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Ilepeomosa

KinbKiCTh MAPYYHUKIB 1 MOCIOHUKIB YKPATHCHKOK MOBOIO, MPUCBSAYE-
HHUX BUBYEHHIO METOJY IHTErpa/ibHUX MEPEeTBOPEHb, BKpah OOMEXEHO.
Jauuii mociOHMK NMpu3HaYeHUW A CTyAeHTIB BiaieHHsa “llpukiaana
mMaremMaTuka'. Y HbOMY JIOKJIaJIHO BMKJIAJIEHI KJIACU4YHI NMUTAHHSA, 3B’4-
3aHl 3 po3B’a3aHHsM 3anayl [ltypma — JliyBiaag ans  peryasipHoro
BUMAJKYy, 3a3Ha4yeHi BU3Ha4yalbHI BaacTUBOCTI ¢yHkuil ['piHa, pi3HI
MeToau 11 moOyaoBH i MeTo nodyaoBu dyHaameHTanbHOI GyHkuil. [Tpu-
BEJEHO BiJANMOBIAHI NMPUKIAAU 1 JaH] 3aBJaHHA IS CAMOCTIHHOI pOOOTH.

JloknaaHoO BMKJIA[eHA 3arajibHa CXeMa METOJY IHTEerpajibHUX Mepe-
TBOPEHb 1 y3arajbHEHa CXeMa METO/1y IHTErpajibHUX NMEPETBOPEHb, 3aMpo-
nonoBaHoro I'. f. [MonoBum. OcraHHs NpOLTIOCTPOBAHA HA NMPUKIAIL
PO3B’A3aHHA aHTUIUIOCKOI 3a/1a4l /Ul BUMAJAKY MEPEeTUHHUX AedeKTiB.

OcobMMBO KOPUCHMM € PO3/ii, MPUCBAYEHUH OCHOBHUM TeopemMaMm Teopii
CKIHYEGHMX IHTErpajbHUX nepeTrBopeHb XaHkens 1 dyp’e. Marepian ubo-
ro po3/ily, SK 3a3Ha4YeHO yKiajgadam, Oa3yeTbcs Ha MoHorpadii CHea-
noHa “TleperBopeHHs DPyp'e” — KHM3I, 1O [AABHO CTajla PApPUTETOM.
Tomy agoBiakosa iHGoOpMaLiisl, BUTAICHYTA 3 LIET KHUCK, O€3repeyHo Ko-
pUCHA 18 4yMTaya. /o TAKOro » KOPHMCHOrO Martepiajy [10BIJAKOBOTO
XapakTepy BapTO BIAHECTH TAOJMLI IHTErpajIbHUX NMEPETBOPEHbL 3 MOHO-
rpadii 2. M. Kaprawopa “AHajiTU4YHI METOAU B TEIUIONPOBIAHOCTI
TBEPJMX TiN~. 3anpornoHOBAHHH yKjiIagayaMM Mmartepiai 3py4yHo ob'eaHa-
HUIA Yy €EAMHUI NOBIAKOBUM MaTepial.

HoBuM € B NMOCIOHUKY PO3/L1. NMPUCBAYEHUH OJHOMY criocodby nmody-
JOBU IHTErpajbHUX MEepeTBOpeHb, 3anponoHoBaHoMy I. . [lonoBum.
Lle#i cnoci® npounioCTpoBaHUK Ha AEKUILKOX MpHKIagax. A€ OTPUMaHI
HOB1 IHTErpajibHi MEPEeTBOPEHHS JUIA CKIHYEHHMX IHTEpPBaJIIB.

JaHuii HaB4Ya/lbHUM NMOCIOHUK PEKOMEHOOBAHMM 18 CTYAECHTIB 1 ac-
ipaHTIB crieuianbHocTl “TlpuknagHa matemMaTuka .



§1. 3arasnbHa cxema MeToay
IHTerpajbHUX IEepeTBOPEHD

MeTtoa, KMl BUKJIANAETLCA, € OOHUM 3 edekTHBHKUX 3aco0iB po3B’si-
3yBaHHS KpPaWoOBMX Ta MOYaTKOBO-KPAaMOBHMX 3a/a4 MaTeMaTU4HOI (Pi3H-
KM, 1110 ONMMUCYIOThCH JAudepeHLiaIbHUMHU PIBHSAHHAMH Yy YaCTUHHUX I10-
X1IHHUX.

Cnin 3ayBa)caTd, LLO CaM€ HASBHICTb AU(EPEHUIAIILHONO ONepaTopa B
YACTMHHHMX MOXIAHUX € OCHOBHUM YTPYAHEHHSM PO3B'SI3yBaHHS 3MEHLLEH-
HMX 3a/a4, TaK K METOAIB NnoOyJ0BHU 3arajibHUX PO3B’sA3KIB MHOTOMIPHMX
audepeHLialbHUX PIBHSHb, aHAJIOTMYHUX METoAaM MoOy/A0BHM 3arajibHuX
PO3B’sI3KIB 3BMYAMHUX AU(EPEHLIATIbHUX PIBHAHb, HE ICHYE.

Merton IHTerpajibHUX NepeTBOpeHb 0a3yeTbCs Ha B3aEMHO OOEPHEHMX
dhopmynax

= jf(x)K(x,/’L)dt’

Hy

f)= [ £,R(x. 2)do(2),
/

nepiua 3 AKUX BH3Hauyae TpaHcopmaHTy f, dyHkuii f{x), 1o 3aaaHa Ha
iHTepBani a, < x < @, a Apyra BiJHOBIOE opuruHan Qynkuii f{x) 3a
voro tpaHchopmanToro. PyHkuil K(x,A) Ta R(x,A) Ha3MBalOTLCA AApaMu
MpsIMOro Ta obepHeHOro nepeTBopeHHs. B apyrid ¢opmyni A moxe Haby-
BATH KOMIUIEKCHUX 3HA4e€Hb. Y BIANOBIAHOCTI 3 LIMM IHTErPYBAHHS MPO-
BOJIMTBCS MO KOHTYPY / Y KOMIUIEKCHIH MJIOLLMHI.

[TOSICHMMO CXE€MY METO/Y IHTErpajibHUX MepeTBOPEHb Ha MPHUKIIA/I
KpaioBol 3a/1aul

ank
ank

u=u(x,y), a<x<a, b<y<b

() - {p() 3] - du+ R RO = (D

Uj[u]Eajou(aj,y)+aj,g—?c(aj,y)=Aj(y), (12)

j=0,1, b,<y<b,

V,[u]= Z[ﬁ“” ik (x b )+l3”’—(x b)1= B, (x), (13)
dy

£=0

k =0,n—1, a, < x<a,.



Tyt r(x), p(x), g(x). P(y). Ax.p), A(y), B(x). j =01 k=0 ..n-1—
3agani GyHkuii, w(x,y) — HeBiaOMa (bymcum

[nest MeTody IHTErpajlbHUX MEPEeTBOPEHH CTOCOBHO MOCTABJEHOI 3a1ayl
(1.1) = (1.3) MicTUTBCS Y MEPEXOi A0 BiALIYKYBaHHA TPaHCHOPMaHTH

u, (y) =I r () K (x, Au(x, y)dx (14)
wykaHoi GyHKLIT Mo 3MIHHIN X.

[Tpu upoMy SApO iHTErpanbHOro neperBopeHHs K(x,A) moBuHHO OyTH
ninibpano Tak, o6 BUXiaHa aBoBuMmipHa 3agava (1.1) - (1.3) Tpamc-
dbopMyBanach B O/IHOMIpHY KpaioBy 3ajauy uist #,(y). 3BUUaiHO PO3B’s-
3anHs 3aaau4i (1.1) — (1.3) MeTon0M IHTErpalbHUX MEPETBOPEHb MOALIS-
IOTh HAa TPU €TarM.

Iepmnii eran. [7id6ip si0pa inmezpanvito20 nepemeopents ma 36e-
OCHHA GUXIONHOI Kpaliogoi 3adayu 00 0OHOMIPHOL.

[Tin6ip 3aiiicHIOETbCS TakuM 4MHOM. MHoxaThb piBHAHHA (1.1) Ha
r(x)K(x, A) Ta MHTErpyIOTh HOTO MO YacTUHAX Ha BIAPI3KY (a, a). Y
pe3yabTaTi Nepiuit 10JaHoK piBHAHHA (1.1) Habyne Burnsmy:

J K 2-1p0) 34 = N+ j uHp S, (9
J u dK
N(y) =[KpZ=—up T2 |
(\) [ I’a’r up a ]\ ('0 (16)

SIkio Tenep BpaxoByBaTH, WO sapo K(x, A) 3a10BONbHAE AUPEPEHLIANTD-
HE PIBHSAHHSA

d dK

r(x)—[p(x)—] q(x)K =-AK, a,<x<a,, (1.7)
dx dx

Ta B3sATH A0 yBaru (1.5), To 3amicTb (1.1) MOXHO 3anucaTH

n d""'
Y P(y) E—Au, = f(»)=N(y). (1.8)
k=0 d)
f.(n)= j r (x)K (x,A) f(x, y)dx. (19)

o
Y onepxkarnomy audepeHiliabHOMY PIBHSIHHI TIJIbKM OCTaHHIN 10/1a-
HOK Mae 3aMicTb TpaHchopMaHTH camy wiykaHy ¢yskuito. 11100 Bukiro-
YUTH 11 3 PIBHAHHS, NMEepeTBOpPUMO BUpa3s (1.6) 10 BUIIsay

7



aon“.: (a,,y)—a,u(a,y)

N()’) = 2 2 p(al)Ul[K]_
&y + 0y,
_amux(au’f)-az'“u(ao’y) P(au)Uo[K]— (1.10)
o, 0,
_ o, K, (@,4) -, K(a,4) pla)U, [u]+ Gk, (ao,?)-a’,oK(ao,l) play,)U,[u].

2, 2 2
Oy + @ Oy T

3B1AKM 0auuMMO, IO OCTaHHIM HoAaHOK y piBHsHHI (1.8) HE MiCTUTB
HEBIAOMY (PYHKLIIO %(X,)), SKLO SAPO IHTErpalibHOTO NMepeTBOpeHHs Oyae
3a10BOJIbHSATH 'PAHUYHI YMOBH

dK .
Uj[K]-zaﬂ,K(aj,/l)+aj,-Z(aj,/l)=0, j=0,l. (1.11)

Takum YMHOM, S/1pO IHTErPaJILHOTO MEPETBOPEHHS MOBUHHO OyTH
po3B’sa3koM 3agaui ltypma — Jliyeinas (1.8), (1.11).

Ha xiHw uporo nocibHMkKa HaBeaeHa TaOMMUA IHTErpajibHUX MEpeTBO-
PEHb, WO BIAMOBIAAIOTE TUM YM 1HWIM 3aaa4daMm Lltypma — JliyBwis.

Hexau tenep K(x, A) — BnacHa ¢yukuis 3agaui Iltypma — Jliys-
s (1.8), (1.11). ITomHoxumo Ha r'(x)K(x, A) rpannyni ymosu (1.3) Ta
MPOIHTErpyeEMO MO X y MeXax oT a, A0 a,. OTpuMaEmo:

V.[u,1=B,(A), k=0,n-1, (1.12)
pils

a,

B,(A) = [ r(x)K(x.2)B, (x)dx. (1.13)

Yy

Takum HHHOM, Tpancd)opmafna u,(y) € po3B’A3KOM OJIHOMIPHOI KpaW-
oBoi 3axauil (1.8), (1.12), B AKki#

a, K (a,,A)-0o,K(a,,A)

N(y)= 7o
Oy &

plag) Ay (y) -

(1.14)
0y, K (a,A) -, K(a,A)
a(:)zl +a|2|

pla,)A(y),



Hdpyruii eran. Posze’azanns 3adauu y mpaucgopmanmax.

SIkwo Bigoma (yHaameHTanbHa GasucHa cuctema po3s’saskiB ¥(y),
J =0, n-1Ta pynkuis I'pina G,(y.n) kpaiosoi 3angaui (1.8), (1.12), To
TpaHchOpPMAHTY u,(y) OTPUMAEMO 3a (HOPMYNOIO

=1 Ay
u, ()= 3 B, (MW, (0)+ [ £ )= NaDIG, (y.mdn. (1.15)
j=0 by

Tperiii eran. Qbepnenns inmezpanvHo2o nepemeopeHHs.

[I{o6 3aBepiiMTH pO3B’si3aHHS MOCTABJIEHOI KpaWoBOiI 3ajaul, 3ajlu-
waetbes 0bepHyTH Bupas (1.4). Lle obepHeHHs npsamMo noe’s3aHo [7] 3
npoOJeMoI0 po3KIaaeHHs no BaacHUX ¢ynkuisx 3agayl [rypma — Jliy-
BU/LIA. B 3aranbHOMY BUIJISiI BOHO 3aNMCYETHCS TaK:

u(x,y) = [ R(x. A, (y)do(A). (1.16)
{

[lincranoska B (1.16) Bupasza (1.15) Ta oOUMCIIEHHS OTPUMaHHUX CJ1a00-

30DKHMX PSUIIB T4 IHTErpasiiB CKJIAAAc 3aK/IIO4YHMM eTan po3B’s3aHHs 3a7adi
(1.1) = (1.3).

§ 2. 3apaya lrypma — JliyBinas
Dynoamenmanvna cucnema po3eA3Kie

Po3rnsiHeMo niHiHE ogHOpiaHe AudepeHiianbHe PIBHAHHS /1-I0 MOPSAKY:

n

Luw= 2 ol (x) =0. (2.1)
k=0
CucreMa 4yacTKOBMX po3B's3kiB piBHAHHA (2.1) {@, }. Ak =0,n—1 € dyn-
JAMEHTAILHOIO, SIKIIIO BOHA CKIAJAETLCH 3 1 JIHIMHO HE3aNeKHUX (DYHKLIH.
Sk B1IOMO 3 Teopil 3BUYAHHUX AU(epeHIliaIbHUX PIBHSAHb, YMOBOK (hyH-
AAMEHTAILHOCTI € HEPIBHAHHSA HYJIIO BU3HAYHUKA BPOHCBKOTO!

@y @ - @
W(p,,¢,...0,.,)= P # B = det"(p_‘,"'(x)||:;'|¢()~
N
ge j = 0,n—1 Ta HaBNakw.



Hanpuxinan,

" =0 (2.2)

®yHnaMeHTanbHa cucrema pos3s’sa3kiB (PCP) raka:

1
@(x)=1 @(x)=x W(q’o'q’l):o :=]¢0.

MoxHa noka3ati, o Oyjab-fike JiHiiiHe oaHopiaHe audepeHLanbHe
piBHsIHHA Mae He3niueHy MHOXHHY DPCP. Tak, ®CP piBHsHHsA (2.2) €1
Taka cucremMa QyHKUIN:

1 x—a
Q,(x)=1 @ (x)= x—a W((pu,go,)=|0 ; =1#4.
Po3risiHeMO pIBHSIHHS:
U"+a’U =0. (2.3)
®CP Taka:
b e R sin ax|
@,(x)=cosox @, (x)= SRS W(p,,9 )= oa |[=1#0.
—sSingx Ccosox

HacrynHi cMCTeMM 4aCTKOBUX pO3B'si3kiB Takox Oyayre ®CP (2.3):

w0 =cosolv=0), pia=T0EE"0
R —0) sina(x—a)
W(@,.9)= (04 =120,
—asind(x—a) cosa(x—a)

2) @,(x)=cosa(x—a), @ (x)=cosa(x—b),

Wi ) cosa(x—a) cosa(x—b) R —
P,)= = @ Sl —-a
Po- P —osina(x—a) —osina(x-—>b)
Tk
o #—.
b—a

Posrnsnemo @CP s piBHSHHSA:
U'-a’U =0. (24)

10



ho
1)@, (x) = chotx, q».(x):“a",

Kidix shox
W(g,.9)= a |=ch’ax—sh’ax=1#0,
ashox chox

2) @y(x)=cha(x+a), @ (x)= s"a(; +a) .

sho(x+a)
W(p,.p, )= cha(xta) 19 =ch’a(x+a)—-sh’a(x+a)=1%0.

asha(x+a) cho(x+a)

PosrisisieMo piBHsSiHHS Dijepa:
YU+ xU U =0, ()

; , dt 1 dU dU dt 1dU
3pobumo 3aMiHy: x=¢ — f=Inx,x>0;—=— = =——

x dx dr dx x dt

d’U d’U( 1) du(
5 3 | <2 — 2 (2.6)
dx di” \ x dt X

B pesysibrati 3aMiHn ofepxkyeMo piBHsiHHA Tuny (2.3), @CP skoro 3anu-
CYEMO Y TAKOMY BUIJISAL

0, (x)=cosa(t—Ina) @,(x)= sina(r—Ina)

3poOuBILK OOCPHEHY 3aMIHy, YNEBHUMOCH, [0 OJIEp)XaHa CUCTeMa
dbyukuii ¢ OCP:

sina(lnx/a)

“ =—l-:.t0.

cosa(inx/a)
W(o,.0)=

—gsina(lnxla) lCOS(I(IIU'/R)
K 's X

Jina apyroro piBHaHHs B (2.5) npuxoauMo nicas 3amiHu (2.6) Ha
piBusHHs Tuny (2.4). @CP apyroro piBHsHHS Oyae MaTH BUIIISAL

sha(ln x/a)

@,(x)=cha(lnx/a) @(x)=

1



sha(ln x/ a)
o ]

cho(ln x/ a)

W(‘Pg"P.) - o l - —¢O.
—sha(lnx/a) —cho(lnx/a) *
X X
Po3rnsineMo piBHsHHSA (2.5) y BUnaaky. koiu a = 0:
XU+ xU’ =0. (2.7)

3poduBiuM 3aMiny (2.6), oaepxkyemo piBHsiHHA BUrasay (2.2), @CP skoro
MOXHO 3arucaT Tak:

1 In(x/a)

(p()(x):-la (p|(l)=ln(X/a)‘ W((»O()9(P|)= O l — —#O.
— X
X

3aoava Lmypma — Jliyeinns
Posrisinemo ogHopiaHe audepeHuiajibHe PIBHAHHSA JAPYroro nopsjky

Lu(x) E—d—l:l)(a\‘)ﬂ]-q(.r)u =—A p(x)u, ag < X< ay, (2.8)
d. dx

X

p(x)e C'la,,a,], g(x), p(x)e Cla,,a,],

p(x)>0,¢(x)20,p(x) >0 Ha [au,a,] —0 < g, <a, <o,

110 3aJI€KUTh Bl JOBUILHOTO YMCEIbHOrO napamerpy A. byaemo Oyay-
BAaTH PO3B'A3KH PIBHSAHHSA (2.8), 110 3a0BOJbLHAIOTH FPAHUYHI YMOBH

du
Viul=o, —

tlea +B, u(a;)=0, j=0,1, (29)
pe o u B — cram ta o’ + 7> 0.

