0K, KOJIU @ € IijIe, Bl €EMHE YUCIIO0: a=—/m.
1) Hexaii m>n:

(—m)n:(—m)(—m+1)-...(—m+n—1):(—1)n m (m—l)...(m—n+1)=

n (m—n)! n m)

=-1) m(m—l)...(m—n+1)(m_n)!:(—l) =l

2) Hexaii m<n. CnHoyaTKy pO3IJISSHEMO OKpEMHUW BHUMAI0K
m=-2, n=3.

(—2)3:(—2)(—2+1)(—2+1+1):O, TOOTO JUIS JOBUIBHUX mM<A 3aBXKIU

3yCTpiHETHCSI MHOKHUK, SIKUi Oyae mopiBHIOBaTH HyneBi. s Bix eMHUX
3HAa4eHb OTPUMAHO OCTATOUYHY HOPMYITY:

(6.5)
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(-m),= ()t (6.6)

Bera-pyukuis Eiitepa B(x, )

3a 03Ha4EeHHAM (DYHKI[IS BU3HAYAE€THCSI HACTYITHUM YHHOM:
1
B(x,y)=[ ! (1) " dr, Rex,Re y>0. (6.7)
0

3HaiiieMo 3B’S30K MDK Oera- Ta rama-QyHKmisMu. s 1bOro

. T ..
3poOMMO HACTYNHY 3aMiHY: t:?. HwxHa Ta BepxHS MeExX1 IHTETrpaily
T

OyIyTb TOpIBHIOBATUME:

dt

t=0—>1=0, t=l>1=00, dt=
(14+1)

5+ 3 YypaxyBaHHAM 3aMiHM (QYyHKLis

(6.7) naOyBae BUTIIALY:

o0 0

By (Hlt)y_l(df [ (6.8)

3 (1) 1)’ g ()™
3pobuMo 3aMiHy 3MIHHUX f=su y 300pakeHH1 rama-¢yHkuii (6.1),

dt=uds }

TYT # — (IKCOBaHE YHCIIO, a § — 3MIHHA:
t=0; s=0; t=00; 5=00

3 ypaxyBaHHSM 3aMiHU 300paxkeHHs (6.1) HaOyBae BUTISAY:

F(z)zJ. (Su)x_1 e uds= I s luZe™su ds. (6.9)
0 0
AGo B iHIIN hopmi:
r o0
(Zz)z_[ s¥ e ds. (6.10)
0
VY Bupasi (6.10) noknagemo z=x+y, u=l+t:
F(x—l;er): s (49 gg (6.11)
(+e)™ 0
JloMHOXHMMO o0umBi uactuhu (6.11) Ha MHOXHMK T Ta

MPOIHTErPYEMO Ha IPOMIKKY re(O;oo):
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F(x+y)_[(l+r)_x_y rx_ldrzj. A I s e M geqr (6.12)
0 0 0
Sk Gaummo, iHTErpas y JiBii yacTuHi piBHOCTI (6.12) 3a hopmyIoro
(6.8) € Oera-¢pynkuiero Eilinepa. Ilimpaxyemo iHTerpain, o CTOITh Yy
npaBiil YaCTUHI:

© © ® < I=sT
I sy _lds_[ ey t:J sy _le_sds.[ T le™Tdr =
5 5 5 0 dt=sdt

:TSX+y—1e—5dSTtx—1 Si e! c.ls‘t O'fsyl SdSJl‘xl tdt_r(x) ( )

3 piBHOCTI (6.12) OCTaTOYHO BUILIUBAE:
[ (xty)B(x,y)=T ()T (y) (6.13)
Ta
I'(x)I'(y
B(x, y):lg (36+)(;) ) :
Ax  OGaummo, Oerta-QyHKIISS € CHUMETPUYHOIO  (DYHKIIIEO —
B(x,y)=B(y,x).

Posrnsinemo okpemMi BUTIAAKH 11 3HAYEHB:

. t—l—s 1/2
xx j[z —t dt I[I/Z—s 1/2+S:| ds=

dt=ds | -1/2

1
Sfpeay {]
0

s1/2—1=l;

1 - b x—1 1 3
'0[ ( 2;_)2 22x—2 _([ (1 T )x d
OcTaToyHO OTPUMAHO:

1
B(xx)=22 [ (1) d. (6.14)
0
Hexaitx=1/2.
Tomi:

109



1 t=sin t;1=0;¢=0; n/2
B(1/2.1/2)=2[ dr = [ COSUE_p 52— (6.15)
o N -1 | dt=costdt;r=l;t=n/2 cost
3 i"moro 00Ky, BiIMOBIAHO 10 ¢opmymu (6.13):
[r/2)] _ .
W—n, ne T'(1)=l, ToGTo maemo:
r(1/2=/n. (6.16)

Axkmo 'y  dopmyni  (6.14) 3pobutm  3amiHy  3MIHHHX

_1
=t 1=Jt,d ’E=;l‘ A , TO MAaTHMEMO:

1 1
B (x,x)=22 2 [ (1) ét_%dtzzz‘z"_[(l—t)x_1 ;t_%_%Jr%dt:

0 0

1
12 1 Vo 1
=22 (1) 2= “B(x, ). (6.17)
0
Buxopucraemo ¢opmyny (6.13) 3 ypaxyBaHHSM OTPUMAHOTO

C Berdr ]
e r()r(})

o
r(zx>‘ ()(c+ /)) @19

3 popmynu (6.18) BurmBae, mo I ( / ):\/E :

iy PO 1a) oo )

[? E;Cx - 2xB<

= = . 6.19
21 2 n N (6.19)

BaxxnuBoro 171 MpakTUKU € HACTyIHA (hopMmyia:
T(x) (1 )=l (6.20)

Sin T
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6.2. I'imepreomerpnuna ¢pynkuis I'ayca
3a O3HaYeHHAM TinepreoMeTrpuyHa (QYHKIIS 300paxyeTbcs 3a
dbopmyoro:

= (a),(b)
F(ab,c;z)=) 21 z", (6.21)
( ) g (c)nn!
Tyt (a)n,(b)n,(c)n — cumBoyin [loxrammepa. Ilocriiivi a,b,c Ta

3MIHHA Zz, B3araji Kaxy4dd, MOXYTb OyTH KoMIuleKCHO3HauHuMu. I]o
rinepreoMeTpuyHa (yHKI[isl 33JOBOJIbHSE PIBHAHHS:

z(lz)u "(z)+(c—(a+b+1) Z) u'(z)-abu(z)=0 (6.22)
@),
(¢), 0!

3’scyeM0 yMOBH, 3a AkuMH psg (6.21) 30iraerbes. s 1boro
BUKOpHUCTaeMo npuHuun lanamoOepa:

YactkoBe 3HaueHHs ¢yHkmii npu z=0 F (a,b,c;O)

lim Upi —lim (a)n+1 (b)n+1 n+1 (C)n n! ‘
M A0 (), ), 2
:lim‘a (a+1). a+n—1 )(a+n)b(bH)...(b+n-1)(b+n) 2" c(c+1)...(c+n—1)n!‘:
n—>00‘ c+1 n-1)(c+n)(n+)la(a+l)...(a+n-1)b(b+)...(b+n-1)"
lim (a+n)(b+n)
_i—m (c+n)(n+l) % : (6.23)

Sk Gauumo, npu ‘Z‘<1 psin (6.21) 36iraeTbes, mpu \z\>1 po30iraerncsl.
ko ‘Z‘:l, MOTPiIOHO TIPOBECTH JOJATKOBI JOCIIKEHHS, 1100 3’sICyBaTH

301KHICTh IILOTO PSIY.
BiamiTuMo meBHI OKpeMi BHUMNAAKW TINEPreoOMETPUYHOI (QyHKIIII.

Hanpuknan, f (x):(l—x)_a. JIns LbOro INOKaKeMOo, IO L (PYHKIA €

OKpEeMHUM BHUMAJKOM TimepreoMeTpuuHoi ¢yHkmii. Po3BuHeMo 110
¢dyHkuio y paa Maxiopena. Biamrykaemo 11 moxizHi:

Feali= ™ (st e (7
" (xHa)y (l—x) S (), (1)
7 (0Ha),,
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Po3Bunenns y psaa Makiopena HaOy/ie BUTIISAY:

“a 0 f(m) 0 m 0 a mxm
(1-x) :m% ’i!)x :mZ::‘)( )m! . (6.24)

Jlerko Oaumtu, mo BUpa3 y (6.24) € YACTKOBUM BHUMAJIKOM
rinepreoMeTpuyHoi (PyHKIIii:
—a
(I-x) "=F(a,b,b,x).
OtpumaeMo iHTerpainpHe 300pakeHHs ¢yHkuii ['ayca. Mae wmicue
HACTYIIHE CITiBBIIHOIICHHS:

r(c) (1)
F(a,b,c;z)=
A o)
Hesmacauit 1HTerpa (6.25) Oyne ICHYBaTH, SKIIO
Reb>0, Re(c-b)>0. Jlosenemo 300paxenHs (6.25). 3 wier0 MeToro

dt. (6.25)

poseuHeMo Bupas (1-z¢)  y pa:

& (a),(2)

1) =y
RIS

Ta MiJICTABIMO MOT0 Yy TIpaBy YacTHHY piBHOCTI (6.25):

1 ,p-1 c—b-1 0 1
7 (1~ ()
| ) di=y iz j P (1) die=

0 (1 —iz )a n=0

n ; (a ) I'(b+n)(c-b
_Z . z"B b+n c—b) ; i ( = (2+’£) ):
F c-b)(a ) L L(b+n)T(c C—b (a (b)n e
_Z ( e FEb)F)(c( ; T'(c) Z ), "
LOb) 4 ez, (6.26)

I'(e)

[1ig yac orpuMaHHs criBBiAHOIIEHHS (6.26) BUKOpUCTaHO TOH (hakT,

1o (lz+])1)=(b) [lincrapmsitoun Bupaz (6.26) y mpaBy YacTUHY

300pakeHHst (6.25), oTpuMaemMo TOTOXHICTb. OTXe, I1HTErpalibHEe
300paKeHHs T1epreoMeTpuYHOi (PYHKLIT JOBEAEHO.

Psn, mo croith y 300pakeHHI TimepreoMeTpuyHoi  (QyHKIII,
30iraeTbcsi  pIBHOMIPHO 32  YMOBH ‘Z‘<I, OT)K€, MOXHa HOTro
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TUQEpeHIiIoBaTH CKUTBKA 3aBrOAHO pa3iB. 3HaieMO Nepury IMOXiTHY
rinepreoMeTpuyHoL q)yHKui'l'

dFabcz mzn—l_w%m_i_ n_
T e e

(a) . =a(a+l)..(a+m-1)(atm)=

_ 2 (aim < a(atl) b(b+)
| :( )m( ) ( ) }Z‘O c(c+1)mm!
(a+1), (@) (@42)...(am+i-1) 2= “anm_
:(acb)_l F (a+;b+lc+; 7). (6.27)

3HaiileM0 32 aHAJNOTIYHOK  CXEMOI  JIpYyry  MOXiJAHY
rinepreoMeTpuyHoi PyHKIii:
d*F(ab;c;z) d|( ¢\
2= =) F(atlb+letlz) |
it d (ab) (a brest:z)

c(c+) !
:( j F(a+2,b+2;¢42;2).

a(a+1)b(b+)
kim0 y3aradpbHUTH IIi pe3yJbTaTH, TO MOXHa 3amucaTd (HopMyIry
JUISL BIAUTYKYBaHHSI TIOX1THOT 71 -TO TIOPSIAKY:

d"F(a,byc;z) [ (), ! o

6.3. ®ynkuis Jlexanapa

Oynkuii Jiexxanapa € po3B’s3kaMu HACTYITHOTO TU(EPEHITIaTbHOTO
PIBHSHHSL:
(sin 0T'(6))'
sin® sin” 0
PiBusnns (6.29) € pisuanuam Jlesxcanopa.
[IpoBenemMo OubIn AeTanbHE AOCHIPKEHHS LHUX BaXKIWUBHUX IS
NPAaKTUYHHUX 3aCTOCYBaHb (DYHKIIIH.

{v(m)%}ue):o, 0c(0m).  (6.29)
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2 2 2
Posrnsinemo piBHsiHHS Jlammaca 0 th + 0 th + 0 th:

ox~ oy° oz
riepexi hi (¢ chepuuHoi CHCTEMH KOOpIUHAT
x=rsin@cos @, y=rsinOsin, z=rcos®. VY HOBUX 3MIHHHX BHXIiJIHA

0, ne 3pobumo

dynxuis npuiive Burumsn u(x, ,z)=u(rsinOcos e,
7sin Osin @, 7 cos 9):14 (r, 0, (p) . Omxe, 3anuiieMo piBHsHHs Jlamiaca

y c(epUUHHUX KOOPJIMHATAX, BPaXOBYIOUH (HOPMYITY CKJIAIHOI MMOX1IHOT Ta
3B 30K MIX JIEKapTOBOIO Ta C(HEPUUHOIO CUCTEMAMMU:
Ou_0Oii or +8L7 89+8ﬁ5£

Oox OxOx 000x O¢ox’

r= x>y 422,

_ Y oo z Or_ X _rsinBcose_ .
p=arctg -, B=arccos W ax éx2+y2+zz p =sin B cos .

BipmykaBumm apyri moxigHl 3a aHAJIOTIYHOKO CXEMOI0, HAIPHUKIHLI
oTpuMaeMo piBHsAHHSA Jlamnaca y cepruuHUX KOOpAMHATAX:

.o\
B 1/ 9, sin 0" .
Au(r,e,(p)zrz(rzu )+(r2 sin9> +r2:§n2920' (6.30)

TyT mwTpux no3Hayae MoOXizHy 3a 3MIHHOIO o sa 3MIHHOIO 0, a
— 32 3MIHHOIO (.

(1312

Po3B’skemo piBHsiHHS (6.30) METOIOM BiJOKpEeMIICHHS 3MIHHUX, IS
40ro 300pa3uMo IIyKaHy (QYHKIII0O HACTYITHUM YHHOM:

i(r,0,0)=R(r)Y (6,0). (6.31)
[TincraBumo 300paxkenns (6.31) no piBHsHHA (6.30):
(Sin eY[);R Y"R
sin© sin2@
[Toxinmmo oOMIBI YaCTUHU PIBHOCTI HA BUpa3 RY :
0
(rzR ')' (sin GYF) Y
+— + =0.
R sin@Y sin2 )4
Sk BUIUIMBAE 3 METOAY BIJOKPEMIIEHHS 3MIHHHMX, PO3B’SDKEMO J1Ba
T epeHIaIbHUX PIBHAHHS:

Y(r2R ')'+ 0. (6.32)

(6.33)
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(rzR ) AR,
(sinoy) . (6.34)

Sn0 Tsinle

Jnist BigmrykaHHs QyHKIii R(r) oTpuMaHo piBHsAHHS Eiinepa:
(PR)=0R

Cucrema (6.33) MicTUTh OJHE 3BMYaliHE AU(PEPEHIIATbHE PIBHAHHS
Ta PIBHSIHHS y YaCTKOBUX TOXIJTHUX, SIKE TAKOXX PO3B’SHKEMO METOJIOM

BiJIOKPEMJICHHS 3MIHHUX. 3 I[i€f0 METOI0 300pa3uMo (yHKIio Y (6, (p) y
BUTJISIL:
Y (6,9)=T(0)® (o). (6.35)

3o00paxenHs (6.35) y cBO 4epry miJICTaBUMO JI0 IPYTrOro PiBHSHHS
cucremu (6.34):

0
(sin 0T [) T(6)D"
[Tominumo o6uaBI wactuHu piBHOCTI (6.35) Ha Bupas TO:
0
(Sil’l GTE) D"

SnOT +sin2 GCI):}M (6.37)
Bynemo Bumararu, mo0:
(o)
=c,. (6.38)
®o)
Toni 3 piBHOCTI (6.37) BUIUIUBAE:
(in0T)' e, g (6.39)

sinOT Sil’lz 3]
[TomHoxxumo  piBHicTh (6.39) ©Ha T, 3 4dYOro oOTpUMaAEMO
nudepeHIiaTbHe PIBHSAHHS IJIs BIAMIYKaHHS QYHKITIT T(G) :
. 0\U
(sm 0T ) Cy
Tsin0O sinZ 0

—%=0. (6.40)

3adikcyemo crati ¢, Ta A: cy=p?, A=v(l+v).
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Jlexxannp posrasaas Bunagok p=0. PiBHsHHIO (6.29) 3a10BOJBHSAIOTH
P*(cos0)

O (cos0)

(ix iHOM1 HA3UBAIOTh NpucOHani hynxyii Jlescanopa I-eo ma Il-2o pooy ).
Po3rnsiHeMO BIaCTUBOCTI MEPINOi 3 HUX.

181 pyHkuii — chpepuuni pynkuii [-ro Ta II-ro poxy T(G)z{

[Ipuennana ¢yskuis I-ro pogy B (cos@) MOke OyTu 300paxeHa
yepe3 rinepreoMeTpuyuny QyHKIIIO:

pn/2
P*(cosO) 1 (1+cose) F(—v,v+1;1—u;l_cgse

I (1-p)\1-cos0©
1 o\ - o 29)
r(I_M)(cz‘gz) F( Vv, v+; 1 sin (6.41)

Bnesunmocs, mo ¢ynkmis P! (cosO) TICHO  3a/I0BOJIBHSIE

piBHsHHA Jlexxanapa. 3 11€l0 METO 3pOOMMO 3aMiHy 3MIHHUX COSO=x,
micis sikoi piBHsAHHS JIexxanapa (6.40) mpuiiMe anreOpaiuHuii BUTIIS;

T(6)=T (arccos x)=u(x), B=arccos x, sin 0=/1-x2,
6= dv; B [1-?=[1-cos? 6=sin 6

[1—x2 a0
3 ypaxyBaHHSM BHUILEHABEACHUX (POPMYIT MAEMO:
dT_ouOx_ = (x) 1-x?
dO oOx 0o '

[TincraBumMo 3HAYEHHS MOXITHOI IO MEPIIOTO I0JaHKa PIBHSAHHS
(6.40):

| dsin@T'(0) | d(u'(x)(1=*))

sin® d0 B N dx
(—@ )=d ()~ . (6.42)

dx
VY orpumanomy Bupasi (6.42) npoBeaemMo IU(EPEHIIIOBAHHS Ta
MiJICTABUMO OTpUMaHe 3HA4YCHHS y piBHAHHSA (6.40):

(l—x)zu"(x)—2xu'(x)+{v(1+v)—:;}u(x)20. (6.43)

[Ipuennana ¢ynkiis Jlexxanapa nepuoro poay € po3B’si3KOM IIbOTO
PIBHSIHHSL:

X
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1 (1x |2 x>
u — 1A - 1y
P*(x) F(l—u)(l—x) F[ v, vH; Iu; 5 | (6.44)

Komn  p=0, PVO (x):PV (x) — € @yukyia Jlexcanopa, sxa
BUPAXKAETHCA YEPE3 TIepreoMeTpuyuHy QyHKIIIIO:

2
P,(x)}=F (—v, v 1; l_zxj, a60

P,(cosO)=F (—v, v+ 1;sin? g) (6.45)

Sk Gauumo, ¢yskiis Jlexanapa 1-ro pony € peryisipHOIO B OKOJI
HyJs. SIKIIO BBaXKaTH V=L — IIJ€ YUCJIO, TO P Yy TiNepreoMeTpUYHIM
¢byHKIIT 001pBETHCS 1 OTPUMAEMO MHO20UIeH Jledcanopa:

& (=m), (v4) (1-%)”
P,(x)= 1 1 . (6.46)
P IR

Jpyruii po3B’s30k piBHsSHHS Jlexxauapa, cihepuuna gyuxyia opyeoeo
pooy:

r (L) T (—p)

O (cosB) tgh gF (—V, v+ ut;sin? 6)—#

2T (l4+v—)
+5F (1) cospberg! gF (—v, v+ 1-;sin? 6). (6.47)

Ha Bigminy Big ¢ynkunii Jlexannpa 1-ro poxy, dyskuis Q) (COS 9) y

HYJI1 € HeperyJisipHa (60 ctg0 y HyJi IpsIMye€ 10 HECKIHUEHHOCTH).

6.4. Bupo:keHa rinepreoMeTpu4Ha QpyHKIList

Bupomxkena rinepreomerpudyHa (QyHKIIS 300paKyeThCsl Yy BHTIISAII
psna:

& (a), 2"

O(a;c;z)= . 6.48
(a:6:2) % (c),n! (6-48)
Bupomkena rinepreomerpudHa (yHKIIS 3aJ0BOJIbHSIE HACTYIIHE

nudepeHIianbae PiBHIHHS:
zu"(x ) e—z)u'(z Hau(z)=0. (6.49)
BcranoBumo obnacte  30DKHOCTI  psimy  (6.48). s 1mporo
pO3IJIIHEMO TakWi BHMAJOK rinepreomeTpuyHoi @yHkmii [ayca —
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['e} b n
F (a,b,C'Z)zz(a)”()”(Z) . Pag y mpaBiii yacTuHi € 301KHUM MpHU

‘b)) ~ (c)nn! b
z y . (b)
()<1 abo \sz\. 3HaiigemMo Mexy lim —-:
b b—0 b

ams n-1
b (1+b)...(1+ b ):1

n

. (b . b(bH)...(b+n-1) .
hm( )”:hm ( ) ( ):hm
nosw b nsw b" 1—>0
3 OTpPMMAaHOTO BUIUIMBAE, IO 3HAYCHHS MEXI TiepreOMeTPUYHOI
GyHKLIT JOPIBHIOE:

: . .E_OO (a)n n .
il_)lgF(a,b,c, )—g(c)nn!z =CD(a,c,z).