3azaya nodya0BU HETPHUBIAJILHOIO PO3B’A3KY piBHsIHHA (2.8), 110 3a-
JOBWJIbHIOE TPAHUYHMM YMOBaM (2.9), mae Ha3By kpaiosa 3aaaua LLiTyp-
va —JliyBisuis; 3HaueHHs napamerpa A, [uis sikux 3ajaauda (2.8), (2.9) mae
HEeTPHUBIAJbHUI PO3B'S30K, HA3UBAIOTH BJIACHHMH 4YHCJIaMH, a00 BJIAaCHHU-
MH 3HAYEHHSAMM, @ PO3B’S3KH, WO IM BIAMOBIAAIOTb, — BJACHUMH (YHK-
miasmu 3aaa4l Llrypma — JliyBlaas.

Po3’sizarn 3anauy Llrypma — JliyBiis — ue 3HaAWTH BCI 11 BJIACHI
3HAYEHHS Ta BCI 11 BJAacCHI QyHKLUL.
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Bracmueocmi enacuux 3navens 1 ynxuyii

1. Kpaiosa 3anaya (2.8), (2.9) mae 3m4yeHHy MHOXHHY BJIACHHUX 3HAYECHD,
I BCI BOHM [UMCHI; SKLLO BJACHI 3HAYEHHS YNOPS/IAKYBATH 10 3POCTAHHIO

AC S5 6w S A S oo

TO limA, =eo.

Hn—eo2

2. KoxHoMmy BiiacHOMy 3HadeHHio 3agadi Lltypma — JliyBuuia (2.8), (2.9)
BI/INMOBIZA€ O/HA BJIacHA (DYHKLISl 3 TOYHICTIO A0 MOCTIMHOIO MHOXXHHKA.

3. BrnacHi ¢yHKILI, 110 BIANOBIAAI0OTh Pi3HUM BJIACHUM 3HAYCHHSAM, €
OPTOrOHa/JIbHUMH 3 Baroio p(x) Ha BiApI3KY [a,a ], TOOTO Hexal BiIacHa
¢yHkuis U (x) BianoBifae Bl1acHOMY 3Ha4€HHIO A, a BjacHa (yHKLIs
U (x) — BJIaCHOMY 3HA4€HHIO A ; ToZl

[" p(U, (U, (x)dx=0,k #n. (2.10)

4. (Teopema CrekaoBa). Axiwo ¢ynxyin @(x):

a) na ceamenmi [a,a,] mae nenepepsHy NOXiOHy mMa YACMKOBO He-
nepepeHy 0Opyzy NOXIiOHY,

0) 3a0080abHAE 2paHuyHi ymosu (2.9),

MO BOHA PO3KIAOAEMbCS 8 PIBHOMIpHUU 1| abcontomno 36idCnuill pao
dyp'e no eracnux @yuxyisx kpaiosoi 3aoavi (2.8), (2.9)

D(x) = id)kuk (x),
ik (2.11)

J'p(x)(b(x)u‘ (x)dx, "uk J‘p()c)u)l (x)dx.

ag

(Dkl

5. (Teopema Pucca). SAxwo ¢ynxyia ®(x) na siopisky [a, a,] niocy-

Mosana 3 Keaopamom, mo ii pso D@yp'e Ecbkuk (x) 3bicacmbves 00

D(x) y cepednvomy 3 sazow p(x), mobmo

o

lim jp(x) <1>(.r)—i<l>kuk (x)| dx=0. (2.12)
DRt k=1

3ayeaoncennsn 1. Teopemu npo poskiagaeHHs ¢yHxkuil P(x) 10
psAy MO BIacHUM (YHKLIAM KpahoBOI 3a7a4dl MalTh MICLE 1 B BUIAJKY,
KOJIM FPAHUYHI YMOBH MAlOTh XapaKTep NEeploAWYHOCTI
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u(ay) =u(a), u'(a))=u'(a).

3ayeaxnenns 2. KiHueBa Toyka Biapi3Ka [a, a,] Ha3uBaeThCA
CIHIYJIIPHOIO, SIKILO B UIA TOYLl KoedillleHT MpH CTapiiii NoxiJHii B
PIBHSIHHI JOPIBHIOE HYIO. B LIbOMY BHMAZKy nepepaxoBaHi BHllie Teope-
MM BTpPAvyaioOTh CHUIY.

ITPUKIIAL 1. Po3s’szatu 3anauy lltypma — JliyBinns

u" +Au=0, u@=u(l)=0, 0<x<l. (2.13)

PosrasHyTa 3agaya € 4aCTKOBMM BMNAJAKOM KpaHoBoi 3aaaui (2.8), (2.9)
npy a,=0, a, =1, p(x)=1, px)=1, q(x)=0, a, =, =0. B,=p, =1.
Po3p’a3atu 3apauy lltypma — JliyBuLis — LEe BM3HAYMTHU BCl BJIACHI
3Ha4YeHHsA 1 BnacHl ¢pyHkuii. BnacHi 3nayenns 3anadyi ltypma-Jliysinns
IIMCHI, Yyepe3 Te PO3rjisHEMO TPH BHUMAJKH:

A<0, A=0, A>0.
Hexait A =—-0” <0, #0. Toni 3aransHuii po3s’s30k pieHsHHS 3 (2.13)
Ma€c BUIJISI
u(x) = C,;shox+ C,chox.

3a/10BOJILHAIOYM KPAaHOBI YMOBH, OTPUMAEMO CHCTEMY [BYX OIHOPIIHMX
JMHIKHUX anredpaidHuX pIBHSIHB

C,= 0, C,shal+C,chal =0,

BU3HAYHUK SKOI AOPIBHIOE —shod 1, oTke, BiAMIHHMK Bia Hyas ([ >0,

a#0.). Orke, C, = C,= 0, 1 3a1a4a Ma€ B UbOMY BHNAJKY JIHLIE

TPUBIANbHUNA Po3Bs130K w(x) = 0.
[Tpu A = 0 3aranbHui po3s’s3ok piBHsHHA 3 (2.13) Mae Buras:

u(x) = Cx + C.,
[Ticns 3a10BOJILHAHHS TPAHUYHKUM YMOBAM 3HAMHIEMO
C, =0, Cl+Ci=0,

3BiakM C\= C,= 0 1 u(x) =0, omxe, 1 A = 0 y HALLIOMY NPUKNAL HE €
BJJACHUM 3HAYEHHSM.
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Hexah A = o, (a > 0). Toai 3aranbHuit po3B’930K piBHAHHSA 3 (2.13)
Ma€ BUTISAL;

u(x)=C, sinax+C,cosax.
3a10BLUIbHAIOYM KPAaHOBI YMOBH, OTPUMAEMO
C,=0, C sinal+C,cosal =0,
3BIJIKH
C,sinal =0.
[Ipunyctumo, wo C# 0 (y npotunexHomy Bunaaky u(x) = 0). Ocb uomy

sin o = 0. 3BiAKKM HETpUBIANbHUH PO3B’A30K 3aaayi (2.13) MOXJIMBHM
JIALIE MPH 3HAYEHHSAX &, WO AOPIBHIOIOTH

mn

Takum 4y“MHOM

€ BNACHMMM unciamu 3anaui Lltypma — Jliysinns (2.13). Ix niuuibhe

ynucno npudomy limA, =co. KoxnHoMy BiacHOMYy uYMCly A Bianosigae

n=—s0
- . . - ”'z e
O[lHA JIIHIKHO He3ajexHa BiracHa QyHkuis u,(x)= sme. 3 Teopii

opToroHajbHux psaaiB ®yp’e BIAOMO, 1110 BOHH OPTOrOHAJIbHI

¢ . mn . mk =k
!

]
sme-smedx=<-2_’ ?
0, n#k

| YTBOPIOIOThL NOBHY cucremy y L,(0,]).

HHPUKITA/M 2. Po3s’sa3zatu 3anauy LUtypma — JliyBinas
W +Au=0, '0)=u'()=0,1>0 (2.14)

Posrnsinemo tpu Bunaaku A > 0, A =0, A < 0. Hexaii A = — o2, o # 0.
Tom 3arajibHUIK PO3B'A30K AUPEPEHLIATLHOIO PIBHSAHHS B (2.14) mae BUIIIsi
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u(x)=Csshox+C,chax.

3a/10BOJIbHSAOYM KpauoBl YMOBU B (2.14), NpUXOAMMO 10 CHUCTEMHM
ABYX JIHIHHUX OJHOPUIHKX airebpaiuHux piBHAHb BiaHocHo C. (f = 1, 2):

oC, =0, oC,chal + C,oshal =0,

BM3HAYHUK $IKOI JOPIBHIOE O’shod 1 BIAMIHHWIA Bia HYJA, NMPH LILOMY
[ >0, 0#0. Orxe, C,= C,= 0, i B ubomy Bunaaky (A = 0) kpaiiosa
3aj1laya (2.14) He Mae HeTpMUBIAJILHUX PO3B A3KIB.

Hexait A = 0. Toal 3araasHuii po3B’a30K AHdEpeHLIIaIbHOrO PIBHIHHA
B (2.14) mae Burasn: '

u(x) = Cx + iC,, (2.15)

3uaitaemo, wo npu C, = 0 dyukuis (2.15) 3a10BObHAE KPaHOBI YMOBH
B (2.14). Takum uyuHoMm, A = 0 € BjacHuUM 3HauYeHHAM 3ajaul (2.14).
SKOMY BIAMOBiAa€ BaacHa GyHkuUis u(x) = 1.

Hexaii A = &, a > 0. Toai 3aranbHuil po3B’s30k audepeHLialbHOro
piBHSHHS B (2.14) Mae BUrIsm:

u(x)=C, sinax+C, cosax.
3 KpaHoBUX YMOB OTPHMMAEMO CUCTEMY ABYX JIHIHHUX OJHOPIIAHHX

ajnredbpaiyHux pIBHSHb

oC, =0, aC cosal—-aC,sinal =0,

BU3HAYHMK SKOI NOPIBHIOE —0SIn &/, 3BIIKKW HETPHBIAILHI PO3B’S3KH

. mn m
MOXIWBI JMle Npy & = a=—, n = 1, 2, ... , otke, A= (— ) —

[ [
. g o ; X n A f :
BJJaCH! 4Hcraa KpanoBol 3aaaul (2.14), a u"(x)=cos—;—x— BIIMTOBUIHI
10 HUX BJIACHI (YHKUIT.

O6’eanytoun Bunaaku A = 0 u A > 0, orpumaemo, 110 po3e’a3KoM

. o : m
sagayl Llrypma — Jhiysiung (2.14) € BiacHi 3HaueHHs A = (7)3,
n= 0.1, 2, ... 1 B1acHl dyHKuil
n
ll,.(-\’)=COST,\‘, =0, Y 2 o
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[TPHK/IA/ 3. Po3s’sizatu 3agauy Lrypma — JliyBiis
u” +Au=0,u" (0)=hu(0)=0,u" (1)=0,1>0,h>0. (2.16)

Posrasitemo tpu Bunagka A < 0, A=0,A> 0. [lpu A = - o< 0, a #
0 3aranbHuit po3B’a30k aAudepeHuianbHOrO piBHAHHS (2.16) Mae BUITIsL

u(x)=C,shox+C, chax.

3a/10BOJILHAIOUM KPaloOBI YMOBH, NMPHXOAMMO [0 OJHOPIAHOI CHCTEMH JBYX
JIHIMHKUX anreOpaiyHuX piBHSIHb

aC, —hC, =0, aCchal—-oC,shal =0,

BM3HAYHUK sAKOI AOpIBHIOE ofoachod + hshald], BiaAMiHHMH Bia Hyns
npu a # 0, [> 0, 71> 0. Tomy C,= C,= 0 i 3a5a4a B UbOMY BHNAJIKY
(A < 0) mae TUIbKH TpHBIaJIbHUH PO3B'SI30K. AHAIOTHYHO npu A = 0
mMaemo u(x) = Cx + C,, e C, 1 C, — CyTb pO3B'A3KH CHCTEMH

=0 C=ER=H

O Ma€ TUIbKH TPHBIAJILHUI PO3B 30K,
Hexait A = o#> 0, A > 0. Toai po3s’sizok piBHsAHHA 3 (2.16) Mmae
BUIJIA;
u(x)=C,sinax+ C, cosox.

3a10BOJILHAKOYM KpaHoBI yMoBH 3 (2.16), oTpuMaemo
aC, —hC, =0, aC, cosal—-aC,sinal =0,

3BIIKH

h h
C,=—0C,s C,|—-=tgal|=0"
o o
HerpusianbHl po3s’a3ku OyayTh MpH THX 3HAYEHHSAX napamerpa o,
SIKI € KOPEHSIMU TPAHCUEHJEHTHOIO PIBHAHHS
h

tgal =—, o >0).
o

(2.17)

Lle piBHAHHSA Ma€ J1iYMIbHY MHOXHHY JAOJATHUX KOPEHIB (AMB. PMC.
1), skl OyaemMoO mo3Ha4yaTH uyepes o .
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b - - ————

>
710 a | /T a, X
2
Puc. 1
KoxHomy « Bianosijgae BiacHa (yHKLis
h . cosax, (x—1
u,(x)=—sIinQ, x+coso,x = . ) . (2.18)
o cosq, [

n

MPUUOMY JIETKO MOKA3aTH, L0 i BJacH! GyHKLIT OPTOroHallbHU Mik coD0I0

/ -1—(1 +
Jll,,( u (x)dx=42 «a 20

" 0. nzk

Taxkum umHoM, 3aaaua LlItypma — JliyBining (2.16) Mae po3B'si3KH TUIbKH
npu A > 0, BIacHi yucna il € KBaapataMu KopeHiB piBHsAHHA (2.17), a
BnacHi (yHkuUil BusHaueHl B (2.18).

TTPUKITA 4. Po3s’s3aTtu 3anauy ltypma — JliyBinns
' +Au=0, u(-a) = ula) = 0. a > 0. (2.19)
[leii npukiag MOKHA PO3B'S3yBATU TAKOXK, SIK MOMEPE/IHi, nepedbupaio-

yn Bunaaku A <0, A =0, A > 0. Azne npocTiuie 3p0OUTH 3MIHY 3MIHHUX
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X, =x+a vix)=ux).

Ak pesyabrar, KpanoBa 3aaada (2.19) naOyne Burasany:
v +Av =0, v0=uv(l)=0, [/=2a>0, (2.20)

a TAKMI MPUKJIAA MU BXe po3B’szyBanmy (amB. npuknan 1). Moro poss’ssok

A, =(£;1) J =sin-7£;-l-x,, n=12,..

3pobuBLuKM 0OepHeHy 3amiHy, 3HaWIeMO po3B’A30K KpaitoBoi 3aaadi (2.19)

A = Gl , u,,(x)zsinn—n(x-l-a), ' I .
2a 2a

TTPUKITA/J 5. Po3p’sazatu 3anaqy Lltypma — JliyBuuis

x(xu" )Y +Au=0, w@=ub)=0, 0<a<x<b<oo, (2.21)

JundepeHuianbHe piBHAHHS, 1O QIrypypye B YMOBI, HA3UBAETLCS PIBHSAH-
HAM Diinepa, 1, 3a J0NOMOIro0 MIACTAHOBKH X = @€', BOHO 3BOJMTLCH 10
PIBHAHHS 3 MOCTIHHUMHU KoediumeHTamu. [lificHo, Hexan
% dx
t=In—, v(t)=u(ae')=u(x), —=x. (2.22)
‘ a dt
Toal

dv du dv du d’v d du. d  du_ dx d du
S = =)= ) e X=X
dt dx dt dcx dt- dr dx dx dx dt dx dx

).

’

ToOTO micas 3MiHM (2.22) 3apaua (2.21) HaOyae Burnsay:

dhf-’rlv:O, v(0)=v(l)=0, 1=ln£>0
dt a

1 il po3B’A30K Mae BUIUISIA (AMB. npukiaaj 1):

A, =(_7tl_n) , U, (1) =sin7t—1n-t, n=1,2,..

[ligcTaBnsooum 10 ocTaHHbOI GopMmynu (2.22), 3HaNAEMO PO3B’SI30K
KpaioBol 3aaaul (2.21)
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( \ ( \

A, = Eb_ U, (X )= sin -m—;’ln'—Y FLn=l,2,...
In— h— ©
\ 4 . 2

[Mpuknaau Aas camocTiiHOi poboOTH

Po3g’sa3aTtu Taki 3aaaui Lltypma — JliyBinns:

D u"+Au=0, O)=ul)=0;

2) W +Au=0, u@)=u'()=0;

3) u+Au=0, wQ)=0,u"(\)+hull)=0;

4) u"+Au=0, '0)=0,u"(D)+hul)=0;

5 uW'+Au=0, u'(0)=hu(0)=0,ul)=0;

6) u"+Au=0, u(=)=0, u'(l)+hu(l)=0;

D uW+Au=0, u'(=)=0, u'(1)+hu(l)=0;

8) u'+Au=0, u'()=0, u'(-)—hu(=1)=0;
9 u'+Au=0, ull)=0, «'(=1)=hu(=l)=0;
10) x(xuY +Au=0, uw'(a)=u'(b)=0,0<a<b;
1D x(xu')Y+Au=0, u'(a)=ub)=0,0<a<b;
12) x(xuY+Au=0, ula)=u'(h)=0,0<a<b.