301KHICTh TinepreoMeTpuyHoi (QyHKIi BUMaraTUME YMOBU ‘Z‘<‘b

9
ajle TpH TpsAMYyBaHHI b 10 HECKIHYEHHOCTI 3/100yJemMo, M0 001acTh
30DKHOCTI BHUPOKEHOT (DYHKITIT ‘Z‘<OO, TOOTO pPsA € BCIOAM 30DKHHIA.
OT1xe, BUpOKEeHa (DYHKIIIS € 11010,

Po3risHeMO 4aCTKOBUH BUMAA0K, KOJIU a=C:

0

D (a;a; z):z EANES

n!
n=0
Otpumaemo IHTErpaibHe 300pakeHHs BUPOJKEHOT
rinepreoMeTpuyHoOi QyHKIIII:
RN (3 N RPNV
CD(CI,C,Z)—I_,(C_a)l_‘@.(';t (1—t) e“'dt. (650)

Jlns 301KHOCTI IIBOTO HEBJIACHOTO I1HTErpajia HeoOXiJHO, MoO0u
BUKOHYBanucs yMmMoBU Rea>0,c—a>0 (mepma ymMoBa 3abesneuye
peryJIApHICTh Y HYJI, a Ipyra — Yy OJAUHUIIL).

HeBaXko MOMITHTH, IO SKOU MHOXKHHUK e OyB OM BiICYyTHiH mix

iHTerpanom, To popmyia (6.50) Bu3Hauana 6 Geta-QyHKIIiO:
1

B(x, y):J.z"C_1 (1) 7 dt, x=a, y=c-a. (6.51)
0
Po3BuHEMO MHOXHHMK € y psn Makropena, skuil € piBHOMIpHO
301KHUM, Ta MMPOBEJIEMO NOUYJICHHE IHTETPYBAHHS:

1 0 n o p 1 ,

J=[ e (1) Z(IZ)'dtzzz'jt“‘l (1) "dr=

. Sont T Snly
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[e 0] 1 0
n = —a—1 n
:}%i!-([t‘”” 1(1_t)c ¢ dt:;fq!B(cHn,c—a). (6.52)

Bukopucraemo 300paxenHs Oeta-pyHkuii depe3 rama-QyHKIIiO
["ayca (6.13):

2" T'(a+n)T (c—a)
J= Z Flem) (6.53)

n

Bpaxyemo temep, mo (a) = @) (c) = () Ta chopMyeMO

CHMBOIJI HoxraMMepa nin 3HAKOM CyMH y BUpa3 (6.53):

e Zn' C) I'(c-a)T(a) F(a)l“(c—a)i(a) 2" _

I'(c) T(c) “c), n!
= A D(a0z). (6.54)

Takum 4YuHOM, HOBEAEHO (GOPMYJIY IHTErPajJbHOrO 300pa’keHHS
BUPOHKEHOI MepreoMeTpuYHO1 (PyHKIII].

Jnst toro, mo6 3anucatu GopMmyidy AUPEPEHIIIOBaHHS BUPOKEHOT
rinepreoMeTpudHoi (PyHKIIi1, BAKOPUCTAEMO BXKE OBEACHY (HOPMYITY
nudepeHitoBaHHs Trinepreomerpuunoi Gpynkuii ['ayca:

de(a’b’ C;Z):(a)m (b)m T
m
dz (C)m
Toni nnst BUpoIKEeHOT (QYHKIIIT MaeMO:
d"®(a; c;z)_(a)
&

(a+m,b+m; c+m; z).

" O (a+m;c+m;z). (6.55)

m

6.5. Hunainapudni QpyHKuii
Muninapuuyna ¢yHkuis nepmoro poxy (i1 Ha3UBaKOTh QyHKyicio
Bbecens) 300paxyeTbcsi 3a JIOIOMOIOK BHPOJDKEHOI TiNEpPreoMeTpHUYHOL
byHKITT:
x\" e™ 1
J, (x):(z) F(v+1)q)(v+2’2v+1 2zx) (6.56)

HumiaapuyHUM QYHKIISM 33J0BOJIBHAIOTH PIBHSIHHS:
X [xu ‘(x)] '—(\/2—x2 ) u (x)=0
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Hns 3’sicyBaHHa BiacTHBOCTI (¢yHKHiI becenst Bukopucraemo
olepKaHl paHime (GopmMyau Uil  BUPOJKEHOI TiNEPreoMeTpUyYHOT
¢bynkmii. 3okpema, (opMyny iHTErpadbHOTO 300pakeHHs (6.49), ne
HOKJIAZIEMO:

N S Div.c—a=v+ L ad=v_L cga=v_L
a—v+2,0—2v+1,2—21x,c a—v+2,a 1=v e I=v 5
OTtpumaHo Bupa3s:
(2v+) | 22 o
@ (v+/2,2v4, 2ix):2(v) [ (1) ar. - (6.57)
2 (v+/2)9

CnpoctumMo iHTerpan y mpasidl yacTuHi piBHOCTI (6.57), 3poOuBLIN
3aMiHy 3MIHHHX ?=1/2—1, dt=dT:

1
Z v-1 v-1 2ix{ L ¢ 2 v-1 )
J'= (1 —1’) ? (1 +’C) ‘e (2 )dz‘:e’x (1 —rz) 2 e =
1 2 1 4
2 2
1

1
2 vl
=™ I (1—172) 2 cos2xtdt—1i
1 1

2 2
1

1

(i—rz) Esin2xrd1¢ =

2 v-1
:2eixj(i—rz) ? cos 2xtd. (6.58)
0
[Tig gyac orpumanus popmymnu (6.58) Bukopucrano ¢popmyny Eitnepa
e 2= c0s2xT—isin2XT Ta Te, WO {HTerpai Bix HemapHoi (YHKUI y
CUMETPUYHUX MeXax JopiBHIOE HyeBi. llle pa3 3po6uMo 3amiHy 3MIHHUX

_ I
2t=s, dﬂ:—zds.

1
' 1 _ 2 A% —E ix 1 _l
J *:2e’xJA(ljj CoS sxédszzfv_l j(l—sz)v 2 cos xsds (6.59)
0 0
ChnpocTuMO  BUIUIAJ TEpPLIOr0 MHOXHUKa Yy Bupasi (6.57),

2a-1
BpPaXOBYIOYH, 1110 F(2a) :2\/E F(a)l“(aJré). 3 1ILOTO BUILJIMBAE:
2v
T (2v-+ =2 (v+1/2)T (v+1). (6.60)

Jn

[TinctaBumo cmiBBigHOMIEHHS (6.60), (6.58) y piBHICTb (6.57):
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26 T'(vH)
Jr T(v+l/2

Octarouno otpumaemo st GpyHkiii becens:

1
D (v+1/2;2v+; 2ix )= )J.(l sz)v_l/zcosxsds (6.61)

v 1 1
J, (x):()zc) 21I(1—S2)V 2 cos xsds, (6.62)
Jar (v+2) g
ne I 30DKHOCTI 1HTerpajia MoTpiOHO, 1100 BHKOHYBajach yMOBa
1
0<v<2.
PosristneMo BUNIa10K, KOJIU v:é:

I
J, (x ( ) fjcosxsds J?)lcsmxso J/%sinx. (6.63)

0
306pa)I(CHH$I (6.62) HE Ma€ MOXKIIMBOCTI IMiIpaXyBaTH BHUITAJIOK, KOJIU

v:—; (00 inTerpan € po36ikHuM). ToMy OTpUMaeMo iHIIE 300paKeHHS

¢byukuii becens y Burnsai psgy. s 1bOro CKOpHCTaeEMOCS BIJOMHM
PO3BUHEHHSIM y p;m (byHKui'l' COSZ:
) 2n (_1)” \/E B

COSzZ= = =
Z Z 2”“ §2Z"F(n+é)r(n+l)

i 22"(—1)n\/E
n:022nr(n+é)n!

(6.64)

[TincraBumo posBuHeHHs (6.64) no 3o0paxeHHs (6.59). Psag
Makiopena (6.64) € piBHOMIpHO 301KHHUM, TOOTO MOKEMO TMPOBECTH
MOYJICHHO IHTETPyBaHHS:

w . 2n no1 1
—1 _1
7=y V(1) [s2 (1) 2 ds. (6.65)

2n 1

n=02 n!F(n+2)o

[HTEerpan, mo BXOAWTH Yy CIIBBIAHOIIEHHS (6.65), 3BeaeMo 10 OeTa-
byHKITIT:

1
B (x,y)=[ £ (1) dt (Rex, y>0),
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1

JUTSL 9OTO 3POGHMO 3aMiHy 3MiHHEX $°=1,s=/1,ds :;t_%lt:

! vl 1 - 1
.Ofsz” (1-5?) 2ds:£ " ()2 51 dt—ijt 2(1— ) "2,
Sk Oaummo, mob6 mnepeltu 10 Oera- (1)yHKu11, noTpiOHO B3SITH

) R
X=5+ny=vts:

1 1
ISZ” (l—sz)v_i ds=é (n+ ; ,V+ é) (6.66)
0

3 iHImoro 60Ky, CKOPUCTABIIUCH 300paxeHHsAM OeTa-PyHKIIIi yepes
rama-QyHKIio — pyHkiiro (6.13), MoxeMo 3anucaTu:

1 1
B(n+1 V+1) F(n+2)l“(v+2).
2’ 2 [(n+v+1)

3B1JIKH BUILIMBAE, I1O:

n n 1
o X2 \/E(—l) Mr(v-i-z) |
J*:Z e
=0 22T (pe 2|0 (n+v+1) 2
' 2

OTpumaHe 3Ha4CHHS T1CTaBUMO 110 BUpa3zy (6.62):
v o xZ"ﬁ(—l)”r(wl)
X 2 2)_
MvEH 3 1Y = 2 2%ir N
F(v+2)ﬁn=0 n: (n+v+ )

(6.67)

VvV 2n n
X x*(-1)
=5 . 6.68
(2) ,§22”n!1“(n+v+1) (6.65)

®opmyna (6.68) € cTyneHEeBUM 300pa)XEHHSM LUJTIHIPUIHOL
¢byukuii. BoHa Hajgae MOXIMBICTH 3HAWTH 3HaueHHs (yHkuii becens

J, (x), xomm v=—§:

¥ —% © x2n(_1)” 2 0
J_l(x):(z) Z 1 Z ) 1
2 n=022nl’l!r(l’l—2+ ) xn:02 ”n'F(n+2)

”211

(6.69)
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\FF(Zn)

— Ta MIJACTaBUMO L€ BUpPaA3 A0
22n IF( )

Bpaxyemo, 1o F(n+ 2)

CHBBITHOIICHHS (6 69)'

” 2n22n lr
A/ Z == Z ,/ cosx. (6.70)
22”n'F 2n 2n X

3 OTPUMaHUX pe3ynbTatiB (6.62) Ta (6.70) MOKHA MMO0A4YUTH, 10

byHKuii J+1 (x) € 1HBApIaHTHUMU 10 MOPsAKY. MoOKHA MOKa3aTH, 1O 1
2

J 1 ién(x), neN Tako) BUpPaXXaeTbCs Yepe3 TPUTOHOMETPHUUHI (PYHKIII].
w2
Tenep orpumaemo nudepeHIliaNbHe PIBHIHHS JUISl IWTHIPUYIHOI
dynkuii Becens. Moro icHyBanus BUILIMBaE 3 TOro, MmO (QyHKIisA Becens e
YAaCTKOBUM BHUIIQJIKOM BHUPOJDKEHO1 TimepreoMeTpudHoi ¢yHkiii. s
BUBEJICHHS PIBHSHHS MOHA 3aCTOCYBAaTH JIBa MiAXija.
[Tepmmii 6a3yeThest Ha OTpUMaHHI PopMyIT AUPEPEHITIFOBAHHS:

L1 D |1 2w C)
) 2V S22l (nav+l) | 2Y S22 0T (ntv+l)
_L 0 2nx2n—1 (—l)n
2V 22T (v
Bigmitamo, 1m0 omnepariisi nudepeHIiiroBaHHS € 3aKOHHO0, 00 psif €

PIBHOMIPHO 301KHHM BCIOJIH.
BBenemo HOBMII 1HIEKC MiICYMOBYBAaHHS m=n—I:

1 0 (_1)m+1 2( +1) 2m+l Z m y2m
2¥ & (mH) 122 2T (vim2) 2V+1 mvzzmr (2+v+m)’
Tyt HOTp16Ho BpaxyBaTH HACTYITHE CITIBBITHOIICHHS:

IR S .
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Lle nae pesynbrar 1ist tudepeHITiFOBaHHS:

(‘]v (X)]':_le (x) 6.71)

xV xV

PiBHicTb (6.71) MOXHa nepenucaT y 1HIIOMY BUTJISAIL

J'(¥) W (x)_ Jun(®) 6.72)
xv xv+1 XV
3 IbOr'0 BUILIABAC:
vJ
J, '(x): \;C(X) ~Jyu (x) (6.73)

3a aHAJIOTIYHOIO CXEMOIO TIpaxyeMo TOX1IHY JOOYTKY (xVJV (x)) :

(xVJ y (x))‘:xVJV_1 (x). (6.74)
A00 3 1HIIOTO OOKY:

vx U (v ()T (%),

I, (x)=1, (%) —%JV (x).

(6.75)

[Tounenno BimHiMeMo Bing piBHOCTI (6.73) piBHICTH (6.75) Ta
OTPUMAEMO PEKYPEHTHE CITIBBIJHOILIEHHS:

2V, ()= (1) 4y (2). (6.76)

Skmo gonatu criBBigHOIIEHHS (6.73) Ta (6.75), TO 3anuUIemMo:

2J,'(x)=Jy 1 (x)=Jy 4 (%) (6.77)
BBGI[CMO y O3S nudepeHITiaTbHII omnepaTrop
DJ [)a] )]' Ta MEPETBOPUMO HOTO. 3 IIEI0 METOIO JIOMHOKHUMO

criBBiHOMICHHS (6.73) Ha _

xJ,"(x)=vJ, (x)=xJ,, (x). (6.78)

Hpozu/l(bepeHuifoeMo O6I/I,[[Bi YaCTHHU piBHOCTi (6.78):

[0, (30) | VY, () (1)) =0T, () ()Y ()

hx )—va( o (9 ().
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[TincTaBuMO 3HAYCHHS MOXiAHOI 13 300pakeHHst (6.75):
Co, VAL (x +1
[ )] =2y ) (w00

v, (x
:)Vc() —xJ, (x).
OTxe, MOKa3aHo, 10:

DI, (=257, (1), (x):(:};—lij (). ©9)

T0OTO OTpUMaHo audepeHiiianbae piBHAHHA becens:

—[xu ]—(—1] (x)=0. (6.80)

3BiIKM BUHUKIIA Ha3Ba QyHKIN becens sk mumHAPpUIHUX QYHKIIIH?
BianoBicTu Ha 11€ 3amMTaHHS MOXJIMBO, SKIIO BUBECTH Au(epeHIliaibHe
piBHsSHHSA becens inmmM nuisxom. ITpopodumo me.

Hexait maemo piBHsHHS Jlammaca Au (x, y,z):O, Jie 3poOKMMO 3aMiHY
3MIHHHX Ha [WJIIHIPHYHI KOOPAUHATH X=FCOS P, y=FSin @, z=z,
u(x,y,z)=u(rcos@,rsing,z)=i(r,¢,z). 3HaiiaeMo MOXifHi, WO BXOIATH

a0 plBHHHHH y HOBIH CHCTEMI KOOpAWHAT:

ou _dii or 00 00 00 &z

ox Orox 0@ Ox 0z ox’

2. .2
@:6 x4yt x —coso,
ox  Ox \/x2+y2

Or O\ X +y y )
Ile =sin @,
8y 8y /x2+y2 ¢

or
0z

=0.

Sxuio mpoBecTu mepexia 10 MWIHAPUYHUX KOOPAMHAT Yy PIBHSHHI
Jlammaca, To oTpuMaeMo Moro 306pa>1<eHH51 y HACTyITHOMY BUTJISIJII:

i (r, 0.2 z)

Byznemo mrykatu Horo po3B’s30K METOJOM BiIOKPEMJICHHS 3MIHHUX,
KU BUMarae 300pa3uT HEBIJIOMY (QYHKITIFO y BUTIISIL:

Aii(r,¢,2)= [m (r, 0,2 ]+ +i~ (r,0,2)=0.  (6.81)
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ﬁ(r,(p,z):R (r)q)((p)Z(z).
[IpopobuBIIK BCIO MpoLEaypy pPO3B’S3aHHS BIAMOBIAHO /0 CXEMHU
METOJy, OTPUMAEMO TpH 3BHYAWHUX AudepeHIianbHuxX piBHAHHA. Hac
3aIliKaBJIFOE PIBHSAHHSA BITHOCHO (PYHKITIT R(r) — me 1 Oyne piBHSHHS

r(rR '(r)) '+(I”2—V2)R (r):O,

200, SKIIO PO3KPUTH TMOXIi/IHI, TO 3400yI€MO 3araJbHUN BUTJIIS PiBHSIHHS
becens:

becens:

22u'(Z)+Zu'(z)+(22—v2)u(z)20. (6.82)

JlpyruM JIiHIHHO-HE3aJIG)KHUM PO3B’SI3KOM piBHSAHHSA (6.82) Oyne
dbyukiis Helimana (abo mutiapuana GyHKIIisE Ipyroro poay):

cosvrJ (z)-J_,(z
J,(2)=N,(z)= Svifw)n it ). (6.83)
Axmo 3MmiHHA z — AilicHa, TOOTO Zz=Xx, TO YacTO PO3MBIAYIOTh
KOMOIHAIII0 MMWHHAPUYHUX (PYHKIIA MEepmioro Ta JAPYroro poay —
¢byukiii Xankena [-ro Ta II-ro pony:

HY (x)=J, (x)+N, (x), H? (x)=J, (x)=iN, (x). (6.84)

6.6. ACMMNITOTHKA NWIIHAPUYHUX QPYyHKIIH

BcranoBuMoO TOBENIHKY IMIIHAPUYHUX QYHKIOIH y HyJIl Ta Ha
HeckinueHHocTi. [lonmepennbo BBememo cumBoin Jlanmay, sikuii Oynemo

B)KMBAaTH HACTYIIHUM YMHOM. K110 ‘ f (x)‘ﬁccp(x), (p(x)>0, c=const npu
x—0, To Oymemo mucatud f (x)zo((p(x)). SIKIo 1 OIiHKa Mae€ MiClie
Opyd X—0, To OyaeMo 3amucyBaTH [ (x)ZO((p(x)). (MaeTbcs Ha yBasi,

o GyHKIst f (x) MOBOJIUTH ceOe Tak, K QYHKITis (p(x) ).
PosrisiHemo 300paxkenss ¢yHkiii becens 3a nonomororo psiay (6.68)
Ta PO3MUIIEMO PsII, IO BXOIUTH JI0 CIIBBIAHOIICHHS:

Jv(x)=()2€)v i,i._rl) ()26) =

pr (nt+v+1) B

(x)v r(1 - (;)Z

2 v+l) T'(v+2)
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A%
Ak Gaunmo, B oKomi Hyas— J, (x)s(x) F(l SIkmo BBeCTH

2 v+1)
TI03HAYEHHS c:¥, ¢(x)=x[", To 32 nonomoroto cumeoiy Jlannay
2T (v+1)
3HAUJIEMO:
J, (x)=0(x"), x0. (6.85)

MoskHa mokaszatd, MO0 MpH OyIb-IKOMY 3HA4YCHHI MOPSIKY V
¢ynkuii Hefimana ta XaHkens MaloTh IOBEIHKY:
H (x) = oo, H (x) — o0, N, (x) — .
x—0 x—0 x—0
BcranoBHMO iX OBENIHKY, KOJIH _ MPSAMYE 0 HECKIHYEHHOCTI.
3 I€I0 METOI0 CKOPUCTAEMOCS] BCTAHOBJIIEHUMHU paHilie (pakTaMu:

[2 . 2
Ji(x)=/]—smx,J ;(x)=]—cosx.
é( ) gt —é( ) \| 7ox
/2

3 1bOTO BUILJIUBAE, 110 MPU X—>0  J. Sf \/» Ta
_ 2 1
Sxuo B3SITH = ( ) N (sxmo x>0, TO MOIyNlb MOXHa