§3. ®yuknisa I'pina oagHOMIpHHX KpaWoBHX 3a1a4

O3nauenna ma o0cCHOBHI 6AACHIUBOCII

Po3riasiHeMo KpaWoBy 3aj1ady

Lu =2Pk(X)llm—k'(x)=f(-\'), Gy <X L ay, (3.1)
k=0
| n=l
U.’[U] = Zza;‘,.\’(“(a‘.) — Bj’ ] :O’ . n_11 (32)
i=0 k=0

1 P (x)e C(ay.a), f(x)eClay,a), PB(x)#0, a), — 3amani uucia.

[IpunycTumMo, 10 BIiAOMI n-JIHIKHO-HE3a/IeXKHUX PO3B A3KIB
@, (x) (j=0,n—1)onnopiaHoro piBHsaHHs (3.1), Tob6TO BinoMa dyHamen-
rabHa CUCTEMA PO3B S3KIB.
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KpaitoBi ymMOBH (3.2) Ha3MBAIOTHCS HEOCOOJHBHMH, SKILO

Uu[‘Pu] Uol‘Pll UO[(pn-—l]

Ul[q’o] Ul[(pl] Ul[(pn—I]

det "Uj (0, ]":-' o #0. (3.3)

Un—l [(p()] Un—l [(pl ] S Un—l [(pn-l ]
Y Bunaaky HeocoOIMBMX KPAaHOBMX yMOB OJIHODIJHA KpaioBa 3ajaua

(3.1), (3.2) mae Tinbku TpuBianbHi po3s’szku. Hanpuknan, y Bunaaky
KparloBol 3aj1aui
"= f, w0)=u(l)=0 (3.4)

MaeEMO

n=2,p,=1,p, = p, =04, = 0,4, =1

a((;o =a|lo = l’a(())l =a|0| =a(l)u =a|'| =a('n =a::) =0

B, =B, =0,

Lu=u"U,[u]=u(0),U,[u]=u(l) (3.5)
0y =1,0,(x) = x

det

TSP U L
ot [ =)y =10

Ta, oTke, @, (x)(k =0,1) dyHaameHTaIbHA cHcTEMa PO3B’A3KIB AM(EPEHLI-
1aJIbHOrO PIBHAHHA B (3.4) i

¢, (0)=1Le,(1)=1¢,(0)=0,¢,1) =1
?,(0) @, 0) |1 Olzl
e, oM I 1}

T00TO KpahoBi ymMoBM y (3.4) HeocobauBi. Y BUNAAKy ke KpaioBoi 3aaadi

aeu o =

u'=f, W0)=u'(1)=0 (3.6)

JIETKO MEPEBIPHTH, 1O KPaHoBI YMOBH € OCOOIMBUMM, TOMY 1110, OJHOPIAHA
3ana4a (3.6) Mae HETPUBIAIILHUIA PO3B’A30K u(X) = ¢ (¢ — crana). Ta, oTxe,

@, (0) ©/(0)
@, (1) /(1)

det|u1g,1], =

21



®yukuicio I'pina kpaiosoi 3agauyi (3.1), (3.2) Ha3uBawTh Taky (yH-
K0 ABOX 3MiHHMX G(x,&), 110 3aaHa y MPSMOKYTHHKY a, < x, £ <a,, Ta
st 6ynb-axkol GyHkuii fAx) GyHKLisA

u(x)=[£(£)G(x.£)d¢
€ PO3B’A3KOM KpanoBOIl 3a/aul

[Jl=='f’(Jr), (xo <I)f<:(11
U, [u]=0, j=0,n-1.

T eopema. Jua mozo wob gyuxyis G(x,&), wo 3aoana y keadpamiii
obnacmi ay < x& <ay, 6yara Qyuxyicro I'pina xpaiiosoi 3adaqi (3.1), (3.2),
Heobxiono ma docmammbo, wWob 60HA 3A00BINLHANA HYOMUPLOM YMOBAM:

1. G(x,&) nenepepena i mac nenepepani noxioni no x 00 n — 2 nopso-
Ky ekamouHo 0aa eécix x i & 3 npamoxymuuka ay < x,& <ay, 30kpema, ye
mae micye i Ha Oiaeonani x = £,

8"'G(x,§)
d x"

=0. m=0.n<=2. (3.7)

x=£-0

__ta'"(;(lké:)
‘9.xm

x=£+0

can—lc;
dx""

pami ay < xX§ < a;, 3a GUKMIOYEeHHAM GiOpi3Ky X = & npu nepexodi uepes

2. n-l-wa noxiona no 3minnit x Henepepena B8Cio0U V Keao-

AKULlL 8oHa mepnums cmpuboK, Wo O00pIBHIOE

2" "'G(x,E) N 0" "'G(x,E) .
a xn—l _r a xn-l e pO (6) (38)
de p(x) — Koe@iyicum npu cmapwiti noxionii y ougeperyiarbhomy

pignanui (3.1).
3.V koocnomy 3 inmepsanie [a, &) i (S a,] ¢yuxyin G(x, &), sk
(QVYHKYIs apzymenma X, 3a00801bHAC 00HOpIOHe piswsHHs (3.1), mobmo

LG(x,E)=0 (a,<x<&,E<x<a).
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4. Oynxyin G(x, &) ax Qynxyis apeymenma x 3a0080aviisie OOHOPIOHI
epanuyni ymosu (3.2), mobmo U,[G]=0, j=0,n—1.

Ilepwuit cnoci6 nobyooeu ynxyii I'pina

Posrnsinemo noGynoBy dyHkuii I'pMHa Ha OCHOBI TeOpeMM NMPO YOTHPH
Il BA3HAYHMX BJIACTHUBICTI. 3a BracTuBicTiO 3, Qynkuis I'piHa Mae BUrIAL:

[ n—1

z&j (§)o;(x), ay<x<¢&
G(x&)=4""

N ’ 1
ij(é)(pj(x), ELx<a, (3-11)
hj=0

ae ¢;(x) (j=0,n—-1) — (by}mamemanbﬂa CHCTEMA PO3B’A3KIB PIBHSHHS
(3.1), a a;i b =0, .., n-1) — HeBigomi ¢yHkuil napamerpa E.

3aaonom>numo B/1acTUBOCTI 1 Ta 2, TobTo miacraBumo (3.11) mo dop-
myn (3.7) 1 (3.8). BpaxoByouu, 110

amG(X,é) "Z 6)(0 (m) (5
e R (3.12)
m X n-| i
: Ca;(m 5) =251(§) (g)
N x=t-0 =V

OTPUMAEMO CUCTEMY JIIHIHHMX PIBHSAHB

- 0, m=0,n-2
(m) .
;C,-(é)(p, = 1 (3.13)
.Po(g)
C,(§)=b,&)-a,&), j=0n-1 (3.14)

BizHauHKk cuctemu (3.13) BIAPI3HSETLCS Bil HYJISA, TOMY LIO € BPOHCKIAHOM
(pyHAaMeHTATLHOI CHCTEMH, Ta, OTXe, cucteMa (3.13) Mae eauHMI po3B’A30K.

HAnst BIALIYKYBaHHS a(éj) Ta b(é) 3AJTMLLMIIOCHE BUKOPUCTATHU BJIAC-
THUBICTbL 4, TOOTO nijicTaBuTH (3. ll) J10 KpaMoBux ymoB (3.2). Buknrwoua-
FOUYU TYT b({f) 3a A0rnoMororo (3.14), npuxoauMo 40 CUCTEMH 1 TIHIHHUX
emreopdmuux PiBHsIHb BIAHOCHO @ (§)
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n=|i

Z(z (UACRE ZC («5)2% (3.15)

j=f) mi=l()

BU3HAYHWK SIKOI Y BUMAAKY HEOCOOIMBHUX I'PAHUYHUX YMOB BiAPi3HACTHCA
BIJ HYIIsA, Ta, oTxe, cucrema (3.15) mae €/IMHUI PO3B'A30K.

TakuM 4YMHOM. BHM3HAYMIU a(é) MOTIM b({) C * aj_(é) Ta, OTXKeE,
BianoriaHo (3.11), camy d)ynxuuo I'pina.

ITPHKITA/ 1. TlobynyBatu dyukuito I'piHa kpaiioBoi 3aaaui
yi(x)=f(x), a<x<b,
y(a)=0, y(b)=0.

PDynaaMeHTanbHy CHCTEMY PO3B'S3KIB OAHOPIAHOrO audepeHiiianbHo-
ro piBHsHHS V'(x) = 0 cknagaiors hyHKuiT:

Py(x)=1 @ (x)=

Poswykyemo dyukuito I'pina y BUrasi:

a,(&)+a (E)x,asx<é&

G(x.C)=
(£:5) {b(,(«,)-f-b(é)\ E<x<b

YMoBHn HenepepBHOCTI GyHkuii 'pina Ta ctpubka 1T nepiuoi NoxiaHoi
HAM [al0Th:

bn +bl§ _50 -dlg =0
b & =1,

3BIIKH, MO3HAUYMBILIIN C.=b,—a, (j=0.1), OTpUMAEMO CHUCTEMY BIAHOC-
HO C:

C,+CE=0, C =1

po3es3ok axkoi C= - &, C =1.
3a/10BOJIbHAIOUH KPAHOBI YMOBH OTPHUMAEMO

a,+a,a=0, b,+bb=0.

Bpaxosytouu, mo b, =C,+a,=-§+a,, b =C +a =1+a,, oTpumacmo
CHCTEMY BIAHOCHO @

a,+aa, =0, =&+a,+b+ba, =0,
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o = b_é ~ b_g
3 AKOl 4, =a , a =-— .
: b—a ' b—a

Jiajil 3HAU/IEMO

f=p2® f_5-0

b-a ' b-a’
Toni pyukuis I'pina Oyae Takow

_(x-a)b-§)

3 SRSE

G(x, &)= =4
_(ﬁ—a)(b-x)’é <x<h.

X b—a

B 11bOMY BUMAJAKY BOHA € CUMETPHUYHOIO.
Tenep po3B’a30Kk KpaHoOBOI 3aa4¥ MOXKHO 3anucaTH Yyepe3 QyHKLIIO
['puHa:

b—x
b_a!f(é‘)(é—a)dé—

xX—a
b—a

y() = [ FEIG(x,E)dE = - | f&w-&rde.

ITPHKJIAL 2. Tlobynysatu ¢dyHkuito I'puHa kpaioBoi 3a/1adi
y(x) = Ap(x) = fix), 0<x< |,
y(0) =0, y(it)=0.
MDyHIaMEHTAIbHA CUCTEMA PO3B'A3KIB B TAHOMY BUMAIKY MAE BUIJISA:
¢,(x) =shAx, @ (x)=chAx.
Tomy ¢yHKIIO ['piHa PO3LIYKYEMO V BUTIISIL

a,shAx+achAx,0<x<& <l
G(xvé) - < e
byshAx+bchx,0<& < x <!

Binnoco C;=b;-a;(j=0]1) orpumaemo cucremy

C,shAé +C,chAé =0
AC,chA& + AC,shAE =1,
PO3B'A30K AKOI €
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h hA
cuzcj"}’:, c,=-‘/15.

Peanizyroun kpaitoBi yMoBH, 3100yaeMO:

Ag, =0, byshAl+bchAl =0,

3BIJIKH

~ = shAé = shAE-chAl
=0 b=~ X :

“ | A ! AshAl

P ShAG - chAl —chA& - shAl — shA(E -1)

" AshAl AshAl

@®yukuis ['pina HaOyae Burasay:

ShA(E —1)- shAx

S’ T

_ A)

G(x,8) | shax—1)- shA& 0<E<x<l
AshAl |

Hnst gaHHoi 3ajavi yHkuis 'piHa TakokX € CHMETPHYHOIO 1 PO3B’SI30K
KpanoBOIl 3ajayl BU3HAYAETHCH 32 HOPMYJIOKO:

{
S [ A -1 7 €)de

X

shA(x—=1)
AshAl

y(x)=

[shag &+

ITPUKITA]] 3. TlobynyBatu dynkuito ['piHa kpaioBoi 3aaayi
' (x)+y (x)=f(x), 0<x<l,
y(0)< e, y(1)=0,

Tyt na nmiBomy kiHui MHTepBany (0, /) 3amana ymoBa OOMEKEHHOCTI
pPO3BsA3KY.

OyHaaMeHTaIbHA CHCTEMa PO3B'S3KIB PO3IIISAYBaHOro AUdEpeHLiab-
HOT'O OrnepaTopa Mac BHUIJIS:

(po(x) - 1, fP,(.’C) = In x.
@yukuiro I'pina 6yayemo y dopwmi:

a,(€)+a,(E)Inx,0<x<& <l

Glxin) = {Bﬂ(§)+l;,(§)lnx, 0<éE<x<ld,
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BigHocHo C,=b,~a, (j=0,1) OTPUMAEMO CHCTEMY:
- |
C() +C, lné —0, C, 'E-—‘é—, 3Bi,[ll("
Cy=-In&, C, =1.
3a10BOJILHUM TEnep KpahoBli yMOBH. Bumora oOMeXeHOCTI 1IyKaHOTO
po3e’sa3ky npu x = 0 eksiBaseHTHa yMOBi G(0, x) < oo, 3BIAKM 4,(x) =

0; apyra rpanuuyHa ymosa jaae€ b, + bIn/ = 0, 3Bigku b, = - b|In/.
BpaxoByioun 38’130k Mix @, b Ta C j » OTPUMAEMO:
S

& =In=, & =0, by, =—Inl, b =1.

@yHkuis ['piHa HANPUKIHLI MaTUME BUIJISL

g

m7,0<x<§<1

G(x,E) =+
m§,0<§<x<L

[ToMiTuMoO, o ans uiel 3agayi ¢yHkuis 'piHa Tex € CUMETPUUHOIO.

Ilobyoosa ¢pynoamenmanvrnoi Gyuxyii
PosriisHemo 3BuuyaiiHe audepeHuiaabHe pIBHAHHS

Ly=R(x)y" +B(x)y"+ . 4B (x)y'+ B, (x)y = f(x) (3.16)
P, (x)e C(ag,a,), By(x)#0, ay <x<a. .

®ynaamenTa bHOK0 Gyukuicio audepeniianbHoro pisHaHHs (3.1) Ha-
3uBacThcA Taka QyHkuis D(x,7), wo mis 6yab-9koi HenepepBHOl GyHKLT
fIx) byHKLis

y(x) = jf(t)cb(x.t)dt {3:17)
€ po3B’43kOM audepeHuiaibHOro piBHAHHSA (3.16).

T eopema. Qyndavenmanvuuii pozssnzox pisusnuns (3.16) modcna
nooyoysamu v 6u21a0i



Z(x-t),x2t
0,x<t

d)(x,t):{

Oe Z(x) 3adosonvisic oonopioune pisnsanns LZ(x) = 0, x > 0 ma novam-
KO8l yMo8u

1

0)=Z'(0)= ....=Z2"2(0)=0, Z""(0)=—,
Z(0)=2'(0) (0) (0) 20

npuvomy P (x) — Koeghiyienm npu cmapwiii noxioniii y ougepenyians-
Homy pignanni (3.1).

DyHaamMeHTalIbHKI po3B'a30Kk D(x, ) andepeHLiaIbHOro piBHsIHHA (3.1),
BJIACHE K@) yuH, HE € €IMHWM; BIH BU3HAYAETLCA 3 TOYHICTIO HO JI0JaHKA

D, (x,1) = zCk (1)@, (x),
k=0

ne ¢(x) (k =0, .., n 1) — dyHnamentanbHa cucTeMa pO3B’SI3KIB K-
¢epeHuianbHOrO piBHAHHSA (3.1).

ITPHKJIAJ 1. TloGynysatu dyHaamenrtanbHy QyHkiilo audepeHLi-
aJbHOrO PIBHAHHA )" (x) = flx).
BinnosigHo no Teopemu ii MOxHa npeactaBuTH y Burasai (3.3), ne

Z'(x) = 0, Z(0) = 0, Z'(0) = (3.19)

Po3s’a3yroun kpaioBy 3agauy (3.4), sHaxoaumo Z(x) = x. Tomi

)

—-t, x2t ~t -
DO(x,1) = . ! =|x |+x ¢
0. x<t 2 2

OCKIJIbKH APYTWi [10JaHOK 3a[0BOJIbHAE OJHOPIJHE PIBHAHHS, TO HOTO
MOYXHa BUITYCTHUTH.
e

Bianosiae: ®(x,1) = —2—

3anaui

[lokazaTu, 10 cbyuxui'f

a) O(x.1)= __H g,
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b

6) P(x,1)= —;-[l +sgn(x— t)]e‘l"ﬂ“‘i ;

L .
B) ®(x,1)= mSlﬂ |a||x—t|

€ pyHIaMEHTAILHUMHU (YHKLISIMM BITNOBIIHO 10 JM(bEPEHIIIAIbHUX PIBHSIHD

a) u'- a*u = f,
6) - au = f

B) W'+ a’u = f.

Y 3ajayax MaTeMaTu4HOl (PI3UKK YacTO BUHMKAE HEOOXiOHICTL Mody-
noBu ¢yHAaMeHTanbHOT (QYHKILIT, 110 Ccrajgae Ha HECKIHYEHHOCTI, 1110
NO3BOJISAE METOA MOOYJ0BU 3a JOMNOMOIOK KOHTYPHOTO IHTErpyBaHHS,
3anpornoHoBanui Kouwi ta po3sunytuii M. I'. KpeitHoM. Buxiagemo #oro
CXEMY CTOCOBHO [0 piBHsHHS (3.16) 3 nocTtiitHuMu koedilieHTaMu. Biamno-
BIAHO A0 HBOro ¢yHaaMeHTaibHa GyHKLIsS BU3HAYAEThCs (OPMYI0IO

D(x,t)=g(x-&), g(x)== : ¢ e’ dz, (3.20)
Znicz P(2)
P(z)=PRz"+Bz""'+...+4 P =P(z2-2,)...(z-2,_,). (3.21)

Tyr C* — 3aMKHYTUIA KOHTYD, 1110 OXOIUTIOE AESKE YMCIIO HYJIIB MHOTOWIEHa

(3.21), a C' — aHaJIOrN4yHUI KOHTYD, IO OXOIUTIOE HYJ, SKI 3aJIMLLIMIMCA.

Jonanus Toro, wo ¢yskis (3.20) € pyHaaMeHTanbHOK, MOKHA 3HAKTH B [7].
Ak npukian nodyayeMo QpyHaaMeHTaIbHY (QYHKLIIO PIBHAHHS

Y (x)=2B%y"(x)+ B yv(x) = f(x).

Y posrnsiiyBaHOMY BHMIaaKy MHorouaeH (3.6) mMae BUIIISL:

P(z)=2"-2B°2" + B* = (z+|B))*(z—| B]).

[TosHauuMo yepe3 C* KOHTYp, AKHH OXOIUIIOE JABOKPATHUM IMOJIIOC
z=|B|, a C — nBokpatHuii nomoc z=-|p|. Toxi, BianosimHo ao (3.20),
bynaamenTanbHa GyHKLIS Mae BUIIIAL;

1 T2

e
(D s -~ = ’ =i 1’1 . $
(x,€) = g(x=£), g(x) 27::'2(5-132)2 2 (3.22)
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Dopmyity (3.22), BAKOPHCTOBYIOUYM TEOPEMY MPO JIMLLKHK IS OOYHCIICHHS
IHTErpajia, MOXHa MEPEeTBOPHUTH 10 BHUIJISALY

14X jay
4B/

@Dynoamenmanvna bazucua cucmema po3e’asxie

g(x)=

DyHIaMEHTAIbHOI0 0A3HCHOI0 CHCTEMOIO PO3B’sI3KiB KpaitoBoi 3a1aui
(3.1), (3.2) y(x) (k = 0,..., n — 1) Ha3uBaeTbCs cuctema n GyHKLIH, WO
€ PO3B'sI3KaMH KpaiOBMX 3a/1au:

Ly, (x)]=0, a,<x<a,, 629

L, j=k

Ulyi, (0)]=0;, j=0,n-1, 5#:{0]#".