1 1
c , To Matumemo: J,(x)=0|—|,J ;(x)=0] —=|. Moxna
YCYHYTH), TO MaTHMEM é( ) (\/;j _l( ) (ﬁ) KH

2
CTBEp/UKYBaTH, IO I OYyIb-SIKOTO TOPSAKY V TIOBEIIHKA (QYHKIIIT
beceins npu x—0

J, (x):O(x_éj, X—> 0. (6.86)

Tak cama noBemiHKa Ha HECKIHYEHHOCTI Ma€ MICIlE I JOAATHIX x
) . 1 2
y iHmmxX GyHKIin — N, (x), Hs)(x), Hs )(x).

v
Posrnsinemo HaiOinpin  BaxumBl  Bumaaku ¢GyHkmii  becens y
rpadgigHoMy 300paxeHHi (puc. 25):

No(x)

Io(x)
Ii(x)

Puc. 25. I'padixu ¢pynkuiii becens
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6.7. InTerpajibHe nepeTBOpeHHs1 XaHKeJs

Hexaii x&(0;+00), ToAi MOXKeMO BBECTH IEPETBOPCHHSL:

fév):f xf (x)J, (o) dk. (6.87)
0

Otpumaemo popmyny obepHeHHs i TpaHchopmaHnTu (6.87) criepiry y
BUMAAKy v=l/2, kopuctyrouucsk popmynoro (6.63):

f(l) _[f( o) dx= \/7J.xf sin o \/7Ixf sin oxdyx.

f (X)

()"

BU3HAYaTU CUHYyC-TpaHchopmaHTy Dyp’e:

Skmo BBecTH HOBY (GyHKIiO g(X)=

TO oTpuMaHa gopmyia Oyjae

g;;:j g(x)sinaw.
0

s Hel panime orpuMano Gopmyry 00epHEHHS:

0

2
g(x)= - !sm axgido. (6.88)
Omxe, Ma€EMO CHIBBIHOIIICHHS:

1 1
a2 im [l o= 152, o),

K1 TIICTAaBUMO JI0 BUpa3zy (6.88):

OO 1
=215, )P A

? 1
x)=[ af (ax) fiz)da. (6.89)
2
Ile 1 € ¢popmyna obepHeHHS I TiepeTBOpeHHs (6.87) y BHMAAKYy,

a0o0:

KOJIN v=;. SIkmro v=—;,
BCTAHOBJIIOEMO, II10:
i sy
£ V=[x ()0 (o), f (x)=[ o], (ox) £y Yo
2 0

0

TO, TMPOPOOUBIIKM AHAJIOTIYHI MEPETBOPEHHSI,
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Ile Hagae MOXIUBICTH (IIe XO4 1 HE € CTPOTHM OOIPYHTYBaHHSIM
dakTy) cTBepaKyBaTH, 10 (GopMmysia OOEPHEHOTO MEPETBOPEHHS IS
nepeTBopeHHs (6.87) Mae BUTIIAL:

f(x) :T aJ, (ax) fVda, (6.90)
0

6.8. MoaudikoBani pynkuii becens

MomudikoBana ¢pynkuis becenst BBomuThes 3a hopmynoro:

1,(x)=¢ 2" 7, (ix). (6.91)
MonaudikoBani QpyHkIii becens 3a10BOIBHAIOTH PIBHAHHSIM:
xzﬁ"(x) + xii '(x) —(x2+v2)ﬁ(x):0. (6.92)

OtpumaeMo a1t HEl PO3BUHEHHS Y Psifl 32 JIOMOMOTOK0 BiAOBIIHO1
dbopmynu s 3BudaitHol Gyskii becens (6.68):

ey CD D5 ’ e (3 7
I,(x)=e 2 (2) 2 n!l“(nﬂz%)) :(2) Zn'l“((zn)Jrv—H)’ (6.93)

n=0 n=0
. n
TyT BpaxoBaHo, mo i"=(—1)".

[[To6 otpumatu BiAmoBiAHE JUdEpeHIiaibHE PIBHAHHA IS
MoauGikoBaHOT (GyHKIII, CKOPUCTAEMOCH IU(EpEHIIaTbHUM PIBHSIHHIM
i ¢yskuii becens (6.80), ne 3poObuMo BiAMOBIAHY 3aMiHy 3MIHHUX Z=iX:

u(z)=u(ix) ~(x),du(z)—du(ix)abf_ﬁ'(x) d*u_1d*i

=il

dz  dx dz i g2 2d?

3 11 BpaxyBaHHsSM piBHsHHA becenss HaOyBae  BUIIISAY:
N2 1y ,ﬁ‘(x) 2.2 2\l o\
(lx) l—zu (x)+1xf+(l xX—v )u(x)—O,

Omuu 3 po3B’s3kiB piBHAHHA (6.92) € MoaudikoBaHa (GyHKIIS
becens mepmoro poay, a iHIIMM po3B’A3KOM — (yHKLIsT MakaoHaibaa

K, (x):
{1, ()1 (5)

2sin v

K, (x)= (6.94)
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Bimmitumo, 1o moBeniHka MoaugikoBaHuUX — (PyHKIIH Tpu
OpsIMyBaHH1 _ JI0 HYJIA € HACTYITHOIO:

1, (x)}0(x*), x-50; 1, (x)=0 (j;j x>0

—X
K, (x)=0, x>0, K, (x)=0 (37), X—00,
X
ToOTo, Ha HECKIHYEHHOCTI
MoaudikoBana ¢pyHkuig becens nepiioro poxy
€ 3pocTaroya, Ha BIAMIHY Bia ¢yHKuii becens
JPyroro pojay, o € CHaaHoIo.
PosrisiHemo  rpadiuHe  300pakeHHs

Ky(x) OCHOBHUX Mojau(ikoBaHuX QyHKuii [ (x) Ta
» Ko(x) (puc. 26):

Puc. 26. Tpadixn HMomitumo, mo K (x)=0(Inx), xomu
MoaugikoBaHux GyHKIiA 0
Becenst X :

Io(x)

6.9. Illusixy y3arajbHeHHA cHelialbHUX (PYyHKIIN

Haiibinpmn 3aranpHOI0 13 BCIX PO3MISHYTUX (YHKUIA € (yHKIiA
l"ayca:

o0
a b Cl,b . .
F(a,b; c;z)zZ:()"("')z”:zF1 (TyT  HWKHIH  iHIEKC
n:O (C)n n - C) z

nonepeny OyKBU BU3HAYae, 10 JIBA CHMBOJIM CTOATh Y YUCIEHHUKY JIpo0i,
a 1HJIEKC micisi OyKBH — KUIBKICTb CHMBOJIIB Y 3HAMEHHHKY Jpo0i). 3a
IIUMH [T03HAYEHHSIMU BUPOKEeHa PyHKIIA Oy/ie MaTH BUTJISAA:

a;

O (ac;z)=F|dz |.
&
BusHnaueHHs y3araqbHEeHOI (PYHKITIT:

A,y © (a,) ...
122 P7Z ZZ( l)n
bubyby ) (),

L[e € IIcpuIc y3araJiIbHCHHA.

plq
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Jlpyre y3araJbHEHHS 3aKIIOYA€ThCS B 3POCTAHHI YMCIIAa 3MIHHUX.
Bumnanok ABOX 3MIHHMX Ha3UBA€ThCA (PYHKIIE€IO AMIens:

D(x, =)D Ay X"y

n=0 m=0

6.10. Ilpuxnaau 3axa4 MaTeMaTU4HOI QI3UKH, 0 NPUBOIAATH
10 BUKOPUCTAHHA CleliaJIbHUX (PYyHKIIN

®yukuii becens
Po3p’si3atm  3amady cTamioHapHOi TEIUIOMPOBIAHOCTI yCepeanHi
obmexenoro mwnHapy 0<r<a, 0<z<l, 0<e<2m, sk

u‘r:azo’ u‘z:():f(r’q))’ u‘z = (I” (P)

Po3e’a3anns 3a0aui
Po3mrykyeMo po3B’si30K TIOCTaBIICHOT 3aa4i y BUTJISAII

u(r,0,2)=V (r,9)Z(z).
[TimcTaBuMO 11€ 300pa’KeHHSI 10 PIBHAHHS:

O ou\ 1 06%u o*u
r@r( 6r)+ =0.

r? o0¢* oz°
Posznopinsroun 3MiHHI, 00MpaeMo 1St V(r (p) PIBHSIHHSL:
2
e TS
3 TPAHUYHOK YMOBOIO
V(r,0)=0.
Jnsa pysknii Z (Z) OTPUMAEMO PiBHSHHS:

Z"-\Z=0
Jamni 6yneMo BBaXkaTH, 110 Ma€ MICIe TTOJaHHS:

V(r.oFR(r)(¢)

1d|{_ dR
r dr( dr ){KTJ R0

@"+L> D=0,

3 IbOT'0 BUILINBAE:

Jie L — cTaJjla pO3MOIIJICHHS.
Jnst pyskit R(r) Maemo piBHAHHS becens:
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Ldf, cgj){l nsz

R(a)=0
Ta IPUPOTHOIO0 YMOBOIO OOMEXEHOCTI y HYJI
R(0)e,
3Bi/IKM BUILIMBAE R(r)zl,1 (ﬂr)
I'pannyHa yMoBa npu r=a nae:

1, (n)=0, ne p=J/Ar
(n) ,(7)

Hexait p; 7,15 ,...,ug,f) KOPHI IIbOTO PiBHSHHSL.

3 TPAHUYHOKO YMOBOIO

Takum uyMHOM, KpailioBa 3ajmayda Jjist V(r,(p) Ma€e BJACHI 3HAYCHHS

m

( ) 2 . . . . *ee
N ;| » KM BUIIOBIAIOTE BIIACHI byHKIIIi:

_ (n)
V=L, (M’er cosne

_ (1)) .
Vo=l — [sinne,

10 YTBOPIOKOTH JIBI OPTOTOHAIBHI CUCTEMHU (DYHKIIIT, AJIS SIKUX:

Tl =2 1 ()] e,
ol 51 ()] 7

- 2,n=0
" 1, n#0.

3aranbHUM po3B’A30K 3a7aul Ma€ BUTIIAL:

V(Pa ZZ[ n,m mn +Banmn( ’(P)]Zn,m(z)’

m=1n=0
ne Z,,,(z) poss’ssox pisusums Z'—AZ=0.

Hlykany ¢yHKIiT0 u(r,(p,z) MOJKHA 300pa3uTé y BUTISAL CyMHU
JBOX (yHKIIIH:
u(r,@,z)=u, (r,@,2 i, (r,¢,2),
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ne u(r,9,z),u,(r,,z) — rapmoHiuHi (YHKIII, MO 3a1OBONBHSIOTH
YyMOBaM:
w|,_ =0, w|_=f(r.9), w|_=0.
), =0, )| =0, w|_=F(r.p).

[Tokaxkemo, sk mnoOynyBatu (QyHKIIIO U (r,(p,z). Jlns mporo

BUNAJKY:

.
Zm,n (Z):S T(I_Z)

3a70BOJILHUMO KpaloBY yMOBY Iipu z=0:
0 B _ (n)l
D D[ Aun ot Bu o Jsh 2= (10,

m=1 n=0 il
shM sh Ml
a
B 1 2t a B
Foo= 0 [ [1(r0)7,,(r.0)rdrdg
Al 00

OTxe, HAITPUKIHIII 3aIMUIIIEMO PO3B’ 30K BUX1THOT 3371241 y BUTIISIL:

2 & (n),.) shpu (I-z)
_ . Wy shyy (I—z
U(r,o, z)—g mZ:; [An’m cosn+B, , sin n(p} I, ( 2 }T

shHm
a

ug’f)r A sh p%)z
a (n),. ’

+i i [Cn’m cosn@+D, , sin n(P} I,
sh %1

n=0 m=1
1e Ay By Cops Dy — Koehinientn poskmany dynkuii f(r,¢) Ta

F (r, (p) BUrisigy (¥).

133



Honinomu Jle:xkanapa
Po3p’s13aT 3ajauy 1po KOJIMBAHHS CTPYHU JOBXKHHOIWO [, sKa

3aKpiljieHa OJIHMM KIHIIEM Ha HEPYyXOMid omopi Ta MOXE BiJIBHO
o0epTaTuCs HABKOJIO TOYKHU OTIOPH:

20 [(p_2\0u | 2% 2 o
a Gx[(l x )&J_atz’ )

0
”‘xzozo’ u‘t:OZf(x)’ 571;

(® — KyTOBa IMBHUIKICTb.
PosmrykyBaTume po3B’sS30K y BUTIISII:
u(x,0)=T (¢) X (x)
BiamoBimHo 10 cXeMu METOly pO3IMOAUICHHS 3MIHHIX Ma€eMO:
d 2 2 !
a’T(t) X(x)

[To3Hauaroun OOWBI YACTHHM Ili€l PIBHOCTI 4epe3 —A, OJIECPKUMO
JIBa PIBHSHHS:

=)

T"(t)+a’AT(t) =0,
i[(12 —x)X'(x) [+ AX (x) =0
dx
BBaxaroun x =I[£&, nmepeTBOpUMO ApYyTe PIBHAHHSA O BUIJISAY:
i[(l—fz)d—X}rﬂX:O.
dé d&

Lle € piBHsHHS Jlexanapa.

[To cBoemy @i3UYyHOMY 3HA4YEHHIO 3CYyB CTPYHH u(x,t) TOBUHHHUNA
3aJuIIaTucs oOMexXeHUM B IpoMiKKY [0,/]. ToMy noTpiOHO 3HATH Takuil
PO3B’SI30K PIBHSHHS, 10 OOMEXKEHHUU B IIbOMY IMPOMIXKKY, BKIIOUYAIOUU
Woro kiHumi. Ha mnouaTky uporo posauly Oyjo MOKa3aHo, IO MpHU
A=n(n+1), nme n — UiJNe MO3WTHBHE 4YHUCIO, piBHsAHHA JlexxaHapa B
npomikky [-1, 1] mae po3B’si30k , oomexeHud B Toukax ¢&==1. llei
po3B’s130K € nojiHoM Jlexannpa P (&). OTxe, NOBEPTAIOYUCH 0 3MIHHOI
X, MU MOXEMO CTBEP/KyBaTH, 1110:

X(x)=P, <§>

€ po3BsA30K piBHAHHS Jlexxanapa, oOMeXeHUM y TOYKax x==4/ MpHU
A=n(n+1).
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3a10BOJIBHIIOYH I'PAaHUYHINA YMOBI, 0fiepkUMO P, (0) =0.

Ile MOXIIMBO, KOU 1 = 2k - 1, A€ k — i€ AOAaTHE YHUCIIO.
[{uM BIacHUM YHKcCIaM BiANOBIIAIOTH BIACHI (DYHKIIIT

X, (%) =sz_1<§>,

K1 YTBOPIOIOTh OPTOTOHAIBHY CUCTEMY (PYHKIIIH Ha BiAPi3Ky [0,/].
[Ipu A = A, 3arabHUI PILLIEHHS PIBHSHHS Ma€ BUTJISA!

T.(t) = a, cos/2k(2k —1)at + b, sin\[2k(2k —1)at.

B cuny uporo ogepxxumo, 1o QyHKIii

u, (x,t) = [ak c08+/2k(2k — D)at + b, sin\[2k(2k — 1)az] P, (?)

3aJI0BOJIBHSIIOTH PIBHSHHIO 1 PaHUYHIA YMOBI IpH OyAb-SKUX a, 1 b,. Jnis
pilIeHHs 331241 CKJIAZAEMO PSIJIL:

u, (x,0) = z[ak cos/2k(2k —1)at + b, sin \[2k(2k — l)at] P, (?)
k=1

1 BUMaraeMo, o0 BUKOHYBAJIUCS TIOYAaTKOBI YMOBH

0 (5.0)= Y0Py ,(3) = /),
QD) S Rk =Tyab, Py () = F()

[Ipumyckatoun, mo psAx 30Ira€TbCsi PIBHOMIPHO, MH MOXKEMO
BU3HAYUTU KOE(PIIIEHTU a,, TOMHOKUBLIM OOWJBI YaCTMHM PIBHOCTI Ha

X, . . . .. :
P, (7) 1 IpOIHTErpyBaBIIK MO X B iHTepBaii Big 0 g0/; Toai Gepyuu 10
yBaru OpTOroHaJbHICTh BJ'IaCHI/IX (byHKuiﬁ O}IGp)KI/IMO'

j:f(X) e (7 ") = akjl kl( )dx = J' 2 (&) g—m .

3BiaCH:

0 =2 j F@R G

AHAJIOTIYHO 3HAWIEMO:

i =

4k -1 | x
—_——— | F(x)P. dx.
- Mk_l){ (9P (3)

TakuM 9MHOM, PO3B’SI30K 3a/1a4i 3HANUICHO y BUTJTISII:

u(x,t) = iAk sin(2k(2k —Dat + ¢, )P,,_, (?),

135



Sk 6aurMo, Maju KOJIMBaHHS CTPYHH, 1110 00€PTAETHCS, CKIIAJAI0ThCS
3 TapMOHIYHUX KOJMBaHb. YacToTa KOJIMBaHb @, k-ro 00EpPTOHY
BUpaXaeTbes HOpPMyIIOH0:
@, =[2k(2k —)a = 2k(2k - D@
3BificM BWTIKa€e, M0 YaCTOTH KOJWBAaHb 3aliekaTh BIJ KyTOBOIi
HIBUAKOCTI @ 1 HE 3aJeXaTh BiJ JOBXUHU CTPYHH 1 ii TYCTHHH (SIKILO
ryctuHa mnoctiiiHa). [lpum  30inblIeHH] JOBXMHU a00 TyCTHHH
30UIBIIY€ETHCS Maca CTPYHH, SKa 3HIDKYE YacTOTY; MPHU I[bOMY TaKOX
30IBIIYETHCS. HATATHEHHS, 110 TMOBMHHE BHUKJIHMKATH IIiABUIICHHS
yacToTu. L1 1Ba YNHHUKHN KOMIIEHCYIOTh OJWH OJHOTO.
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JOOJATOK A
3Be/leHHA PIBHAHB 10 KAHOHMYHOTO BUTJISIY

3a JIOIOMOrOK HEBUPOIKEHHOIO IIEPETBOPEHHS  HE3AJIECKHHUX
NEPETBOPEHD

&=o(x,y); =y (x, ) (A.1)
KBa3UIiHIHE PIBHSAHHS APYTOro NOPSAIKY BITHOCHO HEBIAOMOI (PyHKIIIT
V=V (x,y)
Vo2V o,V +F (x, 9,V V7, 0 (A.2)

MOXe OYyTH TPHUBEACHO 10 KAHOHIYHOTO BHIJALY. Tak, Uisl piBHSHB

rinepOoIiYHOro THITY (D:alzz—ana22>0) KaHOHIYHMI BUIJIAA Ma€ GOpMy:

=D (En VLT, (A3)
[H1I1Y hOpMYy KAaHOHIYHOTO BHUTJISY PIBHSHHS T1IEpOOIIYHOTO THITY:
Voa=Vig=P1 (LB V.V, V). (A.4)

MOXHA OTpPUMATH MUIAXOM JIOAATKOBOIO TEPETBOPEHHS HE3aJIEHKHUX
3MIHHUX:

_&m g &M
=5, B= 5 (A.5)
KanoH1yHUMi1 BUTTISA pIBHAHHS Napa0oJIlyHOrO THUITY (D=0) :
V‘r]n:(DZ (E_wna Va I/éaVn) . (A6)
Kanoniunuit BUTIs1A piBHSHHS €TINTUYHOTO THITY (D<O):
VetV =03 (E V1T, )- (A.7)

Jns npuBeneHHs piBHAHHA (A.2) 10 KaHOHIYHOTO BUIJISIAY CIEpUIY
notpiOHO Bu3HAUUTH (QYHKIIT (A.l), MmO 3AIMCHIOIOTH TEPETBOPECHHS
HE3aIeKHUX  3MiHHMX. Jlng  iX  po3mIyKyBaHHS  PO3TJISTHEMO
XapaKTEepUCTUYHE PIBHIHHS:

ay,dv*—2a,,dxdy+a,,dx*=0 . (A.8)
BoHo po3knanaeTbest Ha [Ba 3BUYaiHUX TUdepeHiaTbHUX PIBHSAHb

TIEpIIOTo MOPAAKY:
a, 1dy—(a1 »+/D ) dx=0

(A.9)
a 1dy~(a1 »JD ) dx=0
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SAxumo piBHsAHHA (A.2) rinepOoNIYHOTO TUITY (D>O), TO PIBHSHHSA

(A.9) € pi3Hi, Ta micas X IHTErpyBaHHS OTPUMAEMO JIBA PI3HUX 3arajJbHUX
1HTeTpau:

(p(x,y):c Ta \y(x,y)zc.
BBenemo HOB1 He3aJI€KH1 3MIHHI:
&=o(x,y), M=y (x.»)
Ta BUPA3MMO MOXiJHI 32 CTapUMH 3MIHHMMH 4epe3 MOXigHI 32 HOBHUMHU
3MIHHUMH (11  49OTO BHKOpHCTaEMO ¢opmyny audepeHIiIOBaHHS

CKJIaHOT (QYHKILT V[& (x, »), n(x, y)] ):
ViV & Vs Vi=Ve € +Vm,,
Vxx:Vi(:'é)zc—i_zV&n&xnx—i_Vnn'ni—i_Vé'axx—i_Vnnx > (A 1 0)
ny:Véé'gxay"'zV&n'(E«‘X'ny_"‘:y'nx )"‘Vnnnxny+Vé'§xy+Vn'nw ’
_ 2 2
Vi ee GtV en &y Myt Myt e S tVm,,

[TincraBnstoun Bupasu (A.10) ngo piBHsHHS (A.2), OoTpuMaemo
nepmuid KaHOHIYHUN BUrsia (A.3) piBHSHHS TinepOOJIIYHOTO THITY.

Beenemo Tenep HOBI He3aexHi 3MiHHI (A.5), Ta BpaxoBYOYH, I10:

V§:é<V0t+VB); Vn=é<Va_V[3); Vgn:i( aoc_Vﬁﬁ)’ (A.1D)

OTPUMAEMO JAPYTUNA KaHOHIYHUN BUTIAL (A.4) pIBHAHHS TinepOOIYHOTO
THUILY.

Sxmo piBHsHHES (A.2) € mapaboiaiuHuM (D=O), To piBHAHHA (A.9)
301raroThCs, Ta MICHSA IHTErPYBaHHS OTPUMAEMO OJIMH 3arajbHUN IHTETpal:

o(x,y)=c.

BBenemo HOBI He3aJIEXKH] 3MIHHI:

&= (x,»), n=n(x.»),
()
d(x,y)
Kopucryrouucek 10BUIbBHUM BUOOPOM n(x, y), 30KpeMa MOKHA B3ATH

#0.

e n(x, y) — Oynb-sKa (QyHKIIS, 10 HE 3aJICKUTh Bi

n=x abo m=y. Po3paxoByroum moxigHi 3a ¢opmyramu (A.10) Ta
MiJICTABJISIFOYH 1X JIO BUXITHOTO PiBHSHHS (A.2), OTpUMAEMO KaHOHIYHHIMA
BUDIISIN (A.6) piBHSHHS apaOOoJIiyHOTO THITY.

Axuro piBHsSHHS (A.2) € eNNTUYHUM (D<O), To piBHsAHHA (A.l) €
KOMIUICKCHO CHPSDKCHHMHM, Ta ICIA 1X IHTETPYBaHHS OTPUMAEMO JBa

KOMILICKCHO-CTIPSDKEHI 3arajibHi 1HTErpaliu:
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o(x, y iy (x, y)=c ta o(x,y )iy (x,y)=c

[Ilo6 wHe mnpamoBaTH 3 KOMIUIEKCHUMH BEIUYMHAMH, 3a HOBI
HE3aJIeKHI 3MiHHI BI3bMEMO MIMCHY Ta MHHMY YaCTHHH LHX 3arajbHHUX
IHTEerpaiB:

&=o(x.y) m=y(x,y).

Po3paxoByroun moxigHi 3a ¢opmynamu (A.10), mnpuBeaemo
piBHsSHHSA (A.2) 10 KaHOHIYHOTO BHIJAAYy (1.8) piBHSHHS €IINTHYHOTO
THUITY.

PosrisiHeMO KOHKpETHI MPUKJIAJAH. M0 ITIOCTPYIOTh MEPETBOPCHHS
PIBHSIHB 0 KAHOHIYHOTO BUTJISITY.

Ipuxnao 1
PozrisiHemo piBHAHHS:
V=0V, 5V, 2V, =V —xy=0. (A.12)
Tyr a=l; a;,=-3; a,,=5 Ta D=9-5=4>0, TOOTO L€ pPIBHAHHA €
rinepOoIiYHUM Y BCIH MJIOMUHU (x, y) .
XapakTepucTUYHE PiBHSHHS:
dy?+6dxdy+5dx*=0  y'?+6y'+5=0
pO3Maa€eThes Ha J1BA PIBHSIHHSL:
y'=>5 Ta y'=—1I.
Ix 3aranpHi IHTeTpav MatOTh BUTJIA/L;
y+5x=c Ta y+x=c,
a (opmynu 3aMiHN HE3aJIEKHHUX 3MIHHUX OyIyTh:
E=Sx+y; nEx+y.
3BiIKH 3HAWIEMO:
1 ) 1
x:Z(E.)_n)v y:_Z(E.)_Sn)a
Vx=5u§+un; 4 =V§+V ,
Vxx:25V§§+1 OV@]'FVT]T],
V ZSV&§+6VEJY]+VT]T]’
Viy=Veet2Ven AV -
[Ticas HiI[CTaHOBKI/I OTpI/IMaHI/IX dbopmyn 1o piBHsAHHA (A.12)

otpumaeMo:  —16V; +9V.+V, 4—(& n)(E-5n)=0, 3Bigkum KaHOHiIYHMIA

BUTJISI PIBHSAHHA (A.12) € HACTYNHUM:
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9 1
Ven= 16 V§+16 4 +ﬁ(i—n)(i—5n)

SIkmio 3poOuTH 3aMiHy He3alexHHX 3MIiHHHX (A.5) Ta BpaxyBatu

dbopmynu (A.11), To oTpumaemMo Apyry GpopMy KaHOHIYHOTO BUTJISLY:

1 1
Ve Vg= 4(5V +4V;)- 1¢(20-3p).

Ilpuxnao 2
[TpuBecTy 10 KAHOHIYHOTO BUTJISAAY PIBHSIHHS:

VitV 4V =y VtxV, 2V =0 . (A.13)

Tyr a,=l; a,=2 12 a,,=4. Otke D=4-4=0, TOOTO L€ € PIBHAHHA

1mapaboJIIYHOTO TUITY Y BCiH TUTOIITHHI (x, y). XapaKTepUCTHUYHE PIBHSIHHS:
dy*~4dxdy+4dx*=0, To6To (dy—2dx)2:0.

3Biaku dy—2dx=0 Ta MaeMo OJMH 3arajbHUI IHTErPa:

y—2x=c.
BBenemo HOBI HE3aJIEkKH] 3MIHHI
&=y-2x; mEx
Ta 3HAUAEMO:
x=n;  y=E+2n

V=2Vt V, Ve,

V=AWV ee= VetV s

Viy=2VeetVers Vyy =Vee-

[TixcraBmsiroun mi 3HaYeHHs a0 piBHAHHSA (A.13), oTpuMaeMo ioro
KAaHOHIYHUU BUTIAI:

= (&L HER2, P +2n.

Ipuxnao 3
[TpuBeCTH 10 KAHOHIYHOT'O BUIJISLY PIBHSHHS:

(1432 )Vt 20V #,, =XV, +2y=0 (A.14)
Tyr  a,=l+y% ap,=y;a,=l 1a D=y*-1-y’=—1<0, T06TO mE

PIBHSIHHSI € TINTUYHUM Yy BCiil MIIOIIMHU.
XapaKkTepucTUYHE PiBHAHHS:

(l+ y? ) dy*-2ydxdy+dx*=0 , To6To: (l+ 32 ) y'2-2yy"+1=0
PO3KJIaJaeThCs Ha JIBA!
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—i +i
':7‘)/2 :71 - Ta ': ‘yz :71 .
ye+ v+ ye+H Y
[Ticns iHTErpyBaHHS OTPUMAEMO 3arajibHi IHTETpaIn:

éyz—xiiy:c.

SIKu10 3a HOBI HE3aJIeXkKH1 3MIHHI OpaTH J1MCHY Ta MHUMY YaCTUHU:

1
§:§y2—xa n=y,
TO OTPUMAEMO:
1

y=n: x=5n’-§

Vx __ V& , Vy :y VE_, +V'I”| .

Ve ees Vig=Vee Ve

_ )
Vyy_V&“Ly (y V&é”@n )+y V§n+Vnn_y V&<§+2y V§n+Vnn+Vé'

[TincraBnsitoun oTpuMaHi BUpasu A0 piBHsAHHS (A.14), BUmUIIEMO
KaHOHIYHUI BUIIISIT PIBHSIHHS:

1 1
VgngVm]:(2 n3—§n—1) I/é-l-(z nz—ﬁ,) Vi—2n.

3aBaaHHA

[TpuBecTH 10 KAHOHIYHOTO BUIIISINY AU(epeHLiaabHl PIBHSHHS:
A

LV A2V, =3V, +6V,=0

2.V AV, 72V, =3V A3x=0

3.3V A6V AV, -2V =0

4.2V A2V, VA4V +2V =0

S5V A4V AV, =V +x2y=0

6.3V, 2V, -V, V,+4y=0

7.V A4V A3V, =5V 42(x-y)=0
8.2V, —4V,, =5V, V=0

9.V =2V, =3V, AV, +5x=0

10.V, =2V, =2V, —xV +yV =0
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b
LV 4V, +4V, +3V, —2x=0

2.9V A0V AV, =y V —xV =0
3.V =2V 4V, 43V, 2V =0
4.16V,,+8V, +V,, =3V —xy=0

5.V A2V AV A3V, 5V, +4V =0
6.V OV, V-V 42V =0

1.9V =V AV +x=2y=0

8.V 8V, 6V +V +3(x~y)=0
9.4V, A4V 4V, =3V, =3V, =0
10.2V, -4V, +2V, +5V, -V =0

B
1.2V, AV, +4V 4V =0

2
2.V =25V, H 147 )V, 43V, =0
3.2V 42V, 43V, —xV, =0
4.V +2sin ¥, H+sin® x|V, +xV,=0
5.3V A4V A2V, +5(x+y)=0
6. (142 )V H{1+32 )V, 43V =0
7.V =6V, 1OV, V=3V y=0
8. Vxx+(1+x2)VW+ny+x2:O
9. 5V 42V, 4V, ~2V,=0
10V, ~4V,,+5V,,, =3V, +y=0.
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JNOJATOK b
IIpuxiagu 3acToCyBaHHSI METOY BilOKpeMJIEHHSI 3MiIHHMX

PosristHeMo KOHKpETHI MPHUKIAAN, O JEMOHCTPYIOTh 3aCTOCYBAaHHS
MeTOo/a BIJOKPEMJICHHS 3MIHHUX.

Ilpuxnao 1. Po3rasHeMo 3a1avy O MOBUTBHUX KOJHBAHHAX CTPYHH 3
3aKpITUICHUMHU KIHISIMH, SKIIO B TOYaTKOBHI MOMEHT 4acy BOHa Oyia

BIIXWJICHA BiJ TIOJIOKEHHS PIBHOBAard Ha BEIUYUHY (p(x)zAx(l—x) Ta

BiAmylieHa Oe3 TOYaTKOBOI WIBHUIKOCTI. BpaxoByroum OJHOBUMIpHE
207V _0%

XBUIBOBE PIBHAHHA @°~—=-—-, & TaKOX 3allkC I0YaTKOBUX Ta
ox~ Ot
KpallOBUX YMOB JUISi HBOTO, 3ajady 3BEJCHO MO0 BiaumrykaHHs (yHKIii

V(x,t) , 110 33JI0BOJIbHSIE TIOYaTKOBO-KpaioBl 3a/1aui:

O _ 20%V
“5=a"——, 0Ox<l, >0, b.1
o ox? ®-1)
V| _=V]_=0. 0, (B.2)
(]
V] _=A4x(I-x), e IA)A), 0<x<l. (B.3)

PiBasans (b.1) Ta xpaiioBi ymoBu (b.2) € omHOpiTHUMH, OTKE, MOXKE
OyTH 3aCTOCOBAaHO METOJ| BIJOKPEMJICHHS 3MIHHUX. 3HaWJIEMO YacTKOBi
PO3B’SI3KH BUTIISY:

V(x,t)=X(x)T(¢). (5.4)
[TincraBastoun 300paxenss (b.4) no piusuus (b.1), orpumaemo:
X(x)T"(t)=a>X"(x)T(1). (B.5)
Hoxinmumo o6unsi yactunu (B.5) Ha Benmuunny a’X (x)T (t):
T(e) X"(x)

a’T(t) X(x)

OTpumaHa pIBHICTh MOXJIMBA TUIBKH Yy BHUMNAIKY, SKIIO OOMIBI ii
YaCTHHU JIOPIBHIOIOTH OJHIET 1 Til XK€ caMiil CTaliid. sSKy I[O3HAYUMO
K — A

re) X
aT() T X(x)

[Tpuxoaumo 10 1BOX 3BUYANHHUX AU(PEPEHIIATLHUX PIBHIHB:
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T"(t HAa*T (1)=0 Ta X "(xHAX (x)=0 (b.6)
[lincraBnstoun 300paxenHs (b.5) nmo kpaitoBux ymoB (b.2),
OTPUMAEMO:
V\x =X (O)T (t):O Ta V\lezX (I)T (t):(),
[0 MOXKJIMBO TIIBKH, SIKIIO X (0):X (l ):O.
Takum uYnHOM, MH MOXemo cdopmynaboBatu 3amauy Lltypma-
JiyBums:
X"(x)+%X(x)=0, O<x<d,
X (0)20, X (l ):O.
s po3B’sizanns 3agaui (b.7) posrnsinemo Tpu Bumaaku: A>0, A=0
Ta A<0.
1. Sxmo 7\.=u2>0, TO 3arajbHUN PO3B’A30K PIBHSHHS:

X"(xH? X (x)=0

X (x)=Acos px+Bsin px.

(B.7)

Ma€ BUIJIAA:

Peanizytoun kpaitoBi ymoBu 3 (b.7), orpumaemo:
X (0)=4=0; X (/)=Acospl+Bsinp/=0,
3Bimku A=0 Ta Bsin/=0. IloTpidbHO BBaxkatu, mo B#0, 60 y
npotunekHomy Bumaaky X (x)=0. 3imknm orpumaemo sinp/=0, mo

MOXKJINBO, AKIIO.

p:unz% , n=l,2,...

2
T . :
l) € BiacHl yucna 3agadl llrypma-

JliyBumIs, IKUM BIIIOBIAIOTH BIACH1 (DYHKITII:

2
Taxum uymHOM, kn—un:(

X, (x)=sinp,x=sin % x.

SIx Bimomo 3 Teopii TpuroHomeTpuyHHX psniB Dyp’e, mi QyHKII
OpPTOTOHAJIbHI Ha TPOMIXKKY (O; [ ) :

! 1/2, n=m
J sin ™ xsin V" xdx=
0 ! ! 0, n#m

Ta YTBOPIOIOTH MIOBHY CHCTEMY.
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2. Skmo A=0, TO 3aranbHUH po3B’s30k piBHsHHA X "(X)=0 Mae

Burisin: X (x)=Ax+B. 3 kpaiioux ymos (b.7) Bumiusae:

X (0)=B=0; X (I)=Al+B=0,
3BiAKH A=B=0 Ta, omxke, X (x)=0, T00TO A=) HE € BJIACHUM
3HAYCHHSIM.

3. Slkmo =1%<0, T0 3aranbHU  PO3B’S30K  PIBHSHHS
X "(x)—uzX (x):O mae BUrIsg X (x):AchchrBshpLx.
3a/10BOJIBHUMO KpailoBl yMOBHU Ta OTPUMAEMO:

X (0)=4=0;, X (I)=Achpl+Bshul=0.
Tak sx shul#0 npu p#0, o A=B=0, omxe X (x)zO, T00TO A<O —

HE € BIacHUM uncioM 3anadi Ltypma-JliyBums.
Takum ymHOM, 3amauy llTypma-JliyBuiuisi po3B’si3aHO MOBHICTIO —
3HalJeHl BJacHI 3HAa4eHHs A, Ta BIANOBIAHI A0 HUX (QYHKIIl

SInA,x.

3HaiiiemMo Ternep po3B’sA30K nepuioro 3 piBHsAHb (b.6) npu k:uﬁ :
T"(tHuna®T (1)=0.
3aranbHUI po3B 30K MOro Ma€e BUTIIAL!
T, (t)=C, cosp,at+D, sinp,at, n=1,2,...
[To6ynyemo dyHKIil V(x,t) y BIAMOBITHOCTI 710 300paxkeHHs (b.5):
V(x,0)=X,(x)T, (1) HC, cosp,at+D, sinp,at |sin p,x, n=1,2,...

Bonu 3an0BonibHAIOTH kpaitoBi ymoBH (b.2) Ta piBHsHHS (b.1).

Cxrazmemo ps:

o0
V(x,0)=) [C,cosp,at+D, sinp,atsinp,x
n=1
Ta TMI1JCTaBUMO HOTo /10 moyatkoBux yMoB (b.3):

4 t ﬂzz C, sinp, x=Ax (I-x),

n=l1

oV

ot

Ha 1i piBHOCTI MOXHA JAMBHTHCS SIK HA PO3BUHEHH: y psg Dyp’e Ha
npomixkky (0;/) 3a oproroHambHOR cHcTemolo (yHKui {sinp,x}

0
:Z D,asinp, sinp, x=0.
=0 =1
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GyHKIIA, [0 CTOSTh y NpaBHX YacTWHAX piBHOCTEH. BpaxoByroum
bopmynu 1t koediieHTIB pany Dyp’e, orpumaemo:
z

_f (I—x)sinp,xdx; D,ap,=0,
0
o610 D,=0.

[licns  gBOKpaTHOro 1HTErpyBaHHS 3a YaCTUHAMHU IEPIIOTO

1HTEerpania OTPUMAaEMO:
441° n
= -1y |
mn)

Sk pe3ynbTat, NpUXoAuMO 10 GQYHKITINI:
o0

V(x’t)_4Al ZH ) i 8Alzz 1

Clt sin——

= i A - e} (B.8)
X COS n(ZZkH) at sin n(2lk+1) X.

HeBaxkko nepeBiputy, 110 psf (b.8), a Takox psanu, oTpuMaHi 3 [bOTO
miciast oAHO- ad0 JBOKPATHOro AUQEPEHIIIOBaHHS 30 3MIHHUMHU _ Ta f,
30iratotecsi piBHOMipHO. Takum uwmHoM, ¢yHkis (b.8) BaHOBOHBHHC
piustaas (B.1) mpu O<x</, >0, a takox ymoBam (b.2) — (b.4), omxe

BOHaA € p03B,}I3KOM MOCTaBJICHO1L HOanKOBO-KpaﬁOBOI Baﬂa‘{i.

Ilpuxnao 2

Posrnssmemo 3amauy TemaompoBimHOCTI il cTpuxkHA O0<x</ 3
TETUIOI30JIbOBAaHUMH ~ KIHI[IMH, SIKIIO B IIOYAaTKOBIH MOMEHT Yacy
TeMIlepaTypa CTpHKHs omnucysanacs 3a Qyskuiero ¢(x). Bpaxosyroun
PIBHSHHS TEIUIONPOBIAHOCTI Ta (OpMyBaHHS MOYATKOBUX Ta KpallOBHX

YMOB JUIsl HBOTO, 1[I0 3aJady 3BEJEHO /0 HACTYIHOI MOYaTKOBO-KpPaioBOi
3aja4i:

oV _ 2,0V
ViR PwE O<x<I, 0 (b.9)
ov ov
— ~7 — >
ol 0, = x:l%), 0 (5.10)
V\@:(p(x) (B.11)

3aCTOCOBYIOUM METOJ] BIJIOKPEMJICHHS 3MIHHHX, PO3IIYKaEMO
YaCTKOBI pO3B’SI3KU BUTJISITY:
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V(x,t)=X(x)T(¢) (b.12)
[TincraBumo 1o piBusiHHA Y (B.9):
X(x)T'(t)=a*X"(x)T(¢)
Ta MOALTMMO 06HIBI YacTHY Ha a°X (x)T (t);tO
r (f) X'(x)
’T(r) X(x)

JIOpiBHIOIOYH KOXHY 3 YaCTHH ITi€l PIBHOCTI /10 O/HI€T camoi cTanoi
—\, 3100y 1eMO JiBa 3BUYaitHUX JU(EpEeHITIAIbHUX PIBHSIHHS:
T'(tHAa®T (1)=0 Ta X "(x HAX (x)=0. (B.13)
[TincraBnsitoun 300paxkenHs (b.12) mo xkpaitoBux ymos (b.10),
OTPUMAEMO:

oV | . or '
S =T G =x07(0-0,

110 MOKJIMBO TUIBKH, SIKIIIO x'(O):X '(l ):O.
Sk Hacmigok, orpumaemo 3aaaqy L typma-JliyBums:
XWX (x)0, O<x<l, X '(0)=X"(1)=0. (5.14)
JIns 11 po3B’si3aHHSA PO3TIIIHEMO TPU BUITAJIKU.
1. k:u2>0. 3aranbpHuil po3B’s130K piBHsAHHA 3 (b.14) Mae Burmisz:
X (x)=Acospx+Bsin px.
[linctaBumo i#oro npo kpaiioBux ymoB (b.14) Ta orpumaemo
X'(0)=Bp=0 ta X'(I)=—Apsinp/+Bucosp/=0, 3pinkn B=0. PisHicTs
Apsin p/=0 moxnuBa, sikiro sin /=0, To0To AKIIO:

T
H:Hn:T , n=1, 2, .
Biacaum 4mHOM, knzui OyayThb BIANOBIAATH BIACHI (QYHKIIT
X, (x)=cosp,,x,
n=1,2,... .
2. A=0. 3aranbpHuil po3B’A30K PIBHIHHI X ”(x)=0 Mae€ BUTIIAL!
X (x):Ax+B.
Peanizyrouun kpailoBi yMOBH, OTPUMAEMO:
X'(0)=4=0 Ta X (1)=4=0.
Takum ynHOM, A=) € BIIACHUM YHCJIOM, SIKOMY BIJIOBIJa€ BJIaCHA

Gynxuis X, (x)zl .