DyHnameHTabHa 6a3McHA cUCTeMa PO3B’S3KiB KpaHoBOI 3a/1adyi B BU-
NajKy HEOCOOIMBUX PAaHMYHUX YMOB JIerKO OyayeTnes yepes (yHIaMeH-
TaJlbHY CHUCTEMY O3B fI3KiB OQHOPIAHOTO AM(DEPEHLIATLHOIO PIBHSIHHS
@ (x). diicHo,ToMy 1110 Y (x) € po3B/si3kOM KpaioBoi 3anaui (3.23),

n-|

vi(x) =Y C', (), 524
m=(
ne C'*/ — wesinomi craii.
IMincrasnstoun (3.24) y (3.23), npuxoaumo BigHocuo CX (m = 0,...,
n — 1) 10 CHCTEMHU n JIHIAHUX anreOpaiuHuX PiBHAHb

n—|
chf’uj[cp,,,]=5ﬂ,, j=0,n-1, (3.24)

m=()

BM3HAYHUK SIKOI y BMMNAJIKy HEOCOOJIMBUX IPAaHMYHMX YMOB Bi/IPI3HAETHLCS
Bl HyJIf, Ta, OTXe, cucreMa (3.25) mMae po3B’s30K.

ITPUK/IAL 2. TloGynyBath pyHAaMeHTalbHY Ga3MCHY CHCTEMY pO3-
B'SI3KIB KpaloBOI 3a1a4u

Yix) = fix), 0<x</, 0 =2, y)=3.

BianoBiaHO N0 BM3HA4YeHHS, (PyHAAMEHTaNbHY Oa3MCHY CHUCTEMY pO3B-
'A3KiB KpaWOBOI 3aJauu CKIaaarTh (GyHKLT y,(x) Ta y (x) Taki, wo
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{ Yo (x)=0 { W (x)=0
¥, (0)=1, y,(1)=0 y,(0)=0, y, (D=1

Tomy 110 pyHAAMEHTATIbHY CUCTEMY PO3B’S3KiB JU(DEPEHLIIAIBHOTO PIBHSH-
HS cKiIaaaoTs QyHkuil @(x) = 1 ta ¢ (x) = x, To BianosiaHo a0 (3.24)
Vo()=C3" +C"x, ,(x)=C"+Cx,

ne CY (k,m=0,1)— cyrb po3s’s3ku cuctemu (3.25)

Cy =1 C, =0
G+ C=0 CP+C =]

TOOTO

1 1
G" =1 G"=-2, G'=0, G"=-.

3BIIKU MaEMO
Vo) =1-2, ¥ ()=,

Ilpuknagu aas camocTiiiHOI podoTH

[Tobynysatu dyHaaMeHTanbHy Ga3uCHY CUCTEMY DPO3B’si3KIB Kpaiio-
BUX 3a/1ay4

a) ¥'(x)=1y(0)=2. y(1)=9,
6) y'-a’y=f(x), y(0)=6, y(1)=8,
B) y'+a’y= f(x), y(0)=2, y'1)=6,
r) yYWY(x)=£(x), y(-1)=y"(-1)=0, y(1)=y"(1)=0.
Apyeuit cnoci6 nobyooeu ¢yuxuii Ipina
bynemo wiykatu ¢yHkuiro I'piHa kparosoi 3agauu (3.1), (3.2) y Burismi
G(x) = Bx-8)~ 3 ¥, (U, 10(x-)] (326

ne d(x) — dpynaamenranbHa GyHkuis audepeHuianbHOro piBHsHHA (3.1),
y.(x) (k = 0,...,n - 1) — dyHaameHTanpbHa 6a3ucHa cUCTEMA PO3B A3KIB
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KpanoBoi 3agavi (3.1), (3.2), U, (k = 0,....n — 1) — onepaTopy rpaHuu-
HMX YMOB, BH3HaueHI y (3.2) Ta BUKOPHMCTAHI MO 3MiHHI} X.

ITPUKIJIA/. TloGynysatu ¢yukuito I'pina kpaiioBoi 3aaui

u'-2u=f(x), 0<x<a
u'(0)=1, u(a) =5.

DyHiamenTatbHa QyHKLs, BIINIOBIIHO [0 M. 3 1poro naparpada, Mae BULIISL
O(x—&)=——ed

27
NpUYOMY
% = %Sgﬂ(x ~&)e 4,
Tom
oP |
Uy[®]= g
o[P] . » 29

@ynaameHTanbHa 0asuMcHa cucTeMa poO3B’A3KiB L€l kpailoBoi 3amaui,
BIAMOBIAHO A0 M. 4 Uboro naparpada, Mae BUIIIS

shA(x—a) G chAx
Achda ¥ chda

W (x) =

Toni, signosigHo a0 gopmynu (3.26), dynkuio I'pina kpaioBoi 3azayi
MOJXHa 3aNyuCaTH y BUIJIAI:

I ap-g) 1 _ae shA(x—a) 1 ;¢ chAx
G(x,£) = —— +— + —
=2 2% achaa T3 ohia

Po3¢’asku o0nomipnoi Kpaitoeoi 3adaui 3 HeoOHOpiOHUMU
CPAHUYHUMU YMOBAMU

Posrisinemo kpaioBy 3aaauy (3.1), (3.2) 3 HeoCOGIMBUMHM IPAHUYHU-
MU ymoBaMmH. Hexail mis nei noOynosana dyukuis I'pina G(x, &) Tta
(¢yH1amMeHTanbHa 6a3ucHa cucrema y(x) G = 0,.., n—1). Toai ii po3ps-
30K MOXHa 3alucaTH y BUIJISI]
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a n-|
u(x)= [ FE)G(x,E)AE+Y By, (x). (327)
a i=0

3ayeaxenns. Cruig BiA3HauuTH, 110, SKIIO BiZoMa byHKLISA
['pina kpaioBoi 3aaaui

Ry(x)u”"+ B(x)u’"+ P(x)u= f(x), a,<x< a,

/ , (3.28)
o U (aj)+a0ju(a_,.) =B;,, j=0,1,

TO (pyHAaMeHTalbHY Oa3uCHY CUCTEMY MOXHA 3anmucaTd 3a A0MOMOTro0
CMIBBIIHOILECHHS

: ~1)’
v,(0=P@)lx,Gxa)-y,G (xa)——2, (32
X:04 -+ Y00

fe x;, y, (/ = 0, 1) — nmoBinbHI YyKMCIa Taki, 10
X, 0%y, 0 # 0.

30kpeMma,

. 1y
v,(x) = By(a)le, G(x,a)) -0y, G" (x.a )] ——r. (330
ol +ag,

Tyt Touka o3Hauae 4yaCTUHHY MOXiAHY MO APYriii 3MiHHIH.
ITPHKIJIA/]. TTobynyBaTH po3BSI30K KPaioBOI 3a/aui
u'— Au = fix), 0<x <a,
u(0) = 1, u(a) = 5.

@yuxuis I'piHa wiel kpaioBoi 3aaaui Ta GyHIaMeHTaIbHA Ha3UCHA CHUC-
TeMa nodyaoBauu Buule, y 1. 5 uboro nmaparpada. BianosiaHo 1o dop-
Myau (3.28), 11 po3B’sa30k Oyae mMaTv BULIS:

u(x) = jf(§ )G(x,&)dE +y,(x)+ 5y, (x).
BianosigHo no ¢opmyau (3.30)

W, (x)=G(x,0), y,(x)=G"(x,a)

Ta., OTXKeE,
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u(x) = j £ )G (x,E)dE +G(x,0)+5G" (x,a).
IIPUKIJIALL Poss’:laam KpauoBy 3ajavy
Y(x) + Ap(x) = fix), 0 < x <],
»0) = 4, y(I) = B.

@DyHaaMeHTallbHa CUCTEMa PO3B'S3KIB Y LIbOMY BMMAAKy MAae BUIIISL @(x) =
= sinAx; @,(x) = cosAx, wo no3Bonsie po3luykysBati QyHKLjio I'piHa y BUISAL:

dy(&)sinAx+a,(E)cosAx,0<x <& <

G(x,8) = {50(5)5“‘ Ax+5|(‘§)COS/1JC, 0<€ <ael.

3aCTOCOBYIOYM BXKE BIAOMY METOAMKY [UIsi BU3HAYCHHS ata b, otpu-
MaeMo:

CsinAg + CicosAé = 0, AC,cosAE — AC sinAé = 1,

cos AL C __sinAg
Al A

3a/10BOJIbHAKOYM OJHOPIJIHI KpaHoBi YMOBH, OTPUMAEMO:

3BIAKH C, =

a= 0, Eosin/ll +5’lcosll = 0,

3BIJAKH
i =-Sml,(1—€),5, _0, .~.0 _ smlé.cosll’};l =_sm/'l.‘,‘.
Asin Al Asin Al A
®ynkuia ['pina Habyue BUrIsay:
_sm/lx-s?n/l(l—é)’ Gk 2l
- Asin Al
G(x,5)=1 . A
_sm/lé-s.m ( —x)’ O<cE<x<l
Asin Al

3nannaemo Tenep GasucHi GyHkuii y(x), k = 0, 1, po3ulykyrouu iX y BUIIsL:

Yo (x) = Cyy (X) + Cp0,(x), ¥, (x) = C,o0,(x) +C, 9, (x).

s Bu3HayeHHs C, MaeMO CHUCTeMy:
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Co®(0) +C,,0,(0) =1, Coo®o (1) + Coip, (1) =0,
Cm‘po (0)+ Cl 1Py (0) =0, C|o¢0 () + CI @ (1) =1,

T0OTO

: COI =1 ) C“ _09
Cy Sin Al +C,, cos Al =0, : C,,sinAl+C,, cosAl =1,

3BIJIKH
1
COO =—ctg/11, COI =] Cl() S —— C“ =(),
sin Al
Toal 6a3ucHi HyHKLIT MAKOTh BULIISA;
sin A(/ — x) sin Ax
X) = , X)= .
L Ly

Po3B’5130K HEOHOPIAHOI KpaioBOi 3a1a4i Ma€ BUIIISA

sin A(l - x) | .
Asin Al ;[f(é)sm AGds +

sin lx

y(x) =~ j f(&)sin A(~&)dE -

sin A(/ — x) +B sin Ax

+A— :
sin A/ sin Al

3aBiaHHA a8 caMoOCTIiiHOI polOTH
[Tobynysatu dyukuil I'puHa crigyouux KpaioBux 3aaay:
D y(x)=f(x), y0)=0, y(@)=0, 0<x<l!:
2) Y=, yO) =y, YO =yl, 0<x<lI;

3) Y'(x)+Ay(x)= f(x), y0) = yl), y'0)= y'(),0< x < ;
4) (x)—/lzy(x)—f(x), y(0)=0, y(I)=0,0<x<;

5) x*y'(x)+2xy"(x) = f(x), y(0) < oo, y(1) = uy’(1),0< x < 1:
6) x*y"(x)+xy'(x)=A’y(x) = f(x), y(0) < oo, y(1)=0,0< x < ;
7) ¥ (x)=f(x),y(0)=0,y"(0)=0,y(1)=0,y"(1)=0,0< x <
8) ¥V (x)=£(x).y(0)=0,y"(0)=0,y(I)=0,y'(1)=0,0< x <
9) ¥ (x)=£(x),y(0)=0,y'(0)=0,y()= 0,y (1)=0,0<x<1.
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§4. Ilpuxaanu

ITPHKIIAJ] 1. TlinibpatH iHTerpajibHe NMepeTBOPEHHS MO 3MiHHIM X Ta
3BECTH 3a7a4y A0 OAHOMIPHOI

2
%-azg l: =q(x1), 0<x<l/,0<t<eoo
X
du du (4.1)

E(O,t)=$(1,f)=0, O<I<°°,
u(x,0)= f(x), 0<x<l.

Lls xpa#oBa 3ajaya € YaCTHMHHMM BUMAAKOM KpaioBoi 3agaui (1.1) —
(1.3), B skiu

a,=0,a, =1,b,=0,b, =co,n=1,
r(x) =1, p(x) ==a*,q(x) =0, p,(t) =1, p, (1) =0,
O =04 = 0,06, =0, =1, B =1, By =0,

Ay = A =0,By(x) = f(x).
IIpu upomy

du du
Uu[u]_g;(oat)a U|[u]_a_x(1’t)v

Vo[u] = u(x, 0).

BinnosiaHo 10 (1.4) 3aranbHoi cXxeMH iHTerpajibHe MepeTBOPEHHS LIyKae-
MO y BMIIIsil

/

u,(r)= Ju(x,t)K(x,l)dx,

0

ne K(x, A) — HeBioME Lie SAPO iHTErpaibHOro nepeTBopenHs. [ToMHo-
KUMO 00MIBI YacTHHU audepeHUiambHOro pisHsHHS y (4.1) Ha K(x, 1) Ta
MPOIHTErpyeEMO Mo X y Mmexax Big 0 go /:

j(gi—a2 A%

3, Ep K (x,A)dx = q, (1).

Po3buBaroum iHTEerpan, 1o CToiTh y JIiBIA YaCTHHI OCTAHHBOI PIBHICT] Ha
/BA I0[JAaHKH, 3MIHIOIOYHM MOPAAOK iHTErpyBaHHs Ta AUGEPEHIlyBaHHS y
MEPIIOMY Ta IHTETPYIOYM MO YACTHHAX JPYrUi A0JAHOK MAaEMO
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! 2
au;i(t) +Aa’u, (1) —aZIu(x,t)[d—K+ AKldx—a® gﬁ(l,f)K(L A)+
X

dt ? dx?
dK d dK
+a2u(1,t)z(l,t) +a’ a—‘;(O,t)K(O,/l) —azu(O,t)z(O, A)=gq,(t), (4.2)
du du
AC 'a_x(l,t) - 0,3(0,1‘) = ().

Mt Toro, 106 BuxifHa kpaiioBa 3axaya (4.1) TpaHcopMyBaach 10 OIHO-
MIpHOI KpaioBOi 3a1a4i BITHOCHO u,(r), HEOOXiaHO, 106 sAapo K{x, A) iHrerpais-
HOTO NepeTBOpeHHs Oy10 po3B’a3koM HactynHoi 3anadi Iltypma — JliyBimis

%4»11(:0, < xic];

dK dK
—(0,4)=0, —(1,A)=0.
- (0.2)=0, ZX(1.2)

BianosigHo no tabauui (A.2) uii 3agaui Lltypma — Jliysinas Bianos-
IAA€ CKIHYEHHE KOCHHYC-nepeTBopeHHss Dyp’e

u,(t) = Iu(x,t)cosaxdx, o= —IEIE, k = 0 1 2. (4.3)
0
TOOTO
K(x,A)=cosax, A=a’. (4.4)

[TincraBnsroun (4.4), (4.3) no (4.2) orpuMaemMo 3BHuaiiHe AAGepeHL-
la/lbHE PIBHSIHHS BiZHOCHO TpaHchopmaHTH (4.3)

u; (t)+a2a2ua (r)=q,(1), (4.5)
A€

l
q. (1) = Iq(x,t)coso:xdx.
0
3acTOCYyEMO IHTErpajibHe nepeTBOpeHHs (4.3) 40 OCTaHHLOI rpaHMY-

HOI yMOBH B (4.1). JIns uLpOro NMOMHOXHUMO OOMABI YaCTUHI Ha
K(x,A)=cosox Ta MpoiHTErpyeMo Mo 3MiHHiH x y Mexax Big 0 mo /.

Otpumaemo
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u,(0)=fo. fu = I f(x)cosaxdx. (4.6)

Takum uynMHOM, KpaioBa 3a1ay4a (4.1) 3a JOMOMOror CKIHYEHHOTO KOCHHYC-
neperBopeHHs Myp’e 3Benacs 10 OJHOMIPHOI kpaioBoi 3aaaul (4.5), (4.6).

3ayeancennsn. KpaikoBy 3a1a4y (4.1) MOoxHa 3BeCTH 0 OJHOMIPHOI 1 32
JIOTTOMOTIOI0 1HTErpajibHOrO MEPETBOPEHHS MO 3MIHHIN f. /1 LLOro BUKO-
pUCTAEMO IHTErpajibHe neperBopeHHs Jlamaca (tabmuusa B). [ToMHOXUMO
nepiui Tp piBHOCTI B (4.1) Ha ¢™%, npoinTerpyemo no ¢ Ha uxTepsai (0,
o0) T4, BPAaXOBYIOUM OCTAaHHIO 'PaHU4YHYy yMOBY B (4.1), oTpuMaemo

2
a’ 2 ;:,(x)—aua(x)=-qa(x)—f(x),0<x<l,

du du
£(0)=0,—=<) =0,
dx() dx()

)i (&

g, (x)= jq(x, t)e “dt.

ITPUKIIAM 2. TlipnibpaTu 1HTErpajbHe NepeTBOPEHHS

d'u 10u 1 2u
"—;'+'— + - -
or: radr roode-

du
() B
“ r=a f( ) ar r
| au =au
6=x’ae 6=-nm ae O=x-

[TinGepemo 1HTErpajibHe NMepeTBOpPeHHs no 3MiHHiIi 6. g uporo aude-
PEHIIAIbHE PIBHSAHHS MEPENUIIEMO Y BUIUIS/II:

d’u d’u  du
392 +r2w+r'a—r=r28(r99) (48)

1 Oy1eMO LUYyKaTH SAPO IHTErpajbHOrO MEPETBOPEHHS

=g(r,0), O0<a<r<b-m<0<m,

(4.7)

=h =0,

U - =Uu

u, (r )= ju(r,e JK(2.,0 6.
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[TomHOXHMO 0OMIBI yacTUHU piBHAHHA (4.8) Ha K(6,A), nmpoinTerpye-
MO M0 3MIHHIH 6 y MeXax Bil — T 10 7T Ta OTPUMAEMO TiC/Is IHTErpyBaHHs
MO YaCTHHAX Ta BUKOPHMCTAHHS IPAHUYHUX YMOB M0 3MIiHHIH O:

d’K
de’

+AK]d6 +

Iz

2 X
2 d U, dul lul(r)+ J'u(r’e)[

A pr—2—
dr dr

du dK dK
+% 6=n [K |9=x_K |0=-zr]—u |0=x [79— 0=n-¥ 0=-x]=

=2 j g(r,0)K(8,1)d6.