147



[lepmmii Ta Apyruil BUNaIKU MOKHA IIO€HATH, BPAaXOBYIOYH, IIO:

[

Taka cucrema BnacHUX (YHKIIA € OPTOTOHAJIBHOIO Ta MOBHOK HA

2
kn:uﬁ:(nn) ta X, (x)=cosp,x mst n=0,1,2,... .

MPOMIXKKY (O;Z ):
[, n=m=0
I
jcos LL, X COS L, Xdx= é, n=m=+#0
0

0, n#m

3. k:—p2<0. 3aranbHuil po3B’a30k piBHsAHHA 3 (b.14) mae Burmnsia:
X (x)zActhBshpx.
[TincraBumo ¥oro no kpaiioBux ymoB 3 (b.14), orpumaemo:
X'(O)zBu:O Ta X'(l)zAushuHBuchul:O .
Tak sk shul#0 mpu u#0, To A=B=0 Ta y naHOMYy BUMAJAKY ICHY€
TIJIbKU TPUBIAIbHUI pO3B’A30K X (x)=0.

Po3B’s30k 3amaui [lTypma-JliyBusuist 3aBepiieHo.
[Ticns poro 3BepHEeMocs 10 nepiroro piBHsHHSA 3 (b.13):

! 2.2
]:1 (Z)—Cl “n]; (t):O :
Noro 3aranbHuii po3B’ 130K Ma€ BUTIISL:
—uzazt
1, (t)zCne ntt n=0,1,2,...
[ToOynyemo ¢yHKIIi:
—p.zazt
V,(x,t)=C,e " cosp,x, n=0,12...,
K1 3a10BONIbHSIOTH piBHsAHHSA (B.9) Ta kpaiiosi ymoBu (b.10). [Tobyayemo
byHKITTO:
= 2 2
V(x,0)=) Ce™ " cosp,x (5.15)
n=0
Ta BU3HaYMMO KoedinienTn C, 3 yMOBH 3aJ0BOJICHHS IT0YATKOBOi YMOBH

(B.11):

4 tZO:ZO C,cosp,x=p(x), 0<x<.
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Beaxatoun, mo (yHKiis @(X) 3a10BOIBHSIE yMOBaM TEOPEMH
CrexnoBa, po3BuHeMo ii B psag Dyp’e 3a cucteMoro GyHKIIIH {cos unx} ,
3HaWIEeMO KOe(IIli€EHTH PO3BUHECHHS:

I I
Coz}J.(p(x) dx; Cn:%_..(p(x) cos ., xdx, n>1.
0 0

[lincraBnstoun  posmrykani  koedimientu g0 Bupasy (b.15),
OTPUMAEMO PO3B’SI30K MIOCTABJICHOI 3aa4i.

Ilpuxnao 3

Posrnsinemo 3acTocyBaHHS MeETONIa BIAOKPEMIIEHHS 3MIHHHX 0
PIBHSHB €NINTHYHOTO THUITY HA MPHUKJIAAI HACTYIMHOI KpaioBOi 3amadi JIs
piBusHHA Jlamnaca:

2 2
AV (x, y):g)fz/J“g;:O’ O<x<a, 0<y<b (B.16)
oVl . _
o XZO—O, V\x:a—y, 0<y<h (b.17)
. or
V], o=0: o yd,#)’ 0<x<a (.18)
Byaemo po3irykyBaTi 4acTKOBi pO3B’SI3KH BUTJISTY:
V(x,y):X(x)Y(y). (b.19)
[TincraBnsitoun 11e 300paxkennst 10 piBHsAHHS (b.16) Ta mominuBIIM
N . Lo X(x) YY) :
pioro Ha X(x)Y(y), mifizemMo 1m0 piBHOCTI + =0, 3BIIKH
Br0) PiEnoetl () Y ()
X"(X) Y"(y)
BUILJINBAE: — = =M\, Ie A — cTajia.
X(x) Y(y)

TakuM 4YMHOM, OTpPHMaeMO JBa 3BHYAHHHX JIU(eEpeHIiaTIbHUX
PIBHSHHSL:

X"(x)}AX (x)=0 Ta Y"(y HAY (¥)=0 (5.20)
OtpumaeMo kpaiioBi ymoBH i GyHKOil Y ( y), JUISL  90TO
nigctaBumo 300paxkenss (b.19) no omnopigaux kpaioBux ymoB (b.18):

V] o=X (x)7 (0)-0: %ZF;X (x)7'()-0.

3BinKu Y (O):() Ta Y '(b)z().
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Bunmmemo orpumany 3agauy Lltypma-JliyBumist BigHOCHO QyHKIIT
Y ( y) (came 115 HET KpailoB1 YMOBU € OAHOPITHUMH):
Y"(y)+KY(y):O, O<y<b; Y(O):Y'(b):O (b.21)
Posrasinemo 1uist 11 po3B’si3aHHS TPU BUIIAIKH.
1. k:u2>0. 3aranbHuit po3B’ 30K piBHsAHHA 3 (b.21) Mae Burmsiz:
Y (y)=Acospy+Bsinpy.
Peanizyemo kpaiioBi ymosu 3 (b.21):
Y(0)=4=0; Y'(b)=—Apsinpb+Bpcosub=0.
Bonu OymyTh 3370BOJIBHATH, SKIIO COSUH=0, TOOTO SKIIO:

m(2n+l
p=p,= (2b ), n=0,1,...

BriacHum unHOM, quz BIJIMOBIAIOTH BJIACHI QYHKITII:
Y, (y)ssinp,y .
SIKI yTBOPIOKOTH [IOBHY Ta OPTOroHaiIbHy cucreMy Ha (0;0).
2. A=0. 3aranbHuii po3B’s130k piBHsHHA 3 (b.21) Mae Burmsan:
Y(y)=Ay+B.
Peanizyrouun kpaiioBi yMOBH, OTPUMAEMO:
Y (O):B:O; Y '(b):A:O,
3BIJIKM BUIUIMBAE, 110 Y ( y)=0.

A=0 - He € BJIaCHUMH YHCJIAMH LI€] 3a1a4i.

3. A=—n?<0. 3aranenuii po3s’s30k pisasHHs 3 (5.21) Mae BHIS:
Y (y)=Achuy+Bshuy .
Peanizyemo kpaitoBi yMOBH:
Y(0)=F=0; Y'(b)=Aushub+Buchpb=0.

Tak sk chpb#0, TO y UBOMY BHUMNAIKYy MAaEeMO TUIBKH TPHBiaJIbHUHA
poss’ssox Y (y)=0.

[ToBepuemocs no nepuoro piBHsHHS 3 (b.20). Skmo Kzuz, noro
3arajibHUI po3B’sI30K 300pakyeThest GOpMyYIIOL0:

X, (x)=C,chu,x+D,shy,x, n=0,1,...
Takum unHOM, TOOYIOBAaHO YAaCTKOBI PO3B’SI3KHU:
V,(x,yHC, chw,x+D,shp,x|sinp,y, n=0,1,...,
sKi 3a710BONBHSIOTE piBHAHHS (b.16) Ta xpaitoBi ymoBu (b.18).
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[ToOynyemo ¢yHKIIiTO:

V,(x y):Z[Cnchun)HDnshunx] sinp,y,
n=0
xoedinienTy sxoi C, Ta D, BIAIIYKAaEMO 13 3aJMIICHUX KPaHOBUX yMOB
(b.17):

oV

o :Z D,smp,yn,=0,

=0 ;=0

V‘x:a:Z [CnCh“na—i_DnShl”lna] sinp, y=y, 0<y<b.
n=0
3 nmepuioro piBHOCTI Maemo, mo D, =0, a 3 1pyroi:

b
CnCthaJanStha:Zz)I ysinp, ydy,
0

3BI/IKH, IHTETPYIOUHU 32 YaCTHHAMM, 3HAi1eMo:

n

2(-1)

C=——-+—"—.

" buich
w,.chp,a
Takum 9rHOM, PO3B’SI30K BHXI1IHOI 3a/1a4l Ma€ BUTJIS;
0 n
XY _b 2Ch ac HnXSIHHnJ’-

[Tin gac posrnsmy obrnacteil TMMA KiIbI, KPYrOBOTO CEKTOpa abo
KpyTra 3aMiCTh JCKapTOBOi CUCTEMH KOOPJIWHAT 3PYYHIIIC KOPUCTYBATHUCS
MOJIAPHOIO:

x=pcos0, y=psinb.
Omnepatop Jlaniaca y mossipHii cuCTeMi KOOPAMHAT Ma€ BUTIIS;

2 2
AV (r, 6)z2V+1 o, 1oV
r

Ilpuknao 4
Posrnsinemo BHyTpinIHIO 3aaa4y Jlipixie s Kpyra:

oW 1oV 10

AV (r,0) P —HraTi—rz W:o, r<a, 0<0<2m (5.22)
V|_=f(8), 0<6<2n (5.23)

BbynemMo mrykaTu 4acTKoBi po3B’sI3kH piBHSAHHS (2.32) y 300pakeHHi:

V(r,0)=R(r)T(8).
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[TincTaBuMO Take 300paKeHHSI 10 PIBHIHHS:
1

" l ' " .
RY(r)T (O R'(1)T (0)+5 R(r)T"(0)-0.
, rzR"(r)+rR'(r) 7"(6)
3B1JIKH I (r) =7 ( 6)
Otpumaemo, sK pe3yibTaT, JABa 3BUYAWHUX JIU(EpeHLIaTbHUX
PIBHSIHHSL:

=A=const .

r2R"(r)+rR'(r)—XR(r)=0 ta T"(O AT (0)=0.
lykauuii po3s’ssox V' (r,0) mae Oytu 27 nepioguuso QpyHKui€0
Bl 3MIHHOI O, OTXXe, Takor camor0 Mae OyTu ¢yHkmis T (9), TOOTO
T (9+2n):T (9) PiBusnns T "(6)+KT (9)=0 Ma€ HaCTYITHUI pO3B’A30K:
Acos\/AB+Bsin\/A0, A>0
T(0)= A+BO, =0
Aeﬂ9+Be_J__}‘e, <0

2T - MEepioJUYHUI PO3B’SI30K, MOKJIMBUN JIMIIE Yy MEPIIOMY BHUMAAKY
npu 3HaueHnsx A=n’, n=0,1,... . Toxi 306paxeHHs PO3B’sI3Ka IpHUiiMae
BUTJISI;

T, (0)=A4, cosnb+B, sinnd, n=0,1,... .
PiBHSIHHSI BITHOCHO ApYroi (pyHKIIT R(r):
rZR"(r)+rR'(r)—n2R (r)=0,
K OaunMo, € piBHsSHHAM Eflinepa, 3aranbHuN po3B’S30K SKOTO 3aIHIIEMO

y dopmi:

R, (r)

CotDylnr, n=0
e Cr"+D,r™", nl

PoszmrykaBim yacTkoBi po3B’si3ku piBHsHHS Jlamnaca:
V,(r.0)=R,(r)T,(0),

3arajgbHUN PO3B’SI30K BI3bMEMO Y BUTJISIIL:

V (0=, (r,0)HCo+DyInr) AO+Z(Cnrn+Dnr—")( A4,cos0+B, sin0). (5.24)
n=0 n=l
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3po3ymina BuMora — Iie oOMexeHicTs poss’ssky V (r,0) y obuacri,

ne BiH Bigmykyetbes. Koy #<g HamexuTh TOuka =0 1 JuIsi 0OMEXEHOCTI
y Hel @ynkuii (b.24) norpidHo B3t D, =0 (nzO, 1,...). Takum 9rHOM,

V(r,0) —C0A0+Zr (C,4, cosnb+C, B, sinnd).

Buxopucraemo kpaiioBi yMOBH (B.23).

V|_ =Cody+) a"(C,A,cosnb+C,B,sinnb)=1(6), 0<6<2m. (5.25)

BpaxoBytoun, mo ¢pyHKmis f (9) 3a10BOJIBHSE YMOBAaM PO3BUHEHHS
y TPUrOHOMETpUYHMI pax Pyp’e, MaeMo:

f (6):%+Z(ocn cosnf+p,, sinnb),
n=1

2n 2n
re o, = { £(6)cos 00 1a B, { 7(0)sinn0do.

[TopiBHABIIM LIEH psf 3 pSI,Z[OM (B.25), OTpI/IMaEMOZ

Cydy= aO,CA .c B P
a” a

TakuM ymHOM, pO3B’A30K BHYTPIIIHBOI 3anayl Jlipixjie anas Kpyra
Ma€ BUTJIAL!

n

:%Z (2)n [ot, cosnB+B,, sinnb).
n=1

IIpumimxka. I1ix 9ac po3B’sA3aHHs 3a1a4l MU npunycTuiay, mo D, =0,

060 obOmacti HanmexuTh Touka r=0. SIKII0 pO3rIsAaETHCS HEOoOMEKeHa
00nacTh, HANpHMKIA[, a<r<co, TO 3 BMMOI'M CIIaJaHHs PO3B’S3KYy Ha
HEeCKIHYeHHOCTI Maymu Om mpunyctuth  Dy,=0 ta C,=0. Sxmo x

posriagaTi ckiHueHHy obmacte 0<a<r<b, To Bci ctami C, Ta D,

MOTPIOHO 3aJMINUTH Ta BIAIIYKYBAaTH iX 3 TPaHUYHUX YMOB IIPU r=a Ta
r=b.

Ipuxnao 5
Po3B’sokemMo KkpailoBy 3a1auy:

AV (r,0)= %1%1 0° OV 0 a<r<b, 0<b<ar (5.26)
o2 ror 2 o9
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oV

Vo =0 %eza:(), (5.27)
ov
%r:a:f(e)’ V| _,=0. (b.28)

Y BIANOBIAHOCTI 3 METOJOM BIJOKPEMJICHHS 3MIHHHX Ma€eMO
CIOYaTKy BIJUIYKaTH 4YacTKoBl po3B’si3ku  piBHAHHS (B.26), 1m0
3aJI0BOJIbHAE OJHOPIAHI KpaiioBi ymoBu (b.27) Ta 1mo 300paxxyroThCcs y
BUTJISIII:

V(r,0)=R(r)T(0). (5.29)

[Minctasmsitount (b.29) nmo piBusiHHs (B.26), mo npuBoauTh #HOro [0
BUTIISAY:

r*R"(ryR'(r)  T"(6)

R(r)  T(6)

=\ — const,

3BIKH:
rzR"(r)—I—rR'(r)—kR(r):O Ta T"(0)+XT(9):0.
[lincraBnsroun 300paxkenHs (b.29) mo kpaitoBux ymoB (b.27),

OTPUMAEMO:
ov

V|o=R(r)T(0)=0 Ta %e:a:R(r)T'(oc):O,
seigku T(0)=0 ta T"'(a)=0.
Takum unHOM, s Bimmykysauus 7 (0) Ta mapamerpa A MaeMmo
po3B’s3atu 3anauy typma-JliyBuiiis:
T "(9)+KT (9):0, 0<B<a, T (0)=T '(oc):0 (b.30)
Po3riistHeMo Tpu MOKJIMBUX BUIIAJIKH i1 pO3B’SI3aHHS:
1. X:u2>0. 3aranbHuil po3B’ 30k piBHAHHA 3 (b.30) Mmae Burisia:
T(8)=Acospb+Bsinp6.
Peanizyroun kpaiiosi ymosu 3 (b.30), orpumaemo:
T(0)=A4=0 ta T"'(o.)=—Ausinpo+Bucos po=0.
Jy1st BUKOHAHHSI OCTaHHBOI PIBHOCTI OTPiOHO, 100 cos pa=0, ToOTO:

t(2n+l
=, = (2a ), n=0,1,... .

3BIIKH Kzui € BIIACHMMH YHCIIAMH, SKUM BIAMNOBIJAIOTH BJIACHI
dynxuii 7, (0)=sinp, 0.
2. A=0. 3aranbHuii po3B’s30k piBHsAHHA 3 (5.30):
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T (6):A6+B.
3a10BOJILHIMO KpaiioBl YMOBHU:
T (O):B:O ta T '(oc):A:O,
TOOTO 3a7ada y LbOMY BHIMAJKy Ma€ TUIBKH TPUBIAJBHUN PO3B’SI30K
T(0)=0.
3. A=—1%<0. 3aranpauii po3s’s30k pisHsHHs 3 (B.30):
T (0)=Achu6+Bshu®.
3a10BOJIBHIMO KPaioBl YMOBH:
T(0)=4=0, T'(o)=Apushpo+Buchpo=0.
BpaxoBytouu, mo chpo0, orpumaemo A=B=0, tooto T (6):0.
[ToBepHeMoOcCs 10 piBHSHHS BIZHOCHO R(r):
rzR"(r)—HﬂR'(r)—uiR(r):O, a<r<b.
Woro 3aranbHuii PO3B’SI30K 3aMUIIIEMO Y BUTJISAIL:
R, (r)=C, 4Dt
TakuM 94MHOM, MU 3HAWUIIUIA YACTKOBI PO3B’SI3KU:
V,(r.0)=R,(r)T, (O):[Cnr“" +D,r Hn ] sinp, 0, »n=0,1,...,

AK1 3a710BONIbHSI0TH YMOBU (b.27) ta piBusaHs (b.26). Po3’a30k 3amaui
nooyayemo y hopmi:

0

V(r, 6)=§: V,(r, 9)=Z [Cnr”" +D, rHn ] sinp, 0.
n=0

n=0
3 Meroto posmykary ctai D, ta C, BUKOpHCTaeMo Kpaiiosi ymoBH (b.28):
ary _ N oLy oMl | —
5 r:a—g T [Cna D .a ]sm n,0=1(6), 0<b<a
%’: =>[C,b*+D, b7 Jsinp, 6=0
r=b y=0

BpaxoByrouu, 1mo ¢yHKiist f (9) 3aJI0BOJIBHSIE YMOBHU PO3BUHEHHS B
psg Oyp’e HA MPOMIKKY (O;oc) 32 OPTOTOHAIBHOI CHCTEMOIO (DYHKIIIHA

{sin unG} , OTPUMAEMO:
W, [Cnaun_l_Dna_Mn_l:':fn
W, [Cna'“n_l—Dna_“”_1 ]=f n>
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re f,=2 [ £(8)siny, 0d6.
0

3B1IKH 3HAWIEMO HEBIIOMI CTaIl:
_af,a"nb _ af,a"

" m T e |
a a
L, {H( b) } L, {H( b) }
a 3 HUMH 1 OCTATOYHUH PO3B’SI30K:

O T e

BinMiTimMO, MO OCHOBHM, IO BXOASATH JO OCTAaTOYHOI (opmynn
PO3B’ 3Ky, IIPU MiTHECEHH] 10 CTYIEHIO |, € MEHIIMMH 33 OJUHHUIIO TIPH

a<r<b, mo 3abe3neuye 301KHICTb SIK OTPUMAHOTO PANY, TaK 1 psaiB, IO
OTpHUMaH1 TOWICHHUM JTU(PEPESHITIFOBAHHSM.
VY po3miykaHWX BUIIE NPUKIATAX METOJ BiJOKPEMIJICHHS 3MIHHHUX
YCIIIITHO MPAIIOBAB 3aBISIKU OJHOPIAHOCTI PIBHSIHHS Ta KPAilOBUX YMOB.
SK1110 yMOBH OJTHOPITHOCTI MOPYIICHO, TO 3MIHHI BIIOKPEMITIOIOTHCS
TUTBKH MMCJIS  JEAKUX TIONepeaHiX TMepeTBopeHb. PosriasHemMo i
MEPETBOPEHHS HAa HACTYITHUX MPUKIIAIaX.

Ilpuxnao 6
PosrnsiHeMo kpaloBy 3amauy:
2 2
OV 29V oy, O<x<l, 150 (B.31)
ot ox
v i
g :_1, V‘x:l:(), (B‘32)
x=0
v =o(x); L =p(x), 0xg (5.33)
=0 T Ot ’

3BeeMO 110 3ajavy A0 3ajavi 3 OAHOPIAHUMH PIBHSHHSIMH Ta
KpallOBUMHM YMOBaMH HacTynHUM 4uHOM. [Toknagemo:
V(x,t):V(x,t)+W(x) (b.34)
ta migctaBumo (b.34) mo pisusuusa (b.31), kpaiioBux ymoB (b.32) Ta
novyatkoBux ymoB (b.33):



ov ' ,
=t V] (10

oV
V] ot (x)=0(x); o =p(x).
1=0
Bynemo Bumaratu, mo6 ¢pyHkuis W(x) Oyia po3B’A3KOM HACTYIHOT
OJTHOBUMIPHOT 3aj1a4i:
a*W"(x)2x=0, W'(0)=1, W(I)=0.
[aTerpyroun piBHIHHS W"(x):%x, OTPUMAEMO:
a
2
W‘(X)ZXTFCI.
a
3 mnepumoi KpalloBoi YMOBHM 3HANAEMO W'(O)=C1=—1, OTXe

2
W'(x):z—z—l. [HTErpyroun BApyTe, 3HANAEMO:

x3
w (X):ﬁ_)(:"‘cz .

3 Ipyroi KpailoBOi yMOBU OTPUMAEMO:

& P
W(l)= [+C,=0, Tooto C,=[——.
() 3a? 2 27 342
OcTaro4yHo:
W (x5
x)= +—x.
(75
Toni byukuis V (x,¢) Mae 3aJ0BONBHATH HACTYIHIH 3a/4i:
2 2
a—lz/zaza—lz/, O<x<l, >0
ot ox
oV
a0 V0 20
_ ovi _
V‘ZZO—(p(x)—W(x), ¥ —(p(x), 0=<x<l.
=0

B orpumaniii modaTkoBO-KpaloBiM 3amayi piBHSHHSA Ta KpanoBi
YMOBU OJHOPIJHI, OTXKE 10 HEI BXKE MOXE OyTH 3aCTOCOBAHUU METOJ
B1JIOKpeMJICHHsI 3MIHHUX. PO3B’A3y10uH ii aHAJIOTTYHO JI0 TOTO, SIK 1€ OYJI0

3pobneHo y mnpukiami 1, 3Haiimemo V(x,t). [llykanuii po3B’s130K
BU3HAYUMO 3a hopmyioro (b.34).
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Ilpuxnao 7
PosristHemMo HeomHOPIAHY KpaiioBy 3amady juist piBHSHHS Jlammaca:

2
g;+gg;% O<x<a, 0<y<b, (B.35)
881; _Ozf(y)’ V‘xza:()’ (B36)
oV

Tak sk HEOAHOPIAHICTD Y PIBHAHHI 3aJI€KUTh Bl 3MIHHOI V', TO AJIA
3BEICHHA 3a/1aul 70 OAHOPIAHOI MaeMO TMPUITYCTUTH 300pakKeHHS
IIYKAHOTO PO3B’SI3KY Y BUTIISIIL:

V(x,y):V (x,y)+W (y) (b.38)

[TincTaBumo 1€ 300pakeHHS JO PIBHSHHA Ta KpPalilOBUX YMOB
(b.35) - (b.37):

%V OV  prn
Faar e
oV
ax| SO VI ()0,
oV oV
= W0 = +W'(b)=0.
S oms  are)
bynemo Bumararwu, mo6 GyHKIIis W( y) OyJia po3B’SI3KOM HACTYITHOI
3ajayi;
W (v W0 W(b)=0,
3BiJKH W‘(y):éy2+Cl.

Tak sk W'(b):lb2+C1:0, TO  crazna Clz—lbz, T00TO

2 2
w '(y):é (yz—bz) :
InTerpyroun Bapyre, OTpUMaEmMo:

W () V5 b294Cs,

Ta TaK SIK W(O):szl , TO OCTATOYHO 3HAWIEMO:

W(y):é y3%b2y+1.
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Temep mis Qyskuii V' (x,y) Maemo 3agady 3 ONHOPIJHUMH

PIBHSHHAMHU Ta KpaHOBUMHU YMOBaMH 33 3MIHHOIO .

%’y/ 0.
y=b

Jns po3B’s3aHHA 1i€l 3amadi MOKe OyTHM 3aCTOCOBAHO METO[
BIJIOKPEMIJICHHSI 3MIHHUX aHaJOriyHO 10 mnpukiaga 3. Po3p’s3aBmm i,
OCTaTOYHHUM PillIEHHS BUX1IHOI 3aa4il oTpuMaeMo 3a popmyioro (b.38).

y=0:o’

3aBaaHHA
MeTosioM BIJIOKPEMIIEHHS 3MIHHUX PO3B’S13aTH HACTYIHI KpailoBi
3ajaui:
A
2
Qu_20U g 150
ot e
1) 5
u
— =0; u\_zO; u\_:l—x.
ox| g x=1 =0
2
6—”2012 a—g+2x, O<x<d, >0
2) Ot ox
u‘x:O: ; u\x:l:l; u\lzozx—Z.
Ou_20U 4 oy, 150
ot 2
3) 5
—7. ou . 2
u‘x:_l—l, P =0; u‘tzo—x
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ou__20%u

=,=a"——5—x, O, 0
5) ot o2
ou )
PN _0=O, u\x:l=2, u\ o =2X.
2
%L;:azag‘, —l<x<l, 50
6) ; ox ;
u u . _
. —() ax:Z:O, U_,=COS TX.
Qu_ 2‘9 U, 0x<2, 150
ot o
7) 5
u . _
u\x:():—l, axzzzl, u\tzo—x—l.
Ou_,20 , O<x<d, >0
3) ot 2
ou
o =0; u =0, u|_,~(1-x)
%t‘qzzgg‘—zx, O<x<l, 10
9) xa
. Ou
u‘x:0:2, ax:l —1; u‘t:():O.
ou_ > 0u
= , O<x<d, >0
ot 2
10)
u\xZO:O; gz =0; u\t:():xsinx
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b

2 2
0 gt:azé%_x, O<x<l, >0
1 ot Ox
1. Ou , el O _
u‘x:O_l, ox x:[:O’ u‘t:()_x—i'ls ot t=0_0.
2 2
87?: 287”2‘, 0<x<2, >0
2) ot ox
ou . —() oy Ou
orly e
2 2
3) or? x?
—()- N = 2. au
l/l‘ :_[_O’ u‘x:l:()’ u‘tzo_l_x > 512020
2 2
81;: 25731_2’ O<x<l, >0
2 ot ox
. Ou , e M _
Ul o x:,:O’ T g t=0_0
2
CU_2OU - 0xd, 10
ot X
5)
au S . 8u _
Ox x_O—O, R §t=0_2_x
2
6?_612821, O<x<l, >0
6) ot Ox
. Ou
u‘x:():o’ u‘x:l:(), u‘t O_X(l_x)a at:()zo
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O%u_ 2 0%u

72—61 ~ Sin X, O<-X<l> >0
7 ot ox
' _ _.. Oul _
”‘xzozo’ u‘x:Z:O’ u‘t=0_x’ Et—o_o
2 2
672‘ 26—2‘, O<x<2, >0
9) ot ox
o= Gl =0 = =0
=0 7 Ox 3= ’ 1=0 © ot t=0
2 2
61; aza%, O<x<l, >0
9) ot ox
—_f ) * = 2. au
u‘x:()_o’ u‘x:l:O’ u‘tz()_l_x ’ Etz():()
2 2
6% 20 Y dxd, 10
10) O O
) ou ou
ax__l:O, ul =0 ul_,=l-x; gt:():o

u 10u 1 0%u_ T
Do trar g I 00y

oul _ . = ;
R L
2, A2
542!4&2!:_2,@ O<x<l, 0<y<2
ox“ oy
2)
ou . - =x;
&x:oﬁ’ u = u‘yﬂ)_x’ u\y:=0
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2 2
Ou 0% (exel, 0< 1<l

3) axZ ayz
- Oou
u =0, u| =0; wu| =sinmx; | =0
‘x=0 ‘x—l ‘ y=0 ﬁy -
2 2
a—g+l g”+12 6—2‘— ., l<r<2, 0§6<g
4) Or® 1 Or =00

u| _=0; u\rzzzcosze; u\H:O; u\9:%=0

2 2
Qu dou, 10u_ o3 0<p<T

5) or? ror p?op? 3
. . _n|lT
u\e:():O, u\e:%:(), ur_3—9(3—9)
2. A2
a—gﬁra—g’:l, O<x<d, O<y<l
6) ox~ Oy
ou| .1 _ 1. _o Oul __ 2
ox x:0—2,ux:l_ b ”‘yzo o V|, )
O%u , 10u, 1 d%u T
——t——+———=0, I<r<2, 0<6<=
7 or? ror p? o0’ 2
. 0 . . Ou
u\H:O,u\&g—O, u\rzlzsanO, gr:f)
2. A2
OULOU_ jexd, O<y<2
) ox~ Oy
. Ou . . _
u\x:_l:O, ax:l:O, u\yzozo, u\yzz—x-i—l

2 2
Ou 10u, 1 07Uy 5y 0<0<m

9 ar2 ror 2 o9

ou

o =sin?0; u—0 mpu r—o

r=2
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10)

0’u O%u

“—+—=0, O<x</, O<y«l

ox? oy? 4
1 2. Ou . Ou

u‘x:O_l_y > ax:lzo’ A

oy =0
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JOJATOK B
Po3B’si3yBaHHs1 KpailoBHUX 3a1a4 MAaTeMAaTHYHOI (PI3UKH 32 METOI0M
IHTerpaJbHUX NEPEeTBOPEHD

Ipuxnao 1
[TiniOpaTu 1HTErpaJibHE NEPETBOPEHHS 3a 3MIHHOKO . Ta 3BecTH
HACTYITHY 33719y J0 OJTHOBUMIpPHOT:

2
aattl—angzl:q(x,t), O<x<l, O<t<oo,
X
X (0,0)=24(L,1)=0, st (B.1)

u(x,0)=1(x), O<x<.
BinmoBimiHO 40 cXeMH METOAY IHTETpalibHE TMEPETBOPCHHS
!
POBLIYKYETbCS Yy BHIUIAAL U (t)zju(x,t)K(x,?»)dx, ne K(x,?») —
0
HEBIJIOME SIIPO IHTETPATLHOTO TIEPETBOPECHHSI.
[TomHOXkMMO 00MB1 YacTHHM piBHAHHA y (B.1) Ha sap0 K(x,k) Ta

MPOIHTETPYEMO 32 3MIHHOIO . Ha 1HTepBal (O,Z):
l 5 52 I
u_ 20U _
-([(&_a axzjK(x,?»)dx—_([q(x,t)K(x,k)dx. (B.2)
[arerpan y miBii wactuni piBHOCTI (B.2) po3i6’emo Ha naBa. Y

NepIIoMy 3 HUX 3MIHUMO TOPSZIOK iHTErpyBaHHs Ta nudepeHiiroBaHHs. Y
JPYTOMY 1HTETpasi MPOBEAEMO IHTETPyBaHHS 110 YACTHHAM:

0’u

= u=K (x,\) dv="=dx
du;; (1) —aZIG—?K(x,K)dx ox =
! ) Ox p _dK (%)) g 0u
u=———""2dx v=
dx ox
Lduy (1), oul 2 rdK(x)) au
= -a K(x,k)aoﬂz Oidx 3 P=
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AKOeh) o ou
| dx ox du, (t) (x }L) aul
B 2 - dt Ox
du:dK(;C’k) v:u(x,k) 0
L dx i
dK (x,\ I hdK XA
+a® 6(bc)u(x,k)o—azj.d)(cz)u(x,K)abc. (B.3)

0

s Ttoro, mo0 BUXiAHA KpailoBa 3ajaya NEpeTBOpWIIAci Ha
OJIHOBUMIpPHY KpahoBYy 3ajady BIJHOCHO HEB1IOMOI TpaHCHOpPMaHTH
u, (f), meobximHo, mol6 smpo mepersopenns K(x,A) 3amoBonbHMIO

3anauy Lltypma-JliyBums:

2
W+KK(J¢,K)=O, O<x<l,
dx (B.4)
dK (0,1) 0 dK (1)) x)
dx ’ dx

(3ayBa)KMMO, 110 BCI 1HIII YJIEHU BHEIHTETPAIBHUX J0JAHKIB JTOPIBHIOIOTh
HYJIEB1 32 paXyHOK I'paHUYHUX yMOB 3a1aui (B.1) ).

Po3p’s13aBmim 1110 3aj1ady 3a CXEMOMO, II0 HaBeJeHa Yy JoJaHKy b,
oTpuMaemo, 1o po3B’s3ok 3aaadi [ltypma-Jliysunsa (B.4) 300paxyerbes
y BUTJISIAL:

K (x,X)=cosAx, h=a. , o= ; ,K—O L2,..
OTxe, MOOYI0BAHO CKiHUeHe KOCHHYC-TIepeTBopeHHs Dyp’e:
!
u, (t):J-u (x,1)cos ouxdx, (B.5)
0
y IPOCTOPi TpaHC(HOPMAHTH SKOTO BHXiTHA 3a7a4a MPUIMAE BUTIISIT:

' 2.2

u, (tHrata’u, (t)=q, (1), (B.6)

/

e q, (t):j q(x,t)cos oxdx .

0
3actocyemo iHTerpaipbHe meperBopeHHs (B.5) g0 ocraHHBOI
rpannyHoi yMoBH y (B.1). 3 mi€ro MeTor0 NOMHOXKHUMO OOUBI YACTHHH Ha
K (x,A)=cosox Ta mpoiHTerpyeMo 3a 3MiHHOIO , Ha inTepsani (0;1).

YMoBa y npoctopi TpaHCHOPMAHT 3aMUIIETHCS Yy BUTIISII:
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l
, (0)=f»  fo=[ f (x)cos cuxex. (B.7)
0

Takum uyumHOM, KpaiioBa 3amada (B.1) 3a pomomoror Metoay
IHTErpajibHUX MEPETBOPEHD 3BE/ICHA 10 OJ:(HOBI/IMipHo'l' KpalioBoi 3a/1aui:

uy (t)rata’u, ()=, (1),
U, (0)=fa.

Otpumany 3amayy  po3B’si3yeMO, MOOYAyBaBIIM  3arajlbHUM
pO3B’S30K H(epeHianbHOrO0 pIBHSIHHS, HEBIAOMY CTaly y SKOMY
BU3HAYA€MO 3 KPaiOBOI YMOBH.

3ayeaoscenns. Buximny 3amauy (B.1) MoxHa 3Bectm 0
OJIHOBUMIPHOI B 1HIIMK cmocib, a caMe, BUKOPHUCTOBYIOUU 1HTErpaJibHE
neperBopeHHs Jlamnaca 3a 3MiHHOWO f. JIJ1 1bOTO Mepill TpU PIBHOCTI y

(B.8)

sagaui (B.1) momHOXUMO Ha e *, mpoiHTerpyemMo 3a 3MiHHOK [ Ha
inTepsani (0;+0):

2
a’ dzlla2(x)—ocua (x)=qq (X1 (x), O0<x<l,
x
duy (0)  duy (1)
o S, Mg, (B.9)

[ee]

ne q, (x)z_[ q(x,t)e dt.
0

Ilpuxnao 2
[TiniOpaTu iHTErpajgbHE MEPETBOPEHHS, SKE 3BEJC HACTYIIHY 3aady
JI0 OJTHOBHUMIPHOT:

2
Cu L ou,10%_o(, ) Ocaer<h, —n<bsn,

or’ ror y?0p?
0
u,_,=1(6), a]; =0, (B.10)
ou _Ou
”‘e——n:”‘e—n’ %Oz—n_%6=

[TinbepeMo iHTErpasbHE MEPETBOPEHHS 3a 3MiHHOIO 0. Ilepemumemo
nudepeHIianbHe PIBHAHHS 3a/1a41 y BUTJISAL

2 2
g?krz 22‘"’" gu—r q(r,0). (B.11)
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[TomHOXXMMO 0OW/IBI YaCTHHU PIBHSHHS HA HEBIIOME PO MEPETBOPEHHS
K(G,?u) Ta TPOIHTETPYEMO Ha IHTEpBai (—TC; Tc). Sx  pesynbrart,
OTPUMAEMO 3aMICTh MEPIIOTO JOIAHKA!

) u=K (0,1) =" g
002

0u
~—K(0,L)d0 =
Iae2 ( )

S _dK (9 7\,) ou
dZ/l— _de de V_Fe )
_dK(OA) o
oul* T oudK(6,2) -~ do =60
K (6,1) 0 64 .
dusz, V:l/l(e,k)

6 k ou J'_dK(G k)“(eﬂk)iﬁf”(e’}‘)wde_

—T

dK(6.0)|  dK(6.1)

= TR (0, K(0A),_ Fu(en), 40 do

00

‘ =TT ‘ e:—T[

O=n

T 2
+| u(e,k)dlzég’md&

s Toro, moO BuximHa 3amada (B.10) tpanchopmyBanach Ha
OJIHOBUMIPHY, PO TIEPETBOPEHHS Ma€ 3aJ0BONBHATH 3amady llItypma-
JliyBuiis:

2
CZ{@%MK—O
(B.12)
x| dK| _dK
K‘G:—TC_K‘S_TC’ do e:_n_ do 0=

BianosigHno 1o cxemu po3B’sizyBaHHs 3anaui Ltypma-JliyBuss, 1mo

BlacHi ¢yHKIII i€l 3amadi — {e’Ke}, ne K=—o0,+00. Orxke, mykane

IHTEerpaJibHE MIEPETBOPEHHS € epeTBOpeHHIM Dyp’e:
T

ug (r)= j u(r,0) ™00

-
3 popMy0r0 0OEpHEHHS:
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1 v KO
u(r,@):E Z ug (r)e™®. (B.13)
=—00
OnHoBHMMIpHA 3a7adva, IO BIJIMOBIJAa€ BUXIIHIN TpaHUYHIA 3a7adi,
HaOyBa€ BUTIISILY:

2 dz“K (’”) i duy (’”)

drz dl"

—KzuK (r):gK (r),
(B.14)

Po3B’s130K ii MOXxkHa OOy 1yBaTH, 3aCTOCOBYIOUH, HATIPUKIIA]T, METO]T
¢ynxuii ['pina.

Jns miel camoi BUXIAHOI 3adadi MOXHaA MiAIOpaTH IHTETpaibHE
NEPETBOPEHHS 32 3MIHHOIO 7, SIKE 3BEJI€ 3aJa4y TaKOXK JI0 OJHOBHUMIPHOI,
ajie Temep — 3a 3MiHHOIO 0. Y 1mpoMy pasi nudepeHIiianbHe PiBHSHHA 3
(B.1) 3anumemMo y BUTJISAIL:

O(,.0u), 0u_n,
Gr( 5’”)+662_r g(r,0). (B.15)

[HTerpasibHe  TEPETBOPEHHS 3  HEBIIOMHM  SIPOM K(r,?»)

PO3IIYKY€EMO y BHUTJISIIL
b

U, (9)=Iu (r,0)K(r, K) dr (B.16)

a
TUMYacOBO MPUITYCKAaIO4H, 110 TPAHUYHI YMOBH 32 PaJl1aJbHOI0 3MIHHOIO €
OJTHOPITHUMH.
[TomuoxxuMo o6uaBi yactuHu piBHsAHHA (B.15) Ha r"lK(r,k) Ta
MPOIHTETPYEMO Ha 1HTEpBai (a;b) 3a 3MiHHOIWO 7. OTpUMaEMO MiCIA
IHTErpyBaHHS 3a '-IaCTI/IHaMI/I HACTYIIHE CITIBBIAHOLICHHS:

d’ & Mt;ﬁj. (,0) [rd( dK)+7uK}dr Ou

d6? dr\ d r 8r bK(b’k)_

dK

ou
T S

r=b or r=a

b
dK
aK (a,%)—u\r:a a > :Jrg(r,G)K (r,\)dr.

r=a
a

3 MeTor 3BeCTH BHUXIJHY KpailoBy 3ajady 0 OJHOBUMIPHOI
BUMAaraeMmo, Io0 sApO I1HTETPaJbHOTO TIEPETBOPECHHS K(r,k) OyJo

po3B’si3koM 3aaaul L typma-JliyBuis:
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ri dK H+AK=0, O<a<r<b,
ar\' dr
(B.17)
dK|
K| _ =0, T r:b_o.
BignoBimHo m0 cxemm po3B’s3anHHsA 3amaui  [typma-JliyBums
OTPHUMaHO, 10 AZPO MIEPETBOPEHHS K (r, 7») JIOPIBHIOE
) 2K-1
K(r,%):sm(ocln 2), A=, Q:W. Orxe, 1100y 10BaHO

HECTaHJapTHE CKIHYEHE CUHYC-TIepeTBOPeHHs MerutiHa:
b

u, (0)= I (r, 6)sm(oclna)dv

3 popmyior0 0O6epHEHHS:

u(r, G)Zm(g/coéua(e)sin(oclng). (B.18)

JlocuTh 4YacTo MOKHa 3aCTOCYBATHU IHTErpajgbHE IEPETBOPEHHS,
SIPO AKOTO Bke moOyaoBaHo. [ mporo moTpiOHO 3HATH BUTJISAA 3a1adi
[Mrypma-JliyBuiis, SKUil Ma€ 3aJJOBOJIbHUTH IIYKAHE SIIPO MEPETBOPEHHS
Ta 1HTepBaJl, Ha SKOMY BHU3HAau€Ha HeBigoMma (PpyHKIis. 3Hatouu 1l QakTu,
MO’KHA 3BEPHYTHUCS /10 CTAHJAPTHUX TAOJIUIb IHTETpaIbHUX [1EPETBOPEHb.
(Hanmpuknan, oGmupHi Tabnuii HaBeneHi y nocionuky I'. S. [Tonos, B. B.
Peyr, H. JI. Baiichensn “HaBuanbHuii mociOHHMK 3 Kypcy piBHSHHSA
MaTeMaTHU4HOi (13UKU. MeTo | IHTerpaibHUX NEPETBOPEHD ).