Taxkum uuHOM, JUIa TOro, o6 BMXiaHA KpaioBa 3aaaya (4.7) TpaHchop-
MyBajacsi 0 OAHOMIpHOI KpaHoBOi 3aaayl as u,(r), HeobXiaHo, 106
aapo K(6, A) 6yno po3s’sskom Takoi 3agaui LlItypma — Jliysimis:

d’K

92

+AK =0,

aK | _dK
0=x’d9 O=-x de 6=x

BianosigHo no tabauui (A.3) wii 3agayvi lItypma — JliyBiiis Bigmos-
11a€ CKIHYEHHE MOBHE IHTErpajibHe neperBopeHHs Pyp’e

K|__=K|

0=-nr

u,(r)= ju(r,O)e‘“dG,

-

u(r,0) = i U, (r)e™®,

LS
200 e

[Tixbepemo Tenep IHTerpajbHe NepeTBOpPeHHs [0 3anayi (4.1) no 3MiHHIN 7.
s uporo audepeHLiaibHe piBHAHHS (4.8) nepenuiiuemMo y BUIUISIL

. d r du " d°u
dr dr 06’
Ta Oy/1IeMO LLYKATH IHTErPaIbHE MEPETBOPEHHS BIANOBIAHO 10 (1.4) y BUrsmj

=r’g(r,0) (4.9)

b
u, (@)= J‘u(r,O)K(r,l)ﬂ,
"
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TUMYaCOBO BBa)XalO4Yu I'PaHUYHI YMOBH M0 3MiHHINW 7 OAHOPIAHUMM (TOO-
TO £(6)=0). [ToMHOXKMMO 0OMABI YacTUHU piBHAHHA (4.9) Ha r'K(r,A),

MPOIHTErpyBaB Mo 3MiHHIA 7 BiA @ 10 b, OTPUMAEMO MIC/IS IHTErpyBaHHS
M0 YacTUHaXx

d’u, d  dK dr du
i 0 +AK bK (b, A) -
— uﬁfu(r Lol ol I
dK du dK f
|, b= |5 LK@ -u | a= | = !rg(r.e)mn/l)dr.

Takum yvHOM, a1st TOro, WOO BHXigHA KpaioBa 3amaya (4.7) TpaHchop-
MyBajiacsi 10 OJAHOMIPHOI KpahoBOi 3aaavi id u, (), HeobxinHo, wobu
SIPO IHTErpajbHOrO neperBopeHHs K (r,A) 6yn0 po3s’a3koM Takoi 3ajaui
HItypma — JliyBimns:

d( dK) AK =0, O<a<r<b,
dr dr
£l =021 =p

r=a dr r=h

Bignosinno no Ttabmuui (B-3) wiit 3agaui BianoBimae HectaHaapTHe
CKIHYEHHE CHHYC-NepeTBOpeHHs MejiiHa

b
r dr

7 (9)—Ju(r @)sin(aIn—)—,
a r

_ w2k —1)
2In(b/a)

u(r,0) = ln(b/a) Zu (6)sin(aIn —)

ITPUKITA/] 3. MeToioM iHTerpaibHUX MepeTBOPeHb PO3B'A3aTH Kpaii-
OBY 3ajauy

2 2
Au(x.y)zalf-i»a'f-—-f(x,y), O<x<a,0O<y<b (4.10)
dx~ dy°
u(0,y)=A(y), u(a,y)=B(y), (4.11)
u(x,0)=g(x), u(x,b)=wx). (4.12)
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HaHa 3a/1aya € YaCTHHHMM BMNAAKoOM KpaiioBoi 3aiaui (1.1) — (1.3), B skiii

r(x)=p(x)=1,4q(x)=0,n=2, py(y)=1,
pi(y)= p,(y) =0, a, =0, a=a,b,=0,b =b,
Uy =0y =1, 0, =, =0,

(0) _ npth _ 0 _ RO) _ Q) _ RO _ A _ p _
ﬁoo = Mo _l'ﬁm "»Bn 0 T 10 T Mol T M "'0°

IIpn ubomy

Uglul=u(0,y), U,[ul=u(a,y),
Volul=u(x,0), V[u]=u(x,b).

BianosifiHO 10 3aranbHOi CXeMH METOAY IHTErpajibHMX NMEpPEeTBOPEHb Lis
3ajiaya po3B’A3y€TbCSA B TPH €TAllU.

Ilepwmii eran. I7id6ip inmezpanvho2o nepemeopenns ma 38e0eHHS
3a0a4i 00 OOHOMIPHOL.

Bianosinno 10 (1.4) 3aranbHOi cXxeMM iHTerpajibHe NMEPEeTBOPEHHS MO
3MIHHINA X LIYKAEMO y BUIJISAI

() = [ulx, »)K (x,A)dx,

ne K(x,A) — HeBizome Lue SAPO iHTErpaJbHOTO NepeTBOpeHHs. I[ToMHO-
KUBLIM OOMABI 4acTuHU piBHOCTI (4.10), (4.12) Ha K(x,A), npoinrer-
pPyeEMO 1o 3MiHHIA x B iHTepBai (0,a):

t0%u t9%u

£8x2 K(x,l)dx+£ay2 K(x,A)dx = f,(y). (4.13)
Iu(x,O)K(x,/l)dx =g, (4.14)
0
[ux.p)K(x, dx =@, (4.15)
0

AC

(£, (30, 838,11 = [[f (x, ), 8(x), 0()IK (x, A)dx.
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[Ticng 3MiHM MOPSAKY IHTErpyBaHHS Ta AU(EPEHIIIOBAHHSA y APYroMy A0-
naHky B (4.13) Tta IHTErpyBaHHs MO YaCTHHAX Y MEPLIOMY JOJAHKY MAaEMO

dK du

uy (y)- Au;(y)+j K(a,A)-

~u(a, y) (a ,1)—3(0 , Y)K(0,A) +u(0, y)—(O A) = f,(y). (4.16)
Tomy wo 3HaueHHs u(a, y) ta u(0, y) Ham Binmomi (4.11), To mis Toro, wod
BUXiiHA KpaWoBa 3agaua (4.10) — (4.12) TpaHchopmyBanacs 10 OOZHO-
MipHOI KpaioBoi 3azaui g u,(y) HeobximHo, o6 sapo K(x, A) iHTerpaib-
HOTO nepeTBopeHHs Oyno po3s’s3kom 3amayi Lltypma — JliyBimis

dK

,A)=K(0,4)=0.

BianoBigHo mo tabnuii (A.3) Wik 3amayl BIAMOBIAAE CKIHYEHHE CUHYC-
nepeTBopeHHss Dyp’e

[ . rk
4o () = JuCx, y)sinouxdx, o=== 4.17)
D
2 :
u(x, y) =-c-1-2ua(y)smax, (4.18)
k=l
Ji (&
K(x,A)=sinax, A=a?>, azﬁ. (4.19)
a

[liacraBnsitouu (4.19) go (4.16), (4.14), (4.15), BpaxoBytouu (4.11), npu-
XOIMMO /10 OHOMIPHOI KpaioBoi 3aaauyl BIJHOCHO TpaHC(OpPMaHTH u, (y):

Uy (y)—0’u, (y) = f,(y)+B(y)axcosaa—aA(y)
U, (0)=g,, u,(b)=0,, (4.20)

ils

fe(Y) = jf(x, y)sinoxdx, g, = fg(x)sin o xdx,
" (4.21)

=

ja)(x) sin o xdx.

0
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HApyruii eran. Posé’sizanma 3adaui y mpancgopmanmax.
3a cxemol0, 1110 BUKJIAAeHa Bulue, Oyayemo ¢yHkuio ['pina kpaiosoi
3agavl (4.20) y Burnsmi
1 a0 Sha(b—Y)+ I L) Shay

1 -alyn
G, (yn)=——e " "+—
P ==2 2 shab 2o sha

NMpU4oMy (yHAaMeHTalIbHa 0a3ucHa cucTeMa 3B'si3aHa 3 Hero GopMyJIamMu
(3.30)

v (4.22)

¥, (»)=-G,(»,0), ¥,(y) =G, (y,b). (4.23)

Toai sianoBiaHo 10 ¢opmyau (3.27) po3s’s3ok kpaiosoi 3agaui (4.20)
MOXHa 3arucaTy y BUIJISA:

b
u, () = [Lf, ()~ @A) +aB) cos aalG, (y,mdn +
" 40,G,(3.b)-£,G,(3,0). (4.24)

Tperii eran. Obepnenns iHmeepanrbHo20 NepPemMBopPeHHs.

ITiacraBnsiroun (4.24) no hopMyinu oOepHEHHS CKIHYEHHOI'O IHTerpalib-
HOro cuHyc-neperBopeHHs Pyp’e (4.18), nicng 3MiHM NopsAAKa UHTErpY-
BaHHs Ta CyMyBaHHs, BpaxoByrouu (4.21), oTpumaemo:

ab b
u(x, y) = j jf(c,mR(x, y.&mdndg - j A LR (x,5,0.mdn +

24
+ j Bm)_c(x y,a,mdn - jg(C);n—(x »,$,00d¢ + (4.25)
+jw(<:>5<x y.§.b)d¢,
ae R(x,y,{,n)=EZGa(y,n)sinaxsina§, a=§£. (4.26)
a ;= a

Bunuisoun cnabo36ixHy yacTuHy psiga (4.26), oTpuMaemo

R(x,y,£,1)=S(x,y,{, M)+ R.(x,y,5,1), (4.27)
ne

S(x,y,C,n) _ ikz sin aé'asm ox [_e—aly—nl + o) +e-a(2b-—y-n)]’(4.28)
=]
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.k , . Tk
- sin—{_ sin— x

| -f—k-(Zb-}'-q) -ﬂ(2b+y+n)
R.(x9y9can)=—2 “ bea [e ‘ — ® +

y | A
= k(l-e "k)

X (4h-y-n) -fi<2b+.v-n)]
a —e 4 :

+e (4.29)

Psn (4.29) pa3oMm 13 BCiIMa CBOIMM YAaCTMHHUMM MOXIAHUMU € PIBHOMIPHO
360kHUM npu 0< x,{ <a0< y,n<b, a psan (4.28) nerko cyMyeTbcs MeTO-
JIOM MiACYMOBYBaHHS ci1ab0 30DKHUX pAdIB, L0 HABEACHUN HUXKYE:

1 sinzf—(x+§)+shz£(y—ﬂ)
S(xaysg’n)zz_ln 2a 2a
T

L. 2 T i
Vsm = )+ sh ===

sin? 2 (x+{) +sh? Z-(y+1) -
LY, N 2a 2a =
2 V sin’ 1(x-g’)+sh2 l(y+n)
2a 2a

sin’ —”—(.7c+4,’)+sh2 l(2b—y—71)
2a 2a (4.30)

2 VSin2l(x—é’)+shzf—(2b".-""77)
2 2a

a

@opmynu (4.25), (4.27), (4.29), (4.30) paroTh pO3B’A30K KpaioBoi
3agadi (4.10) — (4.12).



§5. IleperBopenns Dyp’e

Inmezpanoni nepemeopennn

Onepaliiiine YnceHHs, 1O 3anponoHoBaHe XeBicaioM 4TS A0C/ipKeH-
Hsl 3MIH O 4acy JesKMX MpOoLeCiB y (i3ulli Ta €JEKTPOTEXHiLl, (OPMAIBHO
€KBIBAJICHTHO CMCTEMATHYHOMY 3aCTOCYBaHHIO nepersopenns Jlarutaca. Came
TaKWH MIAXIQ 10 OnepaLifHOro YMcieHHs OyB B3sTHIi 10 yBary y GinbLiocTi
Cy4acHMX nociOHMKIB. SIkiio, Hanpuknan, dyHkuis fx) BU3HA4acThCs Aude-
PCHLIAIHUM DIBHSIHHSAM Ta JICSIKMMM TPAaHMYHMMH YMOBAMH, TO YacTO Mpo-
CTIllIE L0 KpahoBy 3ajauy 3BeCTH 4O BIAMOBIAHOI 3amayi ;s QYHKLI

(p(p)zjf(x)e""‘dx, (5.1)

sIKa OTprMMaHa 3 f{x) MHOXEeHHSM Ha e ™ Ta iHTerpyBaHHaM mno x Big 0 0
oo. MyHKUIA @(p), IO OTPUMAHA TAKMM YHUHOM, € QYHKLIEIO 3MIHHOT p.
s dynkuia € tpancpopmanToro Jlamnaca sig ynkuii fx).

Taky Touky 30py sierko ysarajabHUTH. Skumo dyHkuis K (a,x) €
BIAOMOIO (DyHKLI€IO ABYX 3MIHHMX ¢/ Ta X Ta iHTerpai

I (@)= [ f(x)K (et.x)dx (5.2)

0

€ 301KHUM, TO BiH BM3Hauae QyHKLi0 3MiHHOT ¢ . Lls dyHkLia € iHTer-
panbHOIO TpaHcdopmanToio dynkuii fx) 3 aapom K (o, x). Haibinbu
MPOCTHUH NpUKJIAA siapa

K(a,x)=e™

BeAe A0 TpaHchopmanTu Jlamutaca (5.1). IHwe sapo, siKe LWHUPOKO BUKO-
PUCTOBYETBCS, MAE BUIJIS/

K(a,z) = 2",

Take aapo npuBOAUTL /10 TpaHCHOPMAHTH

F(o)= [ £ (x)¥dx. 53

[HTerpajIbHI NEPETBOPEHHS TAKOTO THITY BMEpLIe CHCTEMATHYHO Oyin A0Ci-
kel Mestinom, Tomy QyHKUis F (o), WO BU3HAYAETHCS CriBBIIHOLLEHHAM

*3micT §§ 5-7 3acTocosanuii 3 [14].
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(5.3), HasuBaeTbes TpaHchopmaHToro MestiHa ¢yHkuil fx). IHII KOHKPETHI
BH/IM MEPETBOPEHb OTPUMAHI B THX BUMAaAKax, KOMM 8apo K(a, x) € CUHYCOM
abo kocuHycoM abo € po3B'sa3koM audepeHLiabHOrO piBHAHHA Beccens. Taki
MepeTBOPeHHs OyayTh BU3HAUEHI Ta OUIbLL ACTANILHO PO3IJISHYTI HUXKYE.

3 o3HaueHHs (5.2) 6bauumo, wo skuwo fx) Ta g(x) — aBi GyHKLI, 1O
MalOTh IHTErpajibHi TpaHchopMaHTH 3 siapoM K(or,x), TO iHTErpaapHa
TpaHchopmaHTa 1X cyMu Oyae Taka:

[(£+8)K (@x)dx = [ £ (x)K (et x)dx+ [ g (x)K (o, x) .

TODOTO € CyMOIO 1X IHTerpajbHUX TpaHchopMaHT. [aii, SKIIO ¢ € MmocT-
IMHOIO, TO

Icf (x)K (o, x)dx = cjf(x)K(a,x)dx.
0 0
Lli piBHOCTI BUSIBASIIOTH, 1[0 OMEPATOP, KM MEPETBOPIOE (DYHKLIIIO
flx) B 1i iHTerpansHy TpaHchopMmaHTy [ P (o), € niHIAHKUM OTEPATOPOM.
Posrnsigaroun cniBBigHOWIEHHS (5.2) SIK MEpeTBOPEHHS, 1O 3B'A3ye
dbynxuii f{x) Ta I, (o), MoxHa MoGyayBaTH aGCTPaKTHY TEOPIIO MEPETBO-
PEHb TAKOTO THUIMY, KOPHUCTYIOYMCH BJIACTOBOCTSIMU HaHAXOBHUX MPOCTOPIB.
Takuii miaxin 6yB OM UMKaBUM 3 MAaTEMATUYHOI TOYKHM 30Dy, ajie BiH He
€ JOCTaTHLO MJIOAOTBOPHHUM 3 TOYKHU 30pY 3aCTOCYBAHHS B MaTeMaTH4HIM
¢i3uui. PosrisiHeMo TOMY /MIIe Ti BIACTUBOCTI iHTErpajibHUX MEPETBO-
penb, Kl OyayTh BUKOPUCTaHI TS aHajiza KpaloBMX 3aaau.

Hopa Dyp’e

l. Aopa @yp’c. Buiie mu 6auniu, wo onepatop, SKU MEPETBOPIOE
pyHkuito B 1T iHTErpasibHy TpaHchopmaHTy 3 sapom K(a,x), € TiHIiHUM
ONnepaTopoM, SKMA MU O3HAUYMMO K L, Tak 10

L(f)=1;().

AIKLIO Tenep MpUIyCTUTH, LIO It KOXKHOI GyHKUil B(or), 110 HaleKHUTh
J1I0 NMEBHOrO Kaacy (QyHKLIN 3MIHHOT O, PIBHSHHS

L(f)=B(a)

3a/10BOJIBHAETLCA OAHIEID, 1 TUIbKU OAHIE, (yHKUICK f{X), TO J€rko
MOKa3aTH, L0 ICHye JIiHiiHMIA onepaTop L, AKUil Ha3MBAETLCS 0OepHe-
HHUM OMepaTopoMm BiJ L, TaKKUM, 11O PIBHAHHS
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L(f)=B(a) f(x)=L"(B)
€ ekBiBalieHTMMU. Hawa rojoBHa 3aaua — BM3HAuEHHS LiM OOepHEHHX
OMEPaTOPIB A1 KOHKPETHMX BM/IB L.

L{i MipkyBaHHs MOKa3ylOTb, 110 NPH MEBHUX YMOBAX MOXJIMBO 3ally-
CaTH PO3B'SA30K IHTErPAJILHOIO PiBHAHHS

o0

I, (@)= f (x)K (at,x)dx (5.4)

0

Yy BUIIISIL
Filx)= jlf (a)H (a,x)de . (5.5)

®opmyny Tuny (5.5), wo Bupaxkae (yHKUi0 fix) yepe3 ii iHTerpasbHy
TpaHcopMaHTy (5.4), mu Oyaemo HaszuBaTH HOPMYIIOO OOEpHEHHS. Y TOMy
YaCHOMY BHIAaJKYy, KOJU po3B'si30k (5.5) piBHsAHHA (5.4) Mae BUrIs:

o

f(x)=]1, (@)K (a,x)der, (5.6)

0

TOOTO, KOM CHiBBIAHOWIEHHS Mk (yHKUi€0 i 1i iHTerpanpHOIO TpaHC-
¢popmaHTOIO CHMETPHUUHO, Aap0 K (a, x) Ha3uBaeThes aapom Dyp'e.

Otpumaemo Tenep HeoOXiaHy yMOBY TOro, 1wo6 maHa ¢yHkuis Oyia
siapoM @yp’e. OGMeXUMOCS THM BUIAAKOM, KoM apo K (a, x) € DyHK-
LI JIMILE BiJ Ox

K(a,x)=K(x,a)=K(ax),
TOMY 11O LIeH BUINALOK Ma€ HaWOUIbLI LUWPOKE 3aCTOCYBAHHS. | OJIOBHUIA
Pe3yJIbTAT BUCIIOBUMO TEOPEMOIO:

Teopema 1. [Jna mozo wob ¢ynuxyia K (ox) 6yra sopom ®yp,
HeobXiOHo, wob mpancopmanma Mennina K (s) @ynxyii K (x)3ado-
BONbHANG (DYHKYIOHANbHE DIBHAHHSA

K(s)K(1-5)=1. (5.7)

K (s) € tpancopmanToro Memnina ¢yukuii K (x), To6TO i3 BU3Ha-
YeHHs (5.3) BUILTUBAE

K(s)= TK(x)x"'dx.
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o6 noBecTu Teopemy, MOMHOXKHUMO OOMIBI YaCTUHM PIBHOCTI (5.4)

5=

Ha o' Ta npoinTerpyeMo noo Bin 0 10 eo. SIk pe3ynbraT OTPUMaEMo
_[I, (a)a"'da = Ia"'daff (x)K (ox)dx = If (x)dij(ax)a‘"'da,
0 0 0 0 0

3MIHA MOPSAKY IHTErpyBaHHS OOTPYHTOBYETbCS MPU AOCUTH 3arajibHUX
ymoBax TeopeMu DyOiHl. Y BHYTPILIHLOMY IHTErpaji MpoBEAEMO 3aMiHY
3MIHHOI /X Ha 1], 3HAWIEMO

D S

K (ox)o' 'da = x"]:K(n)n"'dn =x"K(s),
TaK Lo 0

ojlf (a)o''da = Tf (x)x"dxK (s). (58
[Toxnanemo 0 0

1(s)=[1, (@)a'dat, F(s)=f (x)x""dx.