Ilpuknao 3. P03B’513aT1/1 KpailoBy 3a/1a4y:
82u 62
o2 8y

8u
“0x

=(), —oo<x<o0, O<y<a

=0 x>0 (B.19)

ou
= == =0, —00<x<00
u\yzo—(p(x), & =0, —00<X<
y=a
Buxoasguu 3 TOro, 1o 3a 3MiHHOIO N HeBiloMa QYHKITIS 3MIHIOETBCS
Ha 1HTepBai (—00;+00) Ta 3 YMOB Ha HECKIHYEHHOCTI, BHKOPHCTAEMO

1HTerpajibHe nepersopeHHst Oyp’e 3a i€ 3MIHHOIO:
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ug (y)= ]9 u(x,y)e ™ dx. (B.20)

—00
[TomHoxxumo oOuaBi yactmau piBHsSHHS (B.19) Ha sampo
HIepeTBOPEHHS '™ Ta MPOIHTErpyeEMO Ha MPOMIKKY (—oo, +oo):

o 5 . © 5 .
I gg’emdx-i-j gg’e’“‘xdx:O. (B.21)
X Y

3 ypaxyBaHHsAM KpailoBux ymoB (B.19), micig iHTerpyBaHHs 3a
YaCTUHAMU, MEPIINN TOJaHOK IPUKMME BUTIISAL!

o 5 .
J 2Lzle’o”‘dx:(—i(x)2 ug (¥)=—0’u, (). (B.22)
2

VY npyromy AOAaHKY, 3 ypaxyBaHHSM TOIO, L0 IHTETPyBaHHS Ta
JU(EpeHIIIIOBaHHA TPOBOJAUTHCA 3@ PI3SHUMU 3MIHHUMH, 3MIHHUMO
MOPSIIOK ITI€T omeparii:

2
j "“dx I ue’o‘xdx—dLg
S dy™

Sk pe3ynbTaT, y HOpOCTOpi TpaHC(popMaHT neperBopeHHs (B.20)

OTPUMAEMO OJHOBUMIPHY KpaioBy 3a/1ady:

{ tty ()0, ()20

0 (0 ().t (a0

e d)(a):J o(x)e ™ dx.

—00

(B.23)

3aranbHuii  po3B’s30k  piBHAHHA 3 (B.23) wmae  Burmag
U, ( y)=Ach0Lx+Bshowc . HeBimomi crami 3HaiiieMO 3 TpaHUYHHUX YMOB
(B.23):

U (0):(1) (OL)ZA,
u, (a)=0=c.Ashoa+oBshoa,
A=0(a), B=—®(a)thaa.
Tpanchopmanty Dyp’e po3B’sa3ke BUXITHOT 3a71a4i 3HAUICHO:
cho.(x—a)
Uy ()@ (a)[chox—thaashox =D (o) g

3a gomomororw GopMyiau OOCpHEHHS IHTETPaIbHOTO MEPETBOPEHHS
®dyp’e moOya0BaHO PO3B’ 30K BUX1THOT KpaloBO1 3a1aui:
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17 cho(x—a) _
u(x,y)zﬁ I CD(oc)ch((m)e o, (B.24)
Ilpuxnao 4
Po3risHeMO o4aTKOBO-KpaioBy 3a1auy:
du_20%
ot =a FweR O<x<o0, £>0, (B.25)
g, U 50, xoseo, 150 (B.26)
Ox 0 > o ’ ’
ul_y=p(x), 0<x<eo. (B.27)

BpaxoBytouu, 1m0 3MiHHA X 3MIHIOETBCS Ha THTEpBai (O; +00) Tay

touri x=0 3amaHa ToXiJHAa (QYHKIII, TO BIAMOBITHO 1O CTAHIAPTHUX
Ta0IMUIs IEPETBOPEHB 3aCTOCYEMO COS -TiepeTBOpeHHs Dyp’e:

U, (t):Tu (x,¢)cos axdy. (B.28)
0

[TomHOXUMO 00uABI uyacTuHu piBHSHHA (B.25) Ha cosox Ta
IPOIHTETPYEMO 32 3MIHHOIO . Ha (O'oo):

T ou o*u
—-cosowxdx=a J.—cosocxdx
81‘ Ox
0
VY miBifi 4acTuHI plBHOCTl 3MIHIMO TIOPSIJIOK IHTErpyBaHHS Ta
nudepeHIliroBaHHsA, a y TpaBiid YacTHHI 3aCTOCYEMO IHTETPYBaHHS 3a
YaCTUHAMM:
d 7 o
2 2 u
— |ucosoxdx=a“| —ou, (¢
dt-([ [ ‘*() ox }

BpaxoByroun ymoBy (B.26), nictanemo 3BHuaiiHe qudepeHIianbHe
PIBHSHHSL:

ug, (tyra*a’u, (1)=0. (B.29)

3actocyeMo niepeTBopeHHs (B.28) no mouatkoBoi ymoBu (B.27):

u(x,0)cos oxdx= j @(x)cos oxdr, (B.30)

oS—38

ug (0)=0(a), ne O(a =_f(p ) cos ouxdx.
0
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3aranpHUI po3B’s30K piBHAHHS (B.29) Mae Burisi:
Uy, (t):Ce_“zo‘z’ :
Hesinomy crany posmrykaemo 3 ymoBu (B.30):
11, ()= (c0)=C.
TpanchopmanTy nrykanoi GyHkiii mooy10BaHo:
)
ug (1) =0 (a)e™ . (B.31)
3 1pOro BUIUIMBAE 300pakKeHHsS PO3B’S3KYy BHUXIAHOI KpailoBoi
3ajayi:

u (x,t):i J CD(oc)e‘”ZO‘Z’ Ccos ouxd. (B.32)
0

MosxHa, BpaxoByroun 300paxxenHs (B.30), 3anucatu peTenpHie:

u(x, z‘):i_ I e ¢os ocxde- @(&)cosoEdE=
0 0

:i I ?(&) d&,.[ % cos o cos aéda.
0 0

BifoMe, 1110 COS 0Lx COS ocﬁzé (cosou(x—EHcosa(x+E)).
2

0 z
2.2 1 )
J.e a0t cosozd o=, /Ee 4a’t

0 2a\ t

OTxe, 0CTaTOYHO OTPUMAEMO PO3B’A30K BUXIJTHOT 3a/1a4l:
Lo (-8 _(x2)
u(x,t)= e 4t pe 4d’t |JE B.33
( ) 24 \/E{@(g) g ( )

Ilpuxnao 5
Po3B’43aTu MOYaTKOBO-KpailoBy 3a/1a4y:
2 2
a—z;:aza—?, O<x<l, 0, (B.34)
ot ox
ou
=0, & = >
ul =0, ox_ o(r), 0, (B.35)
ou
u|,_,=0, ﬁxt:od)' (B.36)
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3acTocyemo 3a 3MiHHOIO _ TiepeTBopeHHs Jlamaca:

o0
U, (x)z_[ u(x,t)e”dr.

0
[leperBopuMo niBy uyactuHy piBHocTi (B.34), BpaxoByroouu
MpOBEJCHE 1HTErpyBaHHS 3a YaCTMHAMHU Ta HYJIEBI IMOYATKOBI YMOBHU

(B.36):
o0
_2d?

=0 dx

_Ou

=0 ot

Hudepenmianbae piBasHHEA (B.34) y mpoctopi TpaHchopmaHT
Jlannaca npuiime BATIIAA:

2
u, (x)—%ua (x)=0, O<x<L. (B.37)

ou (x)-auyl

u ue *'dt.

[TepeTBopumo 3a Jlammacom kpaitoBi ymoBu (B.35):

,([”xzo e dt=0; !)‘ gﬁ

e dt=[ g(t)e M dt.
x=l 0

3BIIKH MacMO:

0

Uy (0)=0; u, (I)=®(at), me @ (oc):J- o(t)e dt.
0
3aranpHU po3B’ 30K piBHsAHHS (B.37) mae Bursia:

ug (x)=Ach %Bsh %.

Jns Bu3HaueHHs ctanux A Ta B BUKOpucTaeMo yMOBH:

A o o/ o o/

()
10670, A=0, B:“ml).
ach®
a
OT1xe, TpaHcpopMaHTa IIyKaHOT QYHKIIIT Ma€e BUTIISL;
ad(a
U, (x)—() shox.

och al  a
a

3acTocyBaBIIM [0 OTPUMAaHOrO  CITiBBIJHOIIEHHS OOCpHEHE
nepeTBopeHHs Jlamiaca, oCTaTo4HO OTpUMaeMO (HOpMYITy JIJisi PO3B’sI3Ka
BUXIIHOI 3a7a4i:
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CamocrTiiiHe 3aB1aHHA
MeTto10M 1HTETrpabHUX NEPETBOPEHD PO3B’SI3aTH KpailoBi 3aaaui:
A

ou__ 2 0%u
1. g—a &xiz, —00<X <0, >0

utd)z(p(x);u,gz—m npH [x}—>0

2. A2
2. a—Lz{Jra—gl:O, —o0<x<0, O<y<a
ox“ Oy

Ou
y=0

Oy
2 2
3. a—?zaz a—g, —00<x<00, 1)
ot ox
. Ou
u‘t:():(p(x), E

2, A2
4. a—L2l+a—]’2‘=0, O<x<a, —o<y<oo
ox

_a=0; u,a—u—>0 npu \x\—)oo
= X

=p(x); u),

~0: 1, ou

-0 —>00
. 0 mpu x]

=0; u, a?C—)O npu |y}—00

ul _,=o(y)su

2 2
5. 8—Z‘+a—g‘:0, —o0<x<o0, 0<y<a
ox“ Oy

X=a

ou
Oy

=0; u, aZ—)O 1pH | x|—>00

y=a

ou
=p(»); o
. ):5,
2 2
6. a—gzaza—g, —o0<x<00, >0
ot Ox
ou

0
u‘_ '7xt: u

a:(p(x); u,—x—>0 npw |x|—00

2, A2
7. a—L2l+a—]’2l=0, O<x<a, —oo<y<oo
ox“ Oy
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=p(»); gz—m np |yl—>o0

X=a

ou

ox
2 2

g U 0u_
ox~ oy

=o(x);

. 0u
x=0 " Ox

(), —oo<x<oo, O<y<a

ou

—x—>0 npu \x\—)oo

Ul =0;u,

y=0
2 2

9, g‘guggl:o, O<x<a, —o0<y<o0
X oy

ou . _ ., Ou
Ox x:():()’ ! x:“_(P(y)’ " ox
2, A2
10. 87214_671;:09 O<x<a, —oo<y<oo
ox“ oy

—(0 npu \ y‘—)oo

ou
y

. ou

ul _,=0; o —0 mpu |yl

=p(y); u,

X=a

b
2 2
1. g;:f gg, O<x<o0, >0
X
ou

u\qu:o; u,—x—>0 TIPU X—>00

2
2. U_207U (1 on 150
ot ox?
ou

u\ﬁ):O; u,—x—>0 MIPU X—>0; U

2 2
3, CU_2 OU (cxcon, 150
ot ox
ou

ou
Ox

=0 (%)

=0; u, —x—)O PU X—00

x=0

0*u 0%u
4. —2+—2:O, O<x<a, O<y<wo

ox“ Oy

Ou

X=a
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ou
v
2, A2
5. 87214_871;:0’ O<x<oo, O<y<a
ox“ 0Oy

=0; u, az;—>O MIPU X—00

u‘y:():O; u,-—0 nmpu y—oo

ou

ox

ou =0; u

oy =0

6. 8—2@@:0, O<x<o0, O<y<oo
ox“ Oy

ul _,=0; 1, %150 TIPU X—>00
x= X

ou

oy =0

2, A2
7. a—g+a—g‘:0, O<x<o0, O<y<oo
y

x=0

1=a=0(%)

=¢(x); u,a;—>0 TIPU y—>00

ox

ou
ox

=0; 8i—)O MIPU X—>00
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JNOJATOK I
Matpuus I'pina oqfHOBUMIPHUX KPaHOBHUX 3a1a4

[Tixg yac po3B’si3aHHS KpalOBUX 33aa4 MAaTEeMAaTUYHOI (i3UKH JOCHUTH
4acTO BUHUKAE HEOOX1HICTh 3HAWTH PO3B’SA30K 3a/4aul, € PO3IIIAIAEThCA
cucreMa qudepeHuialbHUX PIBHAHb 3 IEBHUMU IPAaHUYHUMU YMOBaMHU. Y
[IbOMY BHUIAJKy € KOPUCHUM BUKOPUCTAHHA amapara QyHkuii ['pina, pois
SKOi BUKOHY€ MaTpullsd [ pina.

PosrnsHemo cucremy nudepeHLIadbHUX pPIBHSHb, SKy MOJKHA
3aMucaTH y BUTJISIIL

By (x)z'(x+B(x)z(x)=f (x), a<x<b, (T'.1)

n—1
0 b

(0 () H S ()
B (xHPA (m=0.1: P=0, j2k).

[IpUITyCKAEThCs, IO €IeMEHTH BCIX MaTpHIlb HENepepBHi Ta
BusHaunuk det B (x)#0 na inrepsani (a,b).

-1
Ha3nuBA€THCA

DyHIAMEHTATBHOI MAaTPHUIIEIO CD(x,«iH‘(p ik (x.8) Z

TakKa MaTpulsd, 110 ManHIJ;;I-CTOB6euL:
b
z(x)=[@(x.8) £ (8)dE

€ posp’sskoMm piBHsAHHS (I.1) mist Oyab-sikoi HEmepepBHOI MaTpHIIi-
cToBOLs [ (x)

TyT BUKOpUCTaHO MaTtepial, B3sATHI 3 HaBYaJIbHOrO nocionuka I'. S1.
[Tonos, C. A. A6nimananos, B. B. EbumoB “®@ynkuuu u matpuisl ['puna
OJIHOMEPHBIX KpaeBbIX 3a7a4u. — Anmatel: U3a. Pyan. — 1999. — 113 c.»

dyHmaMeHTAIBHUM  PO3B’SI3KOM  MaTPUYHOTO  JU(EPEHIiaIbHOTO
piBHsiHHA (I'.1) OyaemMo Ha3uBaTH MATPUIIO:

z(x)Hz 4 (x)

BU3HAYHUK $IKOi BIAMIHHUI BiJl HyJsl Ta sKa 3aJ0BOJILHSE OIHOPiIHE
MaTpUYHE PIBHIHHS:

n—1
0 2

F (x)z '()C)JrP1 (x)z(x):O, a<x<b. (I.2)
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HeBaxko MOMITUTH, MO SKIIO MATpUlll z € (pyHIaMEHTAIBHUM
n-1
po3B’si3koM, To Matpuit zC (C{‘C j kHo — MaTpHUllsl CTalMX) TaKOX €

po3B’s3koM piBHsAHHA (I7.2).

[Mpuennaemo no pisasHHs (I'.1) rpannyHMil QyHKITIOHAT:
U= Az(a)+ Bz(b) = 7,

e Adoly By A,

Y BIONOBIAHOCTI 31 CKAJISAPHUM BHIIAJKOM MOKHA TOCTaBUTH

HEOJIHOPi/IHY, MIBHEOJHOPIIHY Ta OJHOPIAHY KpaloBy 3amady Juis
piBuasaas ([1.1):

n—1

By(x)zZ'(x)+ B(x)z(x) = f(x),U[z] =7, (I.3)
By(x)z'(x) + A (x)z(x) = f(x),U[z] =0, I.4)
Fy(x)z'(x) + B(x)z(x) =0,U[z] =0. I.5)
J_—[Hﬂ HEOCOOINBUX KpaP'IOBHX YMOB Ma€ BUKOHYBATHUCA!
detU[z]#0,U[z] = Az(a) + Bz(b). (I'.6)

ko kpailoBi yMOBH € HEOCOOJMBHMH, TO OJHOpiIHA KpaiioBa
3amaya (['.5) Mae TUIbKM TpUBIaJIbHUNA PO3B’SI30K Ta HAaBHaku. SIKIIO
OJIHOpiIHA KpaiioBa 3ana4a (I.5) Mae TUTbKM TPUBIANBLHUN PO3B’SA30K, TO
Mae micie HeocobymBicTh kpaitoBux ymoB (I'.6). Illo6 BmeBHUTHCS Yy
bOMY, 3arajibHHUI po3B’sA30K zC MiACTaBUMO JO KpalOBUX YMOB
Ulz]=U[zC]=
bazuchHoro ManI/ILIeIO kpaiioBux 3amau (I'.3)— (I'.5) HazuBaroTh

MaTpUulro \II , SIKa 3aJI0BOJIBHAE 3a1a4Y:

Ry (x)+ A(@)¢x)=0.a <x<b,Uly]= ( =6« j .7

[Ipy HeocoOMMBUX KpalilOBMX YyMOBax TaKa MAaTpHIS ICHYE Ta
OynyeThes 3a GopMyIIoF0:

\V(x)zz(x)—C, e C:(U[z])_1 ) (T.8)

Icnysanua ma eonicmos mampuyi I pina
Martpuneto I'pina kpaitoBi 3amaui (I.4) Ha3uBalOTh MAaTPUIO

G(xeHg, ()

nosinbHOi dynkuii f(x) 3a popmyoro:

, 4yepe3 sKy pO3B’SA30K 3a7adi 300paxkyeThCs IS
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Z(x):?(;(x, £)/ (E)de. (I.9)

Slxkmo matpuito ['pina moOynoBaHo Ta BioMO 0a3uCHY MaTpUIIIO
\|J(x), TO PO3B’SI30K HEOJHOPIIHOI KpaioBoi 3amaui (I'.3) 3amumerscs y

BUTJISA/L:
b
2(x)=] G(x8) f (&)dery (x)y. (I.10)

VY BIAMOBIMHOCTI 31 CKAJIPHUM BHIAJKOM MOKHA JIOBECTH, IO 32
HEOCOOMMBUMH KpaloBUMH yMoBaMH| s 3aiadi (I.3) icHye TinbKku oaHA
matpunt ['pina. JloBegemMo TakoX 1 aHaJOr TEOPEMH TIPO YOTHPH
BU3HaYalIbHI BIacTUBOCTI QyHKIIT ['piHa.

Teopema

Martpuus  G(x, g):H g (x8)
BJIACTHBOCTI, € MaTpuuero I'pina kpaiiosoi 3agaui (I'.3):
1) Marpuns G(x, &) — HemepepBHa 3a 0O0OMa 3MIHHHUMH y KOXHIN 3

n—1
0 , IO Ma€ YOTHPH HACTYIIHI

TPUKYTHUX obnacTeit: a<x<&, E<x<h.
2) Ha minii x=§ Martpus G(x, &) 3a3Ha€ CTPUOOK, SIKUM BU3HAYAETHCS
3a opMynamu:
G(E0.8G(E0.8HR(2)
G(x,x-0)-G(x, x+0)=(P1 (x))_1 .
3) VYV KOXHIil 3 TPUKYTHHX oOjacted a<x<&, &<x<b matpuis G(x,EJ)
3a 3MIHHOIO _ 3a710BoJIbHA€ piBHSIHHA (I7.2):

F (x) G '(x, §)+131G(x, é)zO. (T.12)
4) Marpuus G(x,&) 3a10BOIBHSIE ONHOPIAHY KpaiioBy yMOBY
U[G]=0. (T.13)

3ayBakMO, 10 SIKIIO MATPUILS 33JI0BOJIBHSE MEPIIl TPU YMOBHU, TO
Taka MaTpuIld € GpyHIaMeHTaIbHOI0 MaTpuieto piBHsSHHS (['.1).
Skmio kpaiioBi yMOBHU 3ajadi € HEOCOOJIMBHUMHM, TO 3aBXKIU ICHYE
Mmatpuils I'pina. [y ii moOy10BY 3pydYHO BUKOPUCTATH TIOJTaHHS MaTPHII
y BHTJISIL
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A (8), x<
Gy "IN @ (T.14)
z(x)BO (E_,), x>E,
ne z(x) — (yHmaMeHTanbHHUI po3s’sa3ok pisusaus (1.1), a A° (é‘,), B (5’;)
— JIOBUIBHI MaTpUL, €JIEMEHTHU SIKUX 3aJIe’KaTh BiJ mapamerpa &. YMoBH

(2) Ta (4) 3a10BOJIBHUMO, T1ACTaBUBIIN 300pakeHHs PyHKIil ['pina (I".14)
1o pieaocTi (I'.12) Ta (I'.13):

2(&)[B'(e)-A° (&) KA (8))
Az(a) A®(E)+Bz[b] B (€)=0.

Otpumani pisHsHHs 11s BusHauenns matpuni A°(&) ta BY(E)

(T'.15)

PO3B’SI3yEMO €IMHUM YMHOM 32 PaxyHOK HEOCOOJIMBOCTI KpailOBUX YMOB.
Takum 4MHOM, TOBEIECHO HACTYITHE CTBEPAKCHHS.

Teopema

Sxmo oxHopiaHa KpaiioBa 3aga4a (I'.5) mae Tisibku TpUBiaJIbHUI
po3B’si30k  (TOOTO KpaloBi YMOBM € HeOCOOJHUBHMH), TO
nmiBHeoHOpiAHA KpaioBa 3agaya (I'.4) mae ogHy i TiIbKM OOHY
Martpun I'pina, 1A AK0i BUKOHYHTBCHA BCI YOTHPHU BJIACTUBOCTI
TeopemMu. Matpuusa Moxxke OYyTH CKOHCTpyiHOBaHa 3a (opMyJi010

(I'.14), ne marTpuui Ao(é) Ta Bo(ﬁ) PO3LIYKYIOTbCHA 3 CHCTEeMaMH

MaTtpu4Hux piBHaHb (I'.15).

3acobu nobyoosu mampuyi I pina

3actocyBanus dhopmyi (I'.14) ta (I'.15) qist moOyaosu matpuiii [ pina
MOB’SI3aHO 3 TPOBEJEHHSM TPOMIZIKMX BHUKIAAOK. Tomy BapTo
BUKOPHCTOBYBATH 3ac00M MOOYJOBH MPOCTIIIOro XapakTepy. Po3risiHemo
JIesIK1 3 HUX.

HasBHicTh (DyHIaMEHTATIBbHOI MAaTpHIll 3HAYHO CIPOIIYy€e MOOYI0BY
Mmatpuili ['piHa, 3a sikoro Oyayerbes popmyna. Y MbOMY BUNIAJKY MAaTPHUIIS
['pina mae BUTTIS:

G(x,8)=D(x,EHz(x)C (), (I'.16)
ne Z(x) — (ynaameHTanbHul po3B’si30k. Marpuiro C (@) BU3HAYKMO,

po3B’s13aBmu rpaHudHy ymoBy (I.13).
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Cxema cTae me OLIbII MPOCTOI0, SKIIO OKpPIM (yHIAMEHTATbHOI
MaTpHIll BijoMa 1 6a3ucHa MaTpulls \u(x).Toz[i dbopMyna s MaTpuili
['pina momaeThCs Tak:

G (x,£)=D (x, &)y (x) [@]. (T.17)
Cnpaseqnusicts Gopmyin (I.16) ta (I'.17) noBoaUTHCS 3a CXEMOIO
CKaJSIPHOTO BHIIAJIKY.

Sk 6adyMMO, CYTTEBO BAXKIMBMM MOMEHTOM Yy MOOYJOBI MAaTpHIb
['piHa € HasBHICTh (yHIaMEHTalIbHUX MaTpuilb. [IponeMoHCTpyeEMO TyT
JIBa 3arajibHi crocobu ix no0y/10Bu.

[Ipumyctumo, mo ¢pyHIaMEHTaTbHIA PO3B’ 30K z(x) piBasHESA (I7.1)

B1JIOMHUM, TOAI 5K 32 GyHAAMEHTAIBHY MATPUIIFO MOYKHA B3STH MATPHIIO:

@ (x, &)1/ 25gn (x-5)2(x) 27 (&) (B (8)) - (T.18)
besnocepenHpor0 MEpeBipKOI0 MOKHA TEPEKOHATHUCS, IO YMOBHU
(1) — (3) Teopemu BUKOHAHO.
Yacto 3 Meror moOyJAOBH (PyHIAMEHTAIbHOI MAaTPHIll 3pPY4YHO
BUKOPUCTAaTH METOJl IHTErpalbHUX NepeTBOpeHb. i 1boro mae
BUKOHYBATHUCS CI1BB1IHOIICHHS:

a
I K (x, oc)[PO (x)z'(xHB(x)z (x)] dx=M ,z, (I'.19)
ag

Tyr K (x, oc) — MaTpHuIsl sApa IHTErpajbHOTO TEPETBOPECHHS, SIKE

3BoZie  Au(epeHIianpHe MaTpU4YHE PIBHSAHHA 0  airedpaivHoro
MaTPUYHOTO PIBHSIHHS:

b
M zo=fy f=[K (&) £ (E)dE, (I"20)

b

zo=| K(&a)z(2)dE
OTtxe, pyHIaAMEHTaIbHA MATPHIIA Y TAKOMY BHUMAIKy OYAYy€EThCS 3a
bopmyoro:

©(x,E)=] R(x,0) MK (&) do(a), (I'.21)

ne R(x,oc) —  4Ip0  OOEpHEHOr0  MATPUYHOIO  IHTErpaJbHOIO

HEepEeTBOPEHHS.

VYce BulIe3a3HauY€HE JIETKO MEPEHOCHUTHCS HA BUMAJ0K MATPUYHOIO

TudepeHIiabHOTO PIBHSAHHS MOPSAAKY BHILE 3a nepmuid. Hanpukian, y
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BUMAJAKYy  JAu(epeHmianbHOro  pIBHSHHA  7-TO  TOPSAKY  pOJIb

(pyHIAMEHTAIbHOI ~ CHCTEMH  PO3B’SI3KIB (x), j=0,n-1  Oynyts

BUKOHYBaTh MaTpu4Hi po3s’ssku Y, j=0,g—1 piBusuus:
ZP ) Y™ (x)=0, a<x<b (I'.22)

(Bu3HauyHUK BpoHCBhKOTO TyT € BIAMIHHUM B1J] HYJIS).
3araiabHUI po3B’ 30K OJTHOPIIHOTO PIBHSAHHS Yepe3 PyHIaMEHTaIbHY
MaTpUYHY CHUCTEMY PO3B’SI3KIB 3alUCY€ETHCS Y BUTIISAII:

e C;, j=0,n—1 — kBanpaTuuni Matpuui cTaTMX.

Ilo6yoosa  ¢ynoamenmanvnoco  po38’sasky — 01 cucmemu
GyHoamenmanbHUx pieHsHb i3 cmaiumu Koegiyienmamu
Skmo marpwuii Pl(x) i=0,1 y piBusaHi (I'.1) € mocriiiHuMU, TO, HE
oOMexyroun 3araibHocTi, piBHsSHHSA (I'.1) MokHa 3anucaTu y BUTIISIAL

z'(x}APz(x)=f (x), a<x<b, (T.24)

n—1

JI€ O — KOMIUICKCHUM mapameTp, — MaTpunsAa CTaJlIuXx.

[Toxaxemo 3aci6 noOynoBu (byH):[aMeHTanLHoro PO3B’S3KY PIBHSIHHS
(I'.24), To6TO MaEMO OTpUMATH PO3B’SI30K MATPUUHOTO PIBHSIHHS:

Z'(X)—?x.PZ(.X)ZO. (I'.25)
BBenemo 10 po3riisay MaTpHILO:
M (};):] e=AP, (T'.26)

BU3HAYHUK SIKOI;
-1
det M=det8, , &P, =0, (€)

€ XapaKTePUCTUYHHUM MHOTOWICHOM MaTpuili AP. Jlnsg HbOoro Mae
MicIIe 300paKeHHSI:

n—1

0, ()11 (68, -2 82" g, s (a0=1).  (T:27)
i Z

[Tosnaunmo mpueanany o marpuii (I.26) matpuiro sk A*(E_,)

BoHa € TpaHCIOHOBAaHOIO MATPULEIO JIO0 MAaTpHll anredpaiuHux
nonoBHeHb Bu3HauHuKa (I'.27). Jlerko mnepeBipuTH, IO CIpaBEIMBI
HACTYIHI CITIBBITHOIIICHHS:
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(1-AP) A0, 1, A~(1.0P) " O, 1. (I'.28)

[Tokaxemo, mo MaTpus:
L M) ey r29

3a0BoJIbHA€E nudepenuianbHe piBHAHHA (I7.25) (Tyr C — Oyab-skuit
3aMKHEHHH KOHTYp Yy IUIONIMHI KOMIUIEKCHOI 3MIHHOI, SIKUH HE MICTHUTH
nyniB mHorowiena (I'.28)). [liiicno, miacraBuBim 300paxenns (I'.29) mo
piBusiHHA (I'.25), oTpumaemo:

1 (Z2P)axe)
amiyl 0,(¢)

ToToxHicTh BUIIIMBAE 31 criBBigHOMEHH (I".28) Ta Teopemu Kori.
Takum ynHOM, MaTpuito (I'.29) moxHa Opatu 3a pyHAaAMEHTAIBHUN
po3B’s130K audepenuiaabHoro piBHAHHSA (I'.24), nepeBipuBLIM IPH LILOMY,
mo Bponckian He popiBHIoe HyJeBi. OcTaHHS yMmoOBa, SK MPaBUIIO,
BUKOHYETHCS, SKIIO KOHTYp C OXOIUTIOE BCl HYJ XapaKTEPUCTUYHOTO
mHorowiena (I".27).
dopmyna (I'.29) 36epirae cwry i mig yac po3B’sI3yBaHHS MaTPHYHUX

e*edE=0. (I'.30)

piBusHb (I'.22) 3 mocTiitHuMu KoedimieHTaMu Pj(x):const, j=0,n-1. V

1boMy BHUMNaAKy poJib mMaTpuil (I.26) ta mHorounena (I'.27) BUKOHYIOTH
BIJIMIOBI/THO:

M g):z P, (I'.31)

ZqN_ja—qo (EB—GJ) (32)

ne N=nm, m — NOpANOK KBanpaTHux Matpuus P, j=0,n-1.

Skio npreHaHy MaTPUIIO 300pa3UuTH y BUTIIAIL:
n—1

AE)=Y ENA, (I'.33)
j=0
TO oTpuMaHui po3B’ 30k (I 29) MO)KHa noaaTtu y popmi:
2(x) = Z i u (x (I'.34)

/1]-1-1 n
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WD ()= L4 r.35
(x) . (I'.35)

ac

Eﬁ AE) d§=1. (T.36)

27:1

[Ilo6 BMNEBHUTHUCH Yy 1LBOMY, BpPAXYEMO, IO 3a BHU3HAYEHHSIM

n—1 .
, 11 CJICMCHTH MAalOTb HACTYIIH1

MpUEAHAHOT  MaTpPHIT A*%‘A ikl

ACUMIITOTHUYHI 306pa)KeHH51, KOJIHU &—)OOI

0(g"2), j#k

Aj’k (E"): n—1 n—-2 .
gr140(8"2), j=k.

Sxmo B inTerpait (I.29) xoutyp C 0XOIUIIO€E BCl HyJIl MHOTOYJIEHA
Q(g) , To ipu x=0 BiH OyJie JOPIBHIOBATH JIMIIKY MITIHTErpaIbHOI QPYHKIIIT

(T.37)

npu E—oo. IligpaxyBaBumim #oro, BHOEBHUMOCh Yy CHPaBEIIMBOCTI
dbopmymu (I'.37).

BaxynBuM eneMeHTOM BHKIIAJEHOI CXEeMHU € MOOyI0Ba MPUETHAHOT
MaTpPHIIi A*(i) Ta XapaKTEepUCTUYHOI0 MHOrowieHa Q, (i)

Hexaii npuennana matpuins mae Burisa (I7.33). IligcrtaBumo 1eit

BUpa3 y nepiry piBHicTh (I'.28) Ta moMHOXMMO 00MIBI i1 yacTuHM HA A" .
Ile mpuBee 10 CHIBBIAHOIICHHS:

n-1 n
_ A = i, .5
e _
(W=P) 2 WA, =D g, u=p (I'38)
j=0 j=0

JlopiBHIOIOYH KOE(IIIEHTH MPU OJTHAKOBUX CTYMNEHIX L, OTPUMAEMO
peKypeHTHI (hopMyu:

A,=1g,+PA,, (m=Ln-1), (I'.39)
Ay=I, PA, +Ig,=0
I BU3HAYEHHSA INyKaHMX wMarpuus A, . OcTaHHIO pIBHICTh 3

criBBigHomeHb (I.39) MoXHa BHUKOPHCTOBYBAaTH [JIi  KOHTPOJIIO
pPO3paxyHKIB.

Sk mokazano y monorpadii I'. SI. IlonoBa «Marpumi ¢yskmii I'pina
OTHOMIpHUX KpailoBux 3amauy», pekypeHTtHi ¢opmymu (['.39) moxna
MIEPETBOPUTH Y HACTYITHI ABHI (hOPMYJIU:
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Ag=P*+q,P*4+q,PX 2+ 4q 1, b=0,n-1. (T'.40)

€ ¥ IHIMI TUIAX BU3HAYEHHS IPUETHAHOT MATPHIIL

BI04, A): 3(7smen) [A()-A)]
samicts B(x) ta A(x) B3sBIn Bignosiguo B(x)=A%(x), A(x)=0, (x).
PosriasHeMo mpHKnaj TOOYIOBH (yHIAMEHTANIBHOTO PO3B’A3KY.

Hexaii marpuns P, mo BxoauTh no piBHsSHHA (I'.24), € marpurero
YETBEPTOTO MOPSIAKY U MA€E TaKy CTPYKTYpPY:

0 P 1 0 v, -1
P , Py , P : (T.41)
P 0 vy 1 Vy V3

ae v, ( j=0,1, 2,3) — JIIMCHI yucia. Po3rissHeMOo ABa BUIIAIKU:
1) A=B(1,B=0), votv+n=2, vvs+v,=l (T.42)

2) A=iB(1,,B=0), VoHvi+vi==2, Vv vs+v,=l
[Tinpaxyemo cnouyaTky XapakrtepucTHuHuid MmHorowieH (I'.27). V¥V

BUMAJKYy 7n=4, 10 PO3TIANAETHCS, Ta 3aBISKH CIEHIAIBHOMY BUTIISTY
MaTpuili P ams miapaxyHKy Mo>kHa BuKopuctatu ¢popmyity Hlypa :

det (1, -P)=det(12-).2P P,).
OTxe,
0,(eHe ), (T.43)
4471, 470, 9,=+2, ¢;=0.

Jns Toro, mo0 po3UIyKaTH TNPUENHAHY MATPHULIO, 3aCTOCYEMO
dbopmynu (I'.39), (I'.40), 3 TKMX BUILUIMBAE, IIIO:

Ay=I, A\=P, Ay=P*+q,1,
Ay=P(P*+g,1), Ay=—P"". (I'.44)
SIK1110 MOPIBHATH /1Bl OCTaHHI PIBHOCTI, TO BCTAHOBHUMO, 1110:
P2+q2]:—(P‘1)2

Ocrarto4yHo, KoOeQIIEHTH TPUEAHAHOT MATPHUIl 3aMUIIEMO Yy
BUTJISIL:

-1)? -1
Ao=I, A=P, Ay=—(P')", Ay=P"", (I".45)

e obepHeHa MaTpUI P~ 1erko po3IIyKyeThes 3a JIOIIOMOTOIO OTepalliif
3 0nokamu P, :
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i 0o P!
oo )
+

3 cniBBizHomenHs (I.43) OGauumo, 1O XapaKTePUCTHUHUUN
MHOTOWJIEH Ma€ JBOKpPAaTHI KOpPEHI Yy TOYKax F’:i\B‘ [TigpaxyBaBuIn

JIMIIKH 32 GOPMYJIIOIO
, OTPUMAEMO:

u(x)=j§ Re{Qi&(xﬁ)Laf

2ug (x)|” (1)) xchBx-sh[p
2B u[(;) (x)=xsh || x, (T".406)
2 ‘B‘ uéz) (xHB‘ xchBx+sh ‘B‘ X,
2u[(33) (x):2ch[3x+\[3\ xsh \B\ X.

Takum 4uHOM, IIyKaHWUW (QyHIAaMEHTAIBHUN PO3B’SI30K PIBHSIHHS
(I'.24) y Bunaaky, 1o po3risaaii, Ma€ BUTIISIL;

3 .
2(xED Ay AU (x). (T.47)
=0

X,

Tyt matpui A, Ta bysxuii ug (x) Busnaueni 3a hopmynamu (I'.45)
ta (I".46), a A=} y Bumanky curyauii 1), 3 I'(4.2), A=i} y Bumagky
cuTyarii 2).

Ilobyoosa ¢hynoamenmanvroi mampuyi ma mampuyi I pina
OyHaamMeHTallbHy MaTpuLlo JUisl BUXiHOTO piBHsAHHSA (I'.24) nerme
BCHOTO OyIyBaTH 3a JIONOMOIOI0 IHTErpalibHOTO TepeTBopeHHs Dyp’e.
BianoBigHO 10 BIaCTUBOCTI I[LOTO MEPETBOPEHHS, OTPUMAEMO PIBHIHHS Y
IpOCTOPI TPAaHCPOPMAHT:
b
. f (x) dx
I(—io)Z —\PZ =f,, f,=| ——. .48
(ci0) 2, PZ o= o =) G0 o) (I 48)
a
3 piBHocti (I'.48) BummBae, mo Mmarpunsd M, Oynyerbcs 3a
dbopmyoro:
M =—ial-AP=M (—ioc).
OO6epHeHy 10 HeT MaTpHIlo po3paxoBaHo 3a hopmynamu (I'.33) Ta (I.34):
M'=M(ia)=A-ia) O, (-iat).
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OObepHeHa MaTpulls Ha0yBae BI/IFJ’ISII[y'

(8B (x-2), E(y)=o A*(in?)zoc) do. (I"49)

a00 BpaxoBYyIOUHU 300paxeHHs ( F.47).
n-1

MEF A A

J=0

n—1 ]
E )’):Z An—l—jm_l_Je(J) (),
j=0

zocy .
I[ee(y 1 I d e()( )= dfe
.0 (= 0,(ia)’ dy’

Jlerko 6aq1/1T1/1, o noOyaoBana GpyHIaMEHTAIbHA MATPHIIS MA€E TY 3K
camy CTPYKTypy, 1o i ¢pyHmnaMmeHntanbHuii po3s’s3ok (I'.46). Kpim Toro,
BOHA € YaCTKOBUM BHUITAJKOM (yHJIaMEHTAJIBHUX MaTPHIlb, 10 BU3HAYCHI
3a opmyII010:

E(y)t-L AfE)edg - 30 (I'50)

2mi i Qn(g) ’ y<0

[IpogeMOHCTpyEMO  BUKOPUCTaHHS  OTPUMAaHUX  (GOPMYT 1O
noOy 108U dbyHIaMEeHTaIbHOT MaTpuIll 1St PIBHSIHHS
Z '(x)—?»PZ (x)=f (x) y Bumagky ([.41). [ns 1wporo BHMAAKY
XapaKTEPUCTUYHUN MHOTOWIEH (QH:Q4) Ta NpUEIHAHA MATPHILS BKE

nodynoBano 3a (opmymnamu (1'.43), (I'.44) BiamosigHo. IHTerpamu, ski
MaEMO TIIpaxyBaTH, € TAOJIMYHUMH , & CaMe:

LT e W _(Hpy)e™
m 2~ 3
T (t2+82) 4B
BpaxoByroun 11i OTpuMaHl paHilie CIiBBIIHOIIEHHS, MOOYAyEMO
byHIaMEeHTaIbHY MaTPHIIO:

(x i)—E x—§ ZA _JeB , (r.s1)

pi(SH
e (v)=1/ 4B e PI(Byt).

4[Ble’ (v)=—e ™y,
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4Bl (y)=—e ! (By),

4l (y):e_‘By‘ (r sgn y—{f y) .

Tyt A=, skmo mae micie cutyaris 1) 3 dopmyn (I'.42), abo A=if3,
K10 Mae Mictie cutyaris 2) 3 (I.42).

[Ticns Toro, Ak moOynoBaHi (yHIAMEHTAJIbHUNA pO3B’SA30K Ta
dbyHIaMeHTaabH1 MaTpulll, ToOyA0BY MaTpuii I'piHa MOKHA 31HCHUTH SIK
HalimMeHIIe ABoMma 3acobamu. Crepiry, 300pa3uBIId MaTpU4YHY (QYHKIIIO
Ipina y surmwini G(x,EFO(x,EHZ(x)C(E) Ta poswmykywoun vy
MOJIABIIIOMY MATPHUI0 KOHCTaHT C (é) IUIIXOM 3a/I0BOJICHHS KParOBHX
ymMoB 3amaui. [lo-mpyre, MokHa po3mIykaTd Oa3uCHY MATpHIO 3
PO3B’si3aHHS BIJIMOBITHOT KpaioBOi 3ajadi, miciast 4yoro marpuis [ 'piHa
3aIUIICTHCSA Y BUIIISI: G(x, E..):(D (x, i)—\p (x)V[CD].

[TomiTumo, mo skmo matpuns ['piHa moTpiOHa UIsi PO3B’SI3aHHS
HEOJHOPIJTHOT KpailoBOi 3ajayi, TO MEpeBary MaemMo BIIJATH JIPYyromMy
3aco0y.
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