0 0
ne I(s) Ta F(s) e tpaHcopmanTamu Memnina dysxuii 7, (o) ta f(x)
BIATIOBIAHO. BaunuMo, wo piBHICTH (5.8) MOXHA 3anmMcaT y iHLLIOMY BHIVIALI:

I(s)=K(s)F(1-5s). (5.9)

3 apyroro 60Ky, MOMHOXMMO OOMIBI YacTHHM piBHOCTI (5.6) Ha x™' Ta
NpoiHTerpyemMo no x Biag 0 10 oo, OTPUMAEMO

~

J:fcx)g;a-ldz =2 frwxdlef(a)f{cax)da =

()

= f]l (a)dafK<aa:)x“"dx = fIf(a)a“'dafK(n)n"“dn'
0 0 0 0
[le MoHa 3anucaTH Takx:
F(s)=I1(1-s)K(s).
3aMIHMMO B LIbOMY PIBHSIHHI § HA 1—s Ta 3HaWAEMO

F(l-s)=1(s)K(1-5). (5.10)
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Bukmouatouu BiaHowenns F(1-s)/I(s) 3 piBusuusa (5.9) ta (5.10), 6a-
YUMO, 110 K (s) 3a10BONbHSE PyHKUIOHANBHE PIBHAHHS

K(s)K(1-5)=1,
SIK 1 CTBEPKYETbCSA Y TEOPEMI.

2. Ilpuknaou sdep ®yp’e. a) Sk npuknan ¢GyHkuii, TpaHchopmaHTa
MejutiHa sikoi 3a10BoNbHSE piBHAHHIO (5.7), po3rasHeMo K (x)=Acosx, ne
A — [iedka, MOKM HEBM3HAYEHA CTaya. 32 O3HAYEHHSM MAaEMO

K(s)= A_[x"' CoS xdx = %A(J.e”x‘"dx+j‘e'i‘x’”'dx).
0 0

0

My 3HaeMO, U0 SKLIO p € AIACHOK A0AATHBOIO BEJUYMUHOIO, TO

s r <
J,e-'"x“ldx =2 (\) .
0

Y

p

Tomy dbopmanbHO MOMHA HanucaTu

f Fiv _s-I i?m."
'[e xTdx=e? T(s),
0

3BIIKH BHUILJIUBAE

K(s)= Acos(%)r(s),
TaK 11O
K(l1-s5)= Acos(%)r(l ~5).

Hlo6 dynkuisa K(x) 6yna sapom ®yp’e, MOBMHHO BHMKOHYBATHCH
CIIBBIIHOIIIEHHS

1=K (s)K(1-s5)=A° sin(%]cos[%t-)r(s)r(l ~s).

-

Alte

v TG (s} 1.
[(s)T(1-5s)=mcosec(sr)., sm(T}:m(—?—)—;sm(ﬂr).

. e
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1 TOMY piBHsIHHS (5.7) 3BOAMTLCSA A0 PIBHOCTI %n:A2 =1, 3 5IKOI BUIJIUBAE,

1o A=(2/7t)%.

Lle Bka3ye Ha Te, WO PO3B’A30K IHTErPajbLHOIO PIBHAHHSA

F.(x)= \/%If (x)cos(ox)dx, (5.11)

MMOBIPHO, MAa€ BHUTIJISA;

27 \
= ‘/— F, dx . i
- ! " (o) cos (ox) (5.12)

®yukuis F, (o), uo o3HayeHa BUpa3om (5.11), Ha3MBAETHCS KOCHHYC-
TpaHchopmanToro Dyp'e dynkuii f(x). Skwo pisuicts (5.12) cnpasen-
JIMBA, TO CIMIBBIAHOLWIEHHA MK (QYHKLIEIO Ta il KOCUHYC-TpaHCHOPMAHTOIO
®yp’e cumeTpuuHo. Inakiue kaxyuu, f(a) — xocuHyc TpaHchopMaHTa
Dyp’e pyHkuii F, <z> . Mu NOBHHHI BII3HAUMTH, 110 BU3HA4YeHHS K (s)
OyJi0 nuuie GOpPMaILHUM, TOMY L€ HE MOXKHA 34TBEP/DKYBATH CITPABE/-
NMUBICTb popmysin obepHeHHs (5.12).

6) Po3paxyHkH, sKi, aHA/IOTHYHI 3a3HA4YEHUM BHILE, MOKA3YIOTh, LIO
¢ynkuis K (x)=(2/m)’?sin x € Takox sgpom Pyp’e. A pa3s Tak, TO, AKIIO

Fs ()= J’J‘f x)sin (ax)dx (5.13)

TO

f(x)=\/%'[FS (o)sin (ax)dx . (5.14)
B) AHAJIOTMYHO, B3SIBLLIH .
K(x)=x"1(x),

ne J,(x) o3nauae dyHkuito beccens nepworo poay nopsaky v, Ta
BUKOPHUCTOBYIOUYM BUpa3 dyHKLUil beccens

; 1 =
yepe3 ['amma-pyHkuio npu oo =1 1a U =s-§, 3HAWAEMO, 110
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& N . &
,F §V+ES+Z
K(s)=2 1= L,
(5) (11 3)
=y ——=5+—
2" 2 4

3BiaKky 3pasy 6aunmo, w0 K (s) 3a70BOIbHSE (PYHKLIOHAIbHE PIBHAHHS
(5.7). Tomy x"*J, (x) € sppom ®Pyp’e BU3HAUEHOrO BHIUE THIY, TOOTO,
IKILO MU BU3HAUYUMO (YHKIIO g PIBHICTIO

8(2)= [ 8 (x)(ex)" 1, (ox) . (519

T0 g(x) Gyae BUpaxaTucs 4epe3 E(a) 3a gonomororo GopMmynu odep-
HEHHS]

¢(x)= [2(@)(@x)" J, (ax)da (5.15a)

Mpu samini  g(x) na xf(x) Ta g(a) Ha a” f(a) ui popmyau
HaOyBalOTb TAKOrO BUIJIALY:

F (o) = [ 4f (x)J, (ax)dx. (5.16)

£ (x)= [aF (@)J, (ax)de (517)

(DyHKLIIO 7(05), 1110 BU3HAYAEThCS BUpa3oM (5.16), Ha3uBawTh TpaHC-
dbopmanToio XaHkens nopsaky  GyHkuii f(x).

3. HecumeTrpuuHi Gopmyau 0OEpHEHHS.

Teopema 2. /Qua moeo wob inmezpanvie piBHAHHA

1, (@)= [ £ (x)K (ox)dx

Mano po3g’s30k y 6uensioi
f(x)=[1,(a)H (ax)da,
0

neobxiono, wob mpancgopmanmu Mennina K (s), H(s) gyuxyin K (x),
H (x) 3adogonbnsinu @ynkyionabre piHAHHA

K (s)H (1-5)=1.
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3a 03HAYECHHAM MAEMO

I(s)= II (a)a'da = ]:a’"'da]: f(x)K (orx)dx = ]; F (x)x"de'K (n)n''dn,

0

TOMY

I(s)=F(1 -s5)K(s) (5.18)

d TaAKOX

X ~

F(s) = ff(;mz""dm = fz“"da:flf(a>H<a:r)da —
0 0

0

=% fff(a>a"‘dafH(n)n"’dn = I(1—3s)Hs).
0 0

3aMiHIOIOUM B OCTAHHBOMY BHUpa3i s Ha 1—s , 3HaAHAEMO
F(l—s)=1(s)H(I—-s). (5.19)

Bukiroyawoyu BigHOlueHHs F (l—s)/l (s) 3 cniBBigHoweHb (5.18) Ta
(5.19), orpumaemo Heo6XiaHy ymoBy

K(s)H(1-s)=1, (5.20)
AKa MPHU3BOAWTDL 10 PIBHAHHS (5.7) y BUNaaky H =K.

Inmezpanrvna meopema @yp'e

3 BupasiB (5.11) Ta (5.12) Buano, wo MPU NMEBHHUX yMOBax MOXHa
NPEACTAaBUTH QYHKLIIO f(x) y BMIISAi moasiitHOTO iHTerpasa

F(x)==[daf £ (n)cos(em)eos(ax)an. (52

Kpim uporo, 3 Teopii psagis ®yp’e BigoMo. 110 SKILIO byukuis f(x)
3a/10BOJIBHSE MEBHUX YMOBAX y 3aMKHYTOMY iHTEpBani (O,l ) TO 11 MOX-
HA MPEACTaBUTH y BUrisadi psaa Dyp'e:

! 2 o !
f(x)=%ff(n)dr/+72005%{jf(n)cos%n-dn. (522)

n=|
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Axuwo / BubpaTH NOCTAaTHLO BEIMKWM Ta MPUITYCTUTH IO, IHTErpan

I b i (n)dn € 30DKHUM, TO MepLinii wieH paay (5.22) 6yne CKibKH 3aBroj-

0

HO MaauM. Jlam MOXHa 3amucaTu:

2. n/éa

TZCOS jf(n cos—dn -———ZCos(nx&z) f f(n)cos(nndax)dn ,
n=| n=] 0

JE BH6paHO 5(1 =ﬂ'/l, a NnpaBy 4YaCTUHY MOAAaTH Y BHFJ'IH}]iI
n/&z

= j f(ﬂ)ancos[x(nBa)]cos[n n5a)]5a

[IpunycTmo, 1O Lei psa NMpsSMYE A0 MEBHOI paHML NMpU [ — oo, TOOTO
npu 6 — 0 MU IS LBOTO TPAHHYHOIO 3HAYEHHSI OTPUMAEMO

3J‘dnjf(n)cos (xat)cos(na)da
z 0 0
[TincraBumMoO L€ rpaHUuHE 3HAYEHHS y MpaBy YacTHHY Bupasy (5.22),

oTpuMaeMo dopmyiy (5.21). AHAIOrMYHO, AKILIO MM BiAIUTOBXHEMOCS Bil
psaga Dyp’e

f(x)——j f(n)dn+ ) Jl‘f cm(nrc

- X
1 )dn , (5.23)
a moTiM [ CpsMyeMO 10 HECKIHYEHHOCTI, TO OTPUMAEMO (HOPMY.TY

f(x)z;]r-lda;':f (n)cosa(n—x)dn

Lli BU3HAUYEHHA HE € CTPOTMM J0JaHHAM criBBigHoweHHs (5.23). Tak,
BOHA HE € CMpaBeA/IMBUM Y BUMAIKY, KOIU f(x)— crana, TOMYy WO B
bOMY BMIIAAKy IHTErpal no 1) HeBU3HAUYECHWIA.

Inmezpanu /ipixne

@yukuis f(x) 3agoBoabHse ymoBu [lipixne B iHTepBadi (a,b), SKIIO

1) f(x)Mae nuine CKIHYEHHE YUCIIO MaKCUMYyMIB Ta MIHIMYMIB y iHTep-
Bam (a,b):

2) f(x)ma€e nMiIe CKIHYEHHE YUCIO CKIHYEHMX PO3pPHUBIB HEMNepepB-
HOCTI y iHTepBaJli (a,b)i HE Mae HECKIHYEHHMX PO3PHUBIB HEMEPEPBHOCTI.
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Biaznauumo, 110 K110 Aesika QyHKLIS HEnepepBHa y iHTepBal (a,b) Ta
Ma€ B HbOMY JIMILIE€ CKIHYEHHE YMCJIO0 MAKCHUMyMIB Ta MiHIMyMIB, TO BOHa
3a/10BOJIbHSIE YMOBH [lipixjie B upboMy iHTepBaii. Hanpuknan, QyHKLis

x/(l+x2)

3aJ0BOJIbHAE yMOBHM [lipiXJie y NMPOMDKKY (—oo,00). MyHkuis (1-x)"' He
3a/10BUTbHAE yMOBaM [lipixie y iHTepBali, SKMi BKIIOYAE TOUKY x =1, TOMy
IO B LA TOYLI QYHKLIS Ma€ HECKIHYEHHMH pO3pHB HerepepBHOCTI. DyHKLsA
-
sin—
x
HE 3a/10BOJIbHSIE YMOBH [lipixjie B iHTepBali, IKWH BKJIIOYAE NMOYATOK KO-
OPJMHAT, TOMY IO BOHA Ma€ HECKIHYEHHE UMC/I0 MAKCUMYMIB Ta MIHIMYMIB

Oins novyaTky KOOp/WHAT.
DyHKLIS 33Ja€THCS PIBHOCTAMH

—~

0 x<-f

A —-B<x<-a
f(x)=4p -a<x<a

V a<x<pf

0 x>f

.

[1s QyHKLIS Ma€e CKIHYEHI PO3PUMBU HEMEPEPBHOCTI y TOYKax x =to, [,
TOOTO Ma€ TUILKM YOTHPHU PO3PUBA HEMEPEPBHOCTI y IHTEpPBAll (—oo,00) .
KpimM 1bOro, BoHa Mae JjMllie CKIHYEHHE YUCIIO EKCTPEeMabHMX 3HA4€Hb,
TaK WO 3a40BOJIbHAE€ yMOBHU /lipixie HA BCbOMY IHTEpBaji (—oo,00),

Teopema. Axwo inmezpan I f(x)dx 36icacmbcs, mo
0

Tf (x)dx
0

€ obMexceHuM 051 8CAKO20 000amHbo2o 3HawenHs N.

JlOBEAEHHS 11bOT'O CTBEP/DKEHHS BMIUIMBAE 3 O3HAYEHHS 301XHOCTI
IHTEerpajna 3 HeCKIH4EHHUMHM MexaMu. ToMy 1o IHTerpas
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[ f(x)dx
0
30iraeThes, MOBUHHI ICHYBAaTH YMcIo / Ta JojaTHe uMcio M Take, 1O MpH
N
N>M [fax-1<e,
0

1€ € — NOBUIBHO 3aJjaHa CKUIbKW 3aBroJHO Majia AOJaTHs BEJIWYMHA.
[{10 HEpIBHICTbL MOXHA MEPENUCaTH Y BUIJISAL:

N
1-e<jf(x)dx<1+e,
0

3BIIKU BMUIJIMBAE, IO NMpU N > M 4ucio

N

[

0

6yne MeHuue Ginbworo 3 asyx uucen |I—g|, |I+¢|.
Hexai pami, npu 0 < N < M MakCUMaJlbHE 3HAYEHH$

N
_[f(x)dx

nopisHioe aesikomy K. Bubuparouun tenep umcio L, 1o AOpiBHIOE OLIBLIO-
My 3 TpbOX umucel K, |I—e|, |1 +£|, MU OTPUMAEMO, LLO IS BCIX 3Ha-
yeHHb N Ma€ MiClie HEepIBHICTb.

Tf(x)dx <k

N
SIKE | O3Ha4ae, o j_f (x)dx| ODOMEKEHHUA.
0

Teopema. SAxwo f(x) 3ados8irensic ymosu Jlipixae y inmepsani
(a,b), mo inmeepaiu

b b

J-f(x) sin(@x)dx , Jf(x)cos(a)x)dx

a a

npamyioms 00 HYAS, KOAU @ NPAMYE 00 HECKIHYeHHOCmI, npoodicaioqu
6y0b-sKY ROCAIO08HICMb 3HAYECHD.
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LL{o6 nosecty Le TBEPIKEHHS, O3HAYUMO uYepe3 a,,a,,...,a, , BUOpaHi
Mo MOpsAAKY TOYKH IHTepBaly (a,b), B sikux dyHkuis f (x) nocslrae €K-
CTPEMAJIbHUX 3HAYeHb a00 Ma€ CKIHYEHHMH PO3PHB HEMEPEeBHOCTI. 3aMi-
HIOIOYH @ Ha a, Ta b Ha a,,, , 3aNKCYEMO

P .5

j f@sin@x)dx =Y [ f(x)sin(@x)dx. (524)

r={) a,

Ha kxoxHomy 13 IHTepBaliB (a,,a,,,) (r=0,1,2,..., p) GyHKUis f(x)e
HEMEPEPBHOIO, MOHOTOHHO 3POCTAOYOI0 YH MOHOTOHHO CMAafHOIO, TAK IO
MOXHA KOPHCTYBATUCS JIPYrOI0 TEOPEMOIO iHTErPaIbHOTO YHCIIEHHS MPO
CEpEAHE 3HAYECHHS:

Hryl : dryy

I f(x)sin(@wx)dx = f(a, +0) I sin(wx)dx+ f(a,,, —0) J sin(wx)dx,
a, a, A
ne & — neska Touka IHTEpBaNy (a,,q,,,) ¥ 1€ BUKOPUCTAHO O3HAYEHHS

f(a,- +O)=l’i_r’%f(ar +y)’ f(ar+| —O)=l‘i2;l)f(a,+| .

AKINO 1y AopatHe. Ilicns iHTerpyBaHHs oTpUMaeMo

T f(x)sin(wx)dx = f(a, +0) e, )a: — v

“,

) cos(ws) —cos(wa, ;)
@

+ f(ar+l o

OTxe,
m | f(x)sin(wx)dx=0.

Tomy wo 4ncno wieniB y mpasiit yactuni piBHOCTI (5.24) € ckiHueH-
HUM, TO 3HAKHJAEMO

lim jf(x)sm (wx)dx = ﬁ: lim f (x)sin (@x)dx =0.

AHAJIOTIYHUH PpE3YJIbTAT MOXHA JIEFKO OTPUMATH, KOJAM 3aMiCTh
sin(@x) M IHTErpajs BXOAUTh cos(wx). Takum YHHOM, OyJ1eMO MaTu
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a)—)°°

lim If(x )sin (@x)dx = hrrl’j‘f(x)cos (wx)dx =0.

Teopema S fxwo f(x)3adosonsusnc ymosu Mdipixne y inmepsani
(a,b), oe 0<a<b, mo inmezpan

sm(a)x)
X

1
npamye 0o nyas npu a>0 ma 0o —2-71' f(+0) npu a=0, ko @ npamye

Jf()

00 HeckinuenHocmi, npobizarouu 6yob-sKy NOCHIOOGHICHb 3HAYEHD.

Bunanok 1.a>0 Posnopimumo iHrtepsan(a,b) Ha psna iHTep-
BaniiB (a,,a,, ) (r=0,1,2,.., p), B KOXHOMY 3 AKMX QYHKUi f(X) MOHO-
TOHHA Ta HeMepepBHa. Y BIAMOBIAHOCTI JO APYroi TEOPEMH PO CEPEAHE
3HAYEHHA MAEMO

f f(z) Singu:c) dz = f(a, + O)J Siniwx) dz + f(a,,, — O)f Siniwx) dr =

= f(a, +0) [ Si“C(Qdc + fla,, -0 [ Si“C(Qd

ne a,<&<a, . lani 3a o3HayeHHAM 36iKHOTO IHTerpana ICHye Take
yucno M, wo npu N, >M , N, > M MalOTh MicL€ HEpPiBHOCTI

| sm |
= —d —-7t <—€ .
<ZE J & e

lie € — [OBUIBHO Majie Ta BUKOPUCTAHE 3HAYEHHS iHTerpaia

sm
[T =3

3BIAKH

¥ sm
I —=d(| <€,
Vl

¢

a0 iHakiue kaxyuu, npu N, > N,
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Ny .
lim j%g =0.

N) =3 ¥, g
Lle nae

},i_gl“ J‘ f(x)sma)xl 0

3BIIKM BMILIMBAC

sin Wx sin (D).’

lim j f(x) dx = im j f(x) dx =0,

W—roo

Bunanoxk 2. a=0 Po3noainumo, sk i paniwe, intepsan (0,b) Ha
P/l IHTEpBaIiB; HeXal a, Oyae MepluIMM MaKCUMMYMOM 4YH MiHIMyMoM abo
TOYKOIO PO3PHMBY HenepepBHOCTI GyHkuUil f(x), WO BiAMIHHA BiJ HYJIs.
Topni, Tak sk f(x) HenepepBHa y iHTepBaniO<x<a,, B LUbOMY IMpoO-
MIXKKY MOXHA 3HAiTH Take 3HaueHHs k 3MiHHOI X, npu sikomy |f (k) — £ (0)|
Oyne ckinb 3aBrogHo ManuM. [ami, MaeMo

b .
jf(x)Slnwxdx=If(x)SIwadx+Jf(x)Slnwxdx. (525)
0 X 0 X k X

Jx 1y Bunaaky 1, Apyrui iHTerpan npaBoi YacCTHHW MPSAMYE 10 HYyJs
NpU MpsAMYBaHHI @ [0 HECKIHYEHHOCTI. [lis nmepuworo iHTerpaia o
ApYrifi TEOpeMI MpPO CEpeaHE MAEMO

k . E . k .
J'f(x)sma)xdxzf(+O)J-51nwxdx+f(k)If(x)snnwxdt:
0 o 0 X g X

= £ (+0) Si"x“’x dx+[ f (k)- £ (0)] ! f(x)Sinxwxdx B

= f(+0) j (S8 ag 4+t FON | £ Sizc . (526
w

Po3rissHEMO MOBEAIHKY APYroro wWieHa NMpU @ — oo . TOMY WO iHTErpal

O C— §
2.
x| =

€ 301)KHUM, TO



ka’sing éa’sing
I—dg <L, j—dg < L,
o ¢ 0o 6

3BIIKU

js‘“gd <2L.

Tenep Bubepemo k tak, uo6 BUKOHYBanacss HEPIBHICTb

|7 (k)= £ (0)| < —

Je € € JOBUIbHO ManauM. Tomi

ko .
£ )= £ O 5‘24 at|<e.
<0

abo, no iHiLIOMY,

lim [ £ (k) — £ (0)] j S‘"gdc =0. (527)

(1) oo

Bukopucrosyrouu (5.26), (5.27) ta niacraBasiouu ix y (5.25) 3Haiaemo

sin (DX

limjf(x)

W —eo

=%7rf(+0). b>0, (5.28)

TOMY 1O

D S 8

%dg =‘—2'7l'

Teopema. Axwyo flx + u) 3a006oavisic ymosu [dipixne & inmepsani
a<u<b, mo

f(x+0)+ f(x—0), a<0<b,
X+O, :O(b,
llm—jf(x+zl)Mdzl =4 1 ) o
emer f(x—=0), a<0=h,
0, O<a<b,a<b< .
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Tak, npu a<b<0 maemo

Jf(u)smwu—— J-f(—u)sma)ud—u
u
3BIIKM OTPUMAECMO
sSin@Du 0. a<b<0
lim | f (u) du =11 (5.29)
Jf( U "ﬂf(-()), a<b=0.

Orxe, akwo a<0<b. TO

S1n Wu Sin Wu

jf(u)—du = ff(—u)-—du Jf(u) sma)u

Ta 3 BUpasiB (5.29) i (5.28) oTpumaemo

b
lim | f(u)Mdu = —7:[ F(=0)+ f(+0)], a<0<b. (5.30)

W—ree

Teopema. SAxwo f(x) 3a006onvnsnec ymosu Mipixne y inmepsani
—o0 < x < +o0  Ma iHmez2pan

T f(x)dx

€ abcoaromuo 30i0CHUM, MO

(s -
— [da [ fm)cosan-x)dn == £ (x+0)+ f(x-0)].
Xy % 2
CTBep/KEHHS, 1O IHTerpal
J f (x)dx

€ abdCOMOTHO 301KHMM, O3HauaeE, WO 301KHUM € IHTerpa _“ f (x)|dx
Mu MOxeMO0 3anucatu

Jf(n)dnjcosa(n —x)da —Jda_[f(n)cosa(n —x)dn =
" 0 0 0
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k m m k
= If(n)dnjcosa(n -x)do — _[dajf(n)cosa(n —x)dn +
0 0 0 0

+]: D i (n)dnTcos am-x)do - ]ldaj f(m)cosa(n—x)dn .
k 0 0 k

[lepiui aBa IHTErpasu JOPIBHIOOTL OAMH OJHOMY, TOMY LU0 YMCIa M Ta
k — ckiHyeHHi. [ani, TomMy 1o j f(x)dx € abCcoaOTHO 301KHHM, TO

ICHy€e Take uuciao K, o

Ilf(n)ldn

E
<_
2m

npu k> K Ta JOBUIbHO ManoMmy €. 3BiJIKM BUILIMBAE, LUO

Tda]f (n)cosoa(n —x)dn
0 k

T 1
S!da!lf(nﬂdn <5€ k>K.

Orxe,

ff (n)dnjcos a(n-x)da
k 0

[ = an

k+x

1% €
<;!If(n+x)ldn<-ﬂ-.

ToMy U1 CKUIbKM 3aBrofiHO BEJIMKOrO m MOXHa BHOpaTu K TakuM Be-
JIMKWM, 100 BUKOHYBAacs HEPIBHICTD
1 (1
<—€&|—+1 |<E,
24k

lim [ f(m)dn [cosa(n-x)da = lim j da| f(m)cosa(n - x)dn.

I ¥ (n)dnTcos a(n—x)do — Tda] f(mcosa(n—x)dn
0 0 0 0

[To-iHmomy,

m-—es m—oo

AHAJIOTMYHO MOYHA TMOKAa3aTH, 110
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0 m m 0
lim j f(n)dn j cosa(n—x)da = li_r}l j do j f(m)cosa(n—x)dn;
—0 0 0 s
MCAs AOJABAHHSA 3 MOMNEPEAHIM OTPUMAEMO
lim [ f(n)dncosa(n-x)da = lim [da | f()cosa(n-x)dn. (531)
—o 0 0 o

3 1Hworo 6o0ky,

_[f(x+0)+f(x 0)] = lmln‘ If(x u)Smmu _
smm(n-x)
=i dn =

= lim — j f(n)dnjcosa(n —x)da = lim

n~3o0 7[ m—»ee

—_[da j f(m)cosa(n—x)dn.,
0 —o

Tyr Bukopucrana piBHicTb (5.31). 3BiAKM OTpMMAEMO BUpA3

l[ f(x+0)+ f(x-0)] e j' do j f(mcosa(n—x)dn (5.32)
2 T S

SIKMH BIJOMMH MiJl HAa3BOKO iHTerpaibHOl hopMyau Myp’e. ko byHKLig
f(x) HemepepBHa B TOYLI X, TO

f(x+0)= f(x=0)= f(x)

Ta BUpa3 (5.32) Habyne Takoro BUIJIAdY
(= =
f=— [da [ fam)cosam-x)dn . (5.33)
0 —o0 )

Dopmyau obeprenna ona nepemeopenns Pyp’e

Y ToMy BUMalky, Koau PyHKUIS f(x) O3HAYeHA JMLLIE A1 AOAATHIX
3HaY€HHb 3MIHHOI X, ICHYIOTb [IBi BaX{IMBI crielianbHi GOpMH iHTErpab-
HOI hopmynn Dyp’e (5.32). SKWO f(x) BU3HAYEHA Y MPOMIKKY (< x < oo,
TO 1l MOXHA [OBHU3HAYUTH Y TPOMIKKY —oo< x<(, BBAXKAIOYM, IO
f(x)=f(=x) npu —o< x<0. B uboMy BHNaaxky mMaemo
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1s = o
—jda I fmcosa(n—x)dn = lJdoz‘[ f(m)cosa(n—x)dn +
T 0 o0 74 0 0

] oo 0
+—[da [ fm)cosan-x)dn.
7[0 —0

Jani,

0 o oo
| facosam - xydn = [ f(-n)cosa(—n-x)dn = | facosatm+x)dn,

TaK L0

e P
—Jdaj J(mcosa(n - x)dn = ‘I'J'dajf(n)[cosa(n—x)+cosa(n +x))dn =
o —oo Ty 0

= chos(ax)dajf () cos(an)dn.
T 0 0

Towmy piBHICTB (5.33) MOXHa 3anucaT¥ TAKUM YMHOM:
5= &
fen= ;Icos (ax)da I f (n)cos(am)dn. (5.34)
0 0 "

OcTaHHs PIBHICTL BUPAXA€E TaKy TEOPEMY

Teopema. Axwyo F — xocunyc-mpancghopmanma ®@yp'e pynxyii
f(x), mobmo, sixuo

F. (@)= 2] s (n)cos (empin, 539

mo f(x) eusnauacmvcs gopmynoio

f(x)= \/%] F.(o)cos(ax)da. (5.35%

®opmyau (5.35) Ta (5.35%) BigoMi sik nmapa B3a€eMHHMX GopMya s
KOCHHYC-NepeTBopeHHs1 Dyp’e.

MoxHa po3LHPUTH 00sacTb BU3HAYEHHS QyHKUIT f(x) 3 iHTepBaia
O<x<oo Ha IHTEpPBANl —o< x<oo, TA BU3HAYUTH 11 B MPOMIXKKY
—o0 < x < (0, MOKJIABLUH
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£ (x) == (=)

Y TakoMy BHUMaaKy OTPUMaEMO

%]:da]t f(n)cosee(n—x)dn= -;lt-jdajf(n)[cosa(n-x)—cosa(n+x)]d77,

0 0

Ta BUpa3 (35.33) npuiiMe BUTISO

o0

Fx)= %;J:sin (ax)dajf(n)sin (an)dn.

0

O1xe, oTpUManu Teopemy.

Teopema. Jxwo F () — cunyc-mpancgpopmanma Dyp'e dyuxyii
f(x), mobmo axwo

F.(a)= \/%]:f (n)sin(an)dn. (5.36)

mo f(x) eupasxcaemvcs uepes F, (o) gopmynoio

flx)= \/%j]: F, (a)sin(ox)da. (5.36%)

L{i dopMysn BigoMi sk mapa B3aeMHUX HOPMYJ s CHHYC-NEPETBO-
peHHs Dyp’e.

MoxHa Hagatv iHTerpanbHiin dopmyni Dyp’e wie oany dopmy. Kopu-
CTYIOUHUChL (hopMmyTamMu

m

j cosa(n—x)a = ZJcosa(n—x)da, I sina (n—x)da =0,
0

- 11! -=mn

— BOHM BUIUIMBAIOTH 3 TOIO, IO Sinx Ta COS.X BUIMOBIIHO HemapHa Ta
napHa QyHKWIT Bil X — OTPUMAEMO

I ¢ " da.

-m

Icosa(n ~x}a =%

3BIAKH 3aMICTb PIBHOCTI
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f(x)=lim 2 J f(n)dn]:cosa(n—x)da

OTPUMAEMO

fix)= = e “do J f(n)e™dn. (5.37)

Teopema. Axwyo F(a) — mpancgopmanma ®yp'e dynxyii
f(x), moémo, sxwo

F(a)-_-—‘/_;—;.- [ f(x)edx, (5.38)

mo f(x) eupadcaemocs uepes F (o) cnissionowenmsm

jF (@)™ da. (5.389)

1
flx)=——
V27
Tpeba 3ayBaxuTH, WO TYT CriBBIAHOWIEHHS Mik (QyHKLICIO f (x) Taii
TpaHCHOPMaHTOIO F (0¢) He € CMMETpMYHMM, B TO# e 4ac CriBBigHO-
LIEHHS MDK (QYHKLIEIO Ta ii KOCHHYC- Ta CHHYC-TpaHChOPMaHTAMM Ei(e),

F, (o) € cumerpuunnmu. CrissigHowenns (5.38) ta (5.38%) 3aMMUCYIOTh
H4acTO y TakoMy BUrasml. Skuio

fla)= If(x)e"“‘dx, (5.39)

T f(a)e ™ da, (5.39)

A€ MHOXHHK (1/ 27r)”2 Y BH3HAY€HHI TPaHC)OPMAHTH HE BKA3YEThCH.
[ToTpiGHO 3ayBaxwTH, 1O MW MAEMO NPABO KOPHCTYBATHCS LIMM dhopmy-
JlaMH JMLe ToAl, Koau f (Xx) 3a10BONLHAE YMOBH Hipixie y Oyab-skomy
3 iHTepBaiB (—oo,00) (0,00) Ta KoOAM iHTErpan

J1£ (x)]dx

—

€ 301KHUM.
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Busznauenns inmezpanie 3a o0onomozolo popmyn obepnenua

®opMmyau obepHEHHS, SKI OTPUMaHI y OCTaHHbOMY MYHKTI, MOXHa
BUKOPHUCTATH 1l OOYMCIEHHS IHTErpasiB, 10 MalOTh TPUTOHOMETPHUHI
dbyHkuii. Po3rasHeMo IHTErpaiu

I, Ie"”‘ cos (orx)dx, I = Ie"’" sin (ax)dx.
0 0

[HTErpyIOUM NEpLuMi i3 HUX MO YaCTHHAX, OTPUMAEMO

o0 o0

I = [—%e'h’ cos (ax)] —%Ie"” sin (oux)dx,

0 0

110 MOHa 3armucaTv y BULJSAL

| o
I, =———1,.
| b b 2

AHAJIOTUYHUM YUHOM, IHTErpYIOUH APYIrHid MO 4YacTUHAX, 3HAMAEMO

(04
lz =‘Z'I|.

Po3B’si3yroum Ll piBHAHHS BIAHOCHO /,Ta [,, OyaemMo MaTu

Ilz’_’;b_T’ Izz'wLo“
o +b° o +b°

To6To, akuio BBaxaTH, Wo f(x)=e™™, Wi KOCHHYC- Ta CHHYC-TPAHC-
dopmaHT wi€l pyHKLIT MAaEMO BIAMOBIJAHO BUPA3M

_ |2 b 2 «
F:-(a)—\/-;a2+b2’ Fi(a)=J;a2+b2

[TiacraBpnsoum i BUpasu y popmyau (5.35%) ta (5.36), BIANOBIAHO OT-
PUMAEMO TaKl IHTErpaJIu:
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o

I cosox (4 b Iasmax dot o g, (5.40)

do=—-e 3 ——
a’+b? 26 oy 0 +D 2

0

AHAJIOrM4YHO, BBaXawuH, WO f(x)=1 npu O<x<a abo 0 npwu

X > a,3HanuaeMo,
2% 2 sinca
F (a)=,—|cos(ax)dx = ,
(@) Jﬂg (ax)ae= 2 0

1 TeOpeMa jJla€ HaMm pe3yJbTar:

0,z > a

2 ]*sin(aa) CoS (L)
Ty !

_[LO<z<a
da ™ ;

CknaaHiluMi IHTErpajl OTPUMAaEMO, SKLLO B3ATH

0 O<x<a
f(x)=4x a<x<b
0 x>b.

B uboMy BMNaaxky Maemo
2b

Fla)=,— in (o =

(o) 1/ﬂ!xsm( x )dx

B 2 ( acosaa—bcosab N sinob —sinQa
\jn o o’ ’

I TeOpeMa Aa€ 3HAYeHHs IHTerpafia:

0 O0<x<a
Q=3x a<x<h.
LO x>b

27 ..
2 fsinaus
T

(acosaa—bcosab ) sinab —sinaa )d
0

o o

AHanoriyHo, BBaxarouM, wo y ¢opmynax (5.36) ta (5.36*) f(x)=1
npu 0<x<a Ta f(x)=0mnpu x>a, a

F,(a)=-‘§(l—cosaa)
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3HAUIEMO, 1110

2% . 1-cosca l O<x<a
—J'smax o=
Ty o 0 x<a.

Beaxaiouu, wo f(x)=1 mpu a<x<b Ta f(x)=0 y iHmmux Toukax,
OTPUMAEMO

~ (0 O<x<a
27r . cosoa —cosab

—jmnax a=3%) a<x<h
T 0

v 0 x>b

KoMbGiHytoun oTpuMaHi pe3ynbTaTi, 3HaiaeMo

” a—b 0<x<a
2 ¢ . a—b cosoa-—cosab
—Jsm ox + - O =<x—-b a<x<b
e a a
_O x>b

BukopucraBuiy 3HayeHHs iHTerpana

Zfsin_axda___l npu x>0,
Y«

OTPUMAEMO

9= P " h O<x<a
;J’sinax(a+cosaai;zcosa tgu/)da=<h+(x—a)tgv/ a<x<b
0 h+(b-a)tigy x>b.

Teopema npo sroprky nus nepersopenns ®yp'e. Dyuxyis

] o0
gw . b —n\d 5.41
fg mig(n)f(x n)dn (5.41)

1a3UBACMbBCA 320pMKOI0 yHKyill f ma g Ha inmepsani (—oo, o).
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3a nonomoroio TeopeMm, wo OynaM AOBE/EHi paHiile, el iHTerpan
MOXHA IOJaTH B IHWOMY BUIsdl. A came:

J 8(n) £ (x=m)dn =ﬁ J sm)dn [ Foye " ar =

= :/;= j F(t)e ™dt I g(n)e™dn = I F()G(t)e ™ dt, (5.42)
/o 5 &

ae Fta G — tpaHcdopmantn @yp’e dyHKLii J/ 1a g. TakuM uMHOM, MH
OTPUMAEMO TEOPEMY MPO 3rOPTKH:

Teopema. AxwoF(r) ma G(t) € mpancopmanmamu Pyp’e
@yuryii f(x) ma g(x), mo mpancopmanmoio Pyp’e dobymky FG ¢
3eopmka [ - g, inakwe Kaxcy4u,

| FGme™dr= [ g(n) f(x-man.

AHAJIOTI4HI Pe3ylIbTaTH MOXHA OTPUMATH JUIs CHHYC- Ta KOCHHYC-
TpaHchopmaHT dyHkuiin f(x) Ta g(x). Hanpuknazn, skuwo KOCHHYC-
TpaHChOPMaHTH DyHKLH £ (x) Ta g (x) BusHaunTH Yepe3 F, (1)1a G. (1),
TO OTPHMAEMO

J F.(1)G_(t)cos(xt)dt = \/zj F. (t)cos(xt)dt j g (n)cos(nt)dn =
U 4 0 0

= :/—;_”—]:g (n)dnch(r)[coslx—nlt+cos(x+n)t]dt =

=% [em)[fQx=np+s (x+1)]dn. (5.43)

AnanoriuHo, sikwo F, (1)ta G, (1) — cuyc-tpancopmantu ®ype f (x)
Ta g(x), TOo OTpUMaEMoO

Tﬂ. (1)G; (¢)sin (x1)dt = \/%T F, (¢)sin (xt)dt]og (n)sin(m)dn =
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= —\/%-_;r—_]g (n)dn]F,(t)[coslx—nlt —cos(x+n)t]dt =

= Je [ £x-nh-f (x+m)]an (544)

Ta

oo

| Fs(t)Gs(t)sin(xt)dt=-;—]°f(n)[g(lx-n|)-g(x+n)]dn- (5.45)

Skuwo y niBii yactuHi BUpa3y (5.43) BBaxatu, wo z = 0, TO 3HAWIEMO

: 3 5=
ch(t)Gc (t)dt = jli(t)dt\/;Ig (m)cos(rmydn =
0 0 0

=]:g(n)dn\/%]:1~: (t)cos(tm)dt =]:f(n)g(n)dn, (5.46)

Ta y YaCTKOBOMY BHUMAJKy, KOJH f Ta g CIIBMNajaloTb, OyaeMo MaTH

T[Fc ()] ar = T[ £ ()] dn. (5.47)

AnanoriyHi GopMyu
[F.(6)G, (t)dr = [ £ (n)g (m)an, (5.48)
JUE@)F de=[[r @] an o

MOHa JEerko OTpMMAaTH s cuHyc-TpaHchopmaHT Pyp’e. BianoaigHa
dbopmyna s TpaHchopmaHT Dyp’e nule TPOXU BIAPIZHAETHCA Bl MOre-
peaHIX, a caMe:
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I F(1)G(t)dt = I F(:)d:—l— ] g(n)e™dn =

Var 2,

= Ig(n)dn j F(t)e™ dt = j £(=n)g (n)dn. (5.50)

3ayBakuMo, 1O criBBiAHOWIEHHS (5.50) MoxkHa otpumatu 3 (5.42) miacra-
HOBKOIO 7 = (). Y 3B'A3Ky 3 TuUM, 1o hopmyau (5.47) ta (5.49) ana-
noriyHi a0 ¢opmynu Ilapcepans

3 teopii paniB Pyp'e, dopmynn (5.46) - (5.50) Ha3uBaIOTLCA ChiBEIOHO-
wennsamu Ilapceeans ons mpancgopmanm Dyp'e.

Lli dopMynru MOXKHA BUKOPHMCTOBYBATH /I MPOCTHUX PO3PaxyHKIB
neskux iHterpaniB. Hanpuknan, y piBHoctsx (5.40) Oyno nokasaHo, Lo
KocuHyc-TpaHchopmanTamMu Dyp’e PyHKLIHA

f(x)=e", g(x)=e"

2 b zZ O
F (t)= —, G (1)= :
(1) \/;b'+t' (?) \[;azﬂz

[TincraBnsroun ui GyHkuil y Bupa3s (5.46), 3HainaemMo

€ BIANMOBIAHO

2ab ] dt ]; . 1

— = e(a+b)nd — :
oy (@ +b)b+17) 1= a+b

3BiJIKH OTPUMAEMO 3HAYEHHS IHTErpajy

f dt B s
) (@ +07)(b* +t)  2ab(a + D)
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3BIAKM OTPUMAEMO 3HAYEHHs IHTErpajia

T (1
'([(a +1 )(b +1°) 2ab(a+b) (1)
BizbMeMO Juis HACTYMHOTO MPUKIAay
£(x) LO<x <A x) ,0<x<pu
X)= b B
' 0,x>A . 0,x> U
Ta 3ayBaXXMUMO, L0
E(t)zfsnnlt -G‘,(t)=\/58mw q
Tt Tt
3a A0MoMororo Bupasy (5.46) oaepxyemo
tsin(Ar)sin(ut) i - T Py
(J: .2 dt =5 J dn _Emm( ) s (5.52)

Ae min(A, 4) Mo3Hayae MeHle 3 [BOX A0JAaTHIX uucen A Tta u. Jani,
AKIIO Yy BHMpasi (5.46) Opatu g(x)=e¢™, f(x)=1 npu O<x<A Ta
f(x)=0 npux>A, ToO OTpUMaEMO

2a ] sin(Ar)dt

A
- — Je—l:ndn A
T itat+1*) 4

11O MPHU3BOAUTH A0 TAKOTO PEe3YJILTATY

]’Sin(/lt)dtzz @A
(azﬂz) b 2| (5.53)

0 ! a

EQexkTHBHICTb L{bOr0 METOAY OOUMCICHHS IHTErPAJiB MOKHA MOKPALLNTH,
AKLIO 3ayBaXKUTH, L0 A8 TPpboX TpaHchopMant Mdyp'e F .G, H ¢yHKLiii
f.g,h Mae Micle CrniBBIJIHOLLUCHHS

y 1 7 o
F(OH()G(t)dt = — | F()G(1)d! Je = dé =
i (G(1) Jz?i ) f



j — 3

Elz? h(ﬁ)dgiF (f)"’é'd’ig(n)e‘"’dn -

|
N2

j F(t)e"s*mdy .

—

jo—s

l -~
—_ | h(&E)d [
5= [ M&)ds l 2(n)dn

AJle MU MAEMO

% [ Fodsma=pg-m.

TaK 10 HAMPHUKIHII OTPUMAEMO

(=)

;o .
j F(1)H (1)G(1)dt =J—2_n-—£lt(§)d§-£g(n)f(—§ —n)dn .

—an

Chisgionowenna mixic mparcghopmarnmamu @Dype noxionux ¢hynruii

B aesakux 3agavax 3 3aCTOCYBaHHAM Teopil neperBopeHHs Dyp’e mis
pO3B'A3aHHs KPAaHOBHMX 3a/1a4 MaTEMATHUYHOI (Di3UKKM HEOOXiZAHO BMpA3UTH
Tpancpopmanty Dyp'e dyukuii d” f/dx" yepe3 tpanchopmanty Dyp'e F
Gyukuii  f(x). 3a o3HaueHHAM TpaHchopmanTu Dyp’e dyHkuii
d" f / dx" MmaeMo

|
J2r

[HTErpylouH JIIBY YaCTUHY PIBHOCTI MO YACTHHAX. OTPUMAEMO

F(r\ _[ ! dr—' eim :lm - | ]: dhl
V2 dx™' | 2m Ldx”

[Ipunyckarouu, o d''f/dx"' npamye A0 Hyas, koau |x|mpamye 10
HECKIHYEHHOCTI, MOXHA HAIHCATH

J.d .(e:cudx: F!r\(a) A
dx

—0r

= io)e' ““dx.

FU) = (=ig) F\" ",

3aCcTOCOBYIOHHM LI€ NMPABUIIO TAa MOBTOPHO MPUMNYCKAIOYH, 11O

Iim [d—f]=0 =12, sl

|t = dx*
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OTPUMAEMO
FU) = (~ia) F.
TakuM yMHOM, MOXHa C(HOPMYJIIOBATH TEOPEMY.

T eopewma. Tpauchopmanma Pyp’e pynxyii d' f /dx" € 0obymkom
(—i@)" ma mpancgopmanmu DPyp’e Gyuxkyii  f(x), AKwo nepuii
(r —1) noxioni 6io0 f(x) 3nuxaiomv npu x — te.

BinnosiaHl BUpa3u Ul KOCHHYC- Ta CUHYC-TpaHchopmaHT DPyp'e He
€ NMPOCTUMH. BHU3HAUNMO

27¢d" f 2¢d'f .
(r — /_ & J. () — /__ £ J sin(ax)dx 54
F = ”‘([ —cos(a.x)dx, F!” = - _([ > sin(ax)dx . (5.54)

[HTErpy1oYM Mo 4YacTUHAX, OTPUMAEMO

r-1 o < 3r-l
F" = \/% [ fix’ _{ cos(ax)] + a\/%j ‘:ix’“j'r sin(ax}dx.
0 0

[Tpunyckarwuu, 1o

r-1 r-|
hm(d - )=0, lim —2- (d _f)=a,_.,
X—yoo dx" =0\ 1T dx"

OCTAHHE CMIBBIJHOLIEHHS MOXXHA 3aMMCcaTH y BUIJsSAI

F\” =—a, ,+aF!"". (5.55)
AHAJIONYHO 3 Apyroro BUpasy (5.54) iIHTErpyBaHHAM MO YaCTHHAM 3HaAMAEMO
F!"” =—aF"™". (5.56)

3 uix CmiBBIAHOWIEHb Oe3nocepenHb0 BUIUIMBAE, 1110
O =—a,,-a?F", (557)
3acTrocoByrouM L0 GOpMyIty BApYre, MOXHa BUpasutu F.” abo y BuUrismi
CyMH BelIMuMH ¢eta F'", abo y BUrIaal cymu BeiMuMH ota F.. Y dop-

mynax 3'sButbcs F.\"y TOMy BUMajky, KoJuu r HenapHe; F'" MOXxHa 3aMi-
HUTH Ha —a; +OF, . Takum 4YMHOM MM OTPUMAEMO HACTYIHI (opmyu:
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r-l
Fc(zr) = -Z (_l)" aZr-Zn—lazn + (_1)" a2r Fc ’ (5‘58)
n=0

Fcf2r+l) Ve _Z (~1)" a2r-2na2n 4 (_l)raznlp;’ (5_59)

n=0

AKi BUPAXalOTh KOCHHYC-TpaHchOpMaHTH moxiaHux (yHKuil fx) yepe3
KOCHUHYC- Ta CUHYC-TpaHchopMaHTH yHKUIT f(x).

AHaJIOTiuHi pe3yJbTaTH MAlOTh MiCLe Ui CUHyC-TpaHchopMaHT. Ao
3 cniBBiAHOWEHb (5.55) Ta (5.56) Bukmouutu F'”, TO OTPUMAEMO

Fs(r) =0a. _aZE‘!_r-Z) ‘
3BIIKM BUILIUBAIOTh (OPMYJIH

F;(’Zr) - _z (—1)"02,_2"(12"" 3 (_1)r+la2rF; ‘
n=|

r (3.60)
FS(?.rH) - _Z (_l)n aZr-2n+la2"-| + (_1)r+la2r+l[:( )
n=|

Jlesiki okpeMi Bunaaxku uux gopmyn yacrto 3ycrpivatrothes. Hanpukiaan,

AKILO nMpy x =0 df d3f
= = O,
dx  dx*
- o 42
fjd {cos(ax)dx=—a2FC
Ty dx
Ta

- 24
\/Zj e 4f cos(ax)dx =a'F..
7y dx

Akwo npu x=0

d’f
f= =3 =0,
TO
\/?-J'd{ sin(oex)dx = —0t*F,
Ty dx®
Ta
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r)"“ 4
\/Zj c;x{ sin(ax)dx = a*F, -

5

Ilepemeopenns Jlannaca

@opmyna odepuenns pia nepersopenns Jlanaaca
[Ipn foBeneHHi Teopem MM GaumiM, WO AKIIO iHTErpan

j | f(x)|dx (561)

€ po30ikHMM, TO TpaHchopMaHTa Dyp’e yHKuii f (x) He icHye. Taka
cwryaum Mae Mmicue y 6araTboX BMNankax, MO 3aUiKaBIIOIOTh HAC MPH
PO3B’AI3aHHI NEBHMX KPAHOBHX 3aj1ay, HANPUKIAA, MPH

f(x)=sinwx.

Y takomy Bunaaxy Bupasu (6.38) ta (6.38%) He BM3HAYAIOTD TpaHchop-
mManty Pyp'e F, dynxuii f(x). YV 3agauax maremMaTHuHOi Gi3vKH, e
PO3MJIAAAIOTBCA MEPEXIAHI MPOLECH, 3yCcTpivatoThest GyHkUil f(X) Takoro
TUMY; IS BII'€EMHUX 3HA4YeHb X Ui (YHKUII MOXHA BBAXKATH TAKHMM, 11O
NOPIBHIOIOTh HYTIO. [HaKwie Kaxyuu, Ui —oo < x < () MOXHA BBAXATH

f(x)=0. Tak sk iHTerpan (5.61) 3 Takowo dyHkuUiel f(x)po36ixHUil,
TO 3aMICTb HEl MOXHa B3STH PYHKLIO

filx)=e"f(x), (5.62)

Ae Y -— nonaTHs mocriHa. ToMy wo Tenep f(x)3a10BOJbHAE YMOBH
TeopeMu Pyp’e Ta f, =0NpH —eo < x <, TO MOXKHA HANMUCATH

| T 3
. imnax -iS7
fitx) =5z | eman] fie g
[TiacraBnsoun Bupas (5.62) 10 ocTaHHBOI piBHOCTI, GyaeMo MaTH

=4 Jeran] e s
Jdani, BBaxarouu B WiH Gopmyi
p=y+in, e = [fE)e™dE, dp=idn,
0

OTPUMAEMO TAKHH pe3yJIbTaT:
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Y +ioe

1
f@)=5= [ o(p)e"dp. (563)

yien

Dyukuis @(p) HasuBaeTbest TpaHchopmanToro Jlarmnaca. Tomy ¢opmyna
(5.63) Bupaxac f(x)uepe3 ii Tpancopmanty Jlaruiaca. Lle o3Hauae, 110
BOHa € (hopMys00 obepHeHHs UTa nepeTBopeHHs Jlarmwaca. Skiio iHTerpai

.J:If(x)ldx

pO301kKHUMN, a IHTErpasl

Je=| f(x)]dx

0

30IraeThes VIS ASSKOro JOJATHLOIO 3HA4YE€HHS ¢, TO GopMysia OOEpHEHHS
(5.63) cnpaBegnuBa Npu y >c.

Teopema. Axwo @(p) — ananimuuna @QyHKyis KOMRAEKCHOT
3MiHHOl pma mae nopsook O(p~*)y nisnnowuni R(p)=2c, Oe c,k—
ditichi ma k >1, mo inmezpan

§ . T

——lim [ Ve o(p)dp
Y-ip

y30082c 6yob-sakoi npsamoi R(p) =7y 2 c 3bicacmbes 00 yukyii f(x), sika

He szanedcume 8i0 yma mpancopmanma Jlanraca axoi € @(p) npu

R(p)>c. Kpim mozo, ¢yurkyia f(x) Henepepeéna npu KOICHOMY

x20, f(0)=0ma f(x)mae nopadox O(e™)ora ecix x20.

Teopema npo 3roprku s nepersopenns Jlanaaca. /lpunycmu-
Mo, wo @(p) ma y(p) — mpancgopmanmu Jlannaca @yuxyiiz f(x) ma
g(x), maemo

Y +ioo Y +ico

1 5 I Y -
2 .ld i pPX d pyd -
> | e (p)edp=—— [ e”o(p) p(j)'g(y)e v

¥y —ico Y —ioo
o0 l +ioe I’('r-v) )
= )y —— ' dp.
ig(y)d.\ — I e" " Vo(p)dp
y—ieo
Ane | e

— [ e” “o(pydp = f(x-y).
2mi

y—ieo
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TOMY Y+ieo
= j e” p(p)y(p)dp = j g (Y)f (x=y)dy.

r-m

3ayBaxkumo, mo f(x—y)=0 npu x—y<0, To6TO nMpu y > x. 3BiAKM
BUIUJIMBAE, L0 MIJIHTErpaJibHUMA BHpa3 AOPIBHIOE HyMIO mis y > x. Ha-
MPHUKIHLI OTPUMAEMO

+l°°

Py j e (p)y(p)dp = J' ¢ (»)f (x—y)dy. (5.64)

2L i

3aMIHIOIOYM y MpaBid yacTUHI BUpa3sy (5.64) 3MiHHY iHTEerpyBaHHs y Ha
n=x-y, OynemMo MaTu

+l°°

—J "o(p)y(p)dp = _[f g(x—1)dn. )

y—ieo
Lle 1 € Teopema npo 3ropTku nepeTrBopeHHs Jlarnaca.
AHaJIOTIYHO MOXHA 3arM1CcaTH

Y +ioo

— j e Q(p)y(~p)dp =

ymien

+l°°

= I fdy | e y(=p)dp = j f()8(y=x)dy,

y—iso

ne m — Ouibwe 3 ABox uyucen x ta 0. Takum uMHOM, AKkwo z > 0,
OTPUMAEMO

Y+ico

1 j PO )W (=p)dp = j £ (y)g(x—y)dy.

B e

CnisBianowmenns mik Tpanchopmanramu Jlaniaca
NOXAHUX oKpeMoi (ynkuii
Ax 1 y Bunaaky tpaHchopmant ®yp'e, TpaHchopmaHTy Jlansaca
byukuwii d'f /dz" MoxHa BUpasuTH uepe3 TpaHchopmaHty Jlamaca
dyHkuil f(z). 3a o3HaueHHAM TpaHchopmaHTH Jlarulaca MaeMo

(") p) J'df e P*dx.
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IHTEerpyro4yu no 4acTUHax, 3HAMUOAEMO

DyHKLiA, 1O CTOITh Y AYXKKaX, 3HMKAE MPH MiJICTAHOBLI BEPXHBOI MEXI,
TOMY BBOJIMMO O3HAa4€HHS
dr-—lf

et} o |
f lm(dxr- )

Ta OTPUMAEMO TAaKe CMIBBIAHOLLECHHS:

(r)(p)_ ( l)+p(P(r—n(P)~

3 SIKOrO BHUIUIMBAE 3arajbHa opmysa

r—1
(p(r) (P) = _2 pnfo(r-n—l) 3 Pr(P(P)-
n=0

SAkuo mepwi (r —1) noxiauux Bia f(z)3uukarote npu x = 0, TO us
PIBHICTb HaOyBa€ BUIJIALY

(") (p)=p"o(p)- (5.66)

Kpamui nepemeopenns @yp’e

Teopio neperBopeHHss Pyp’e dyHKUIT OAHIET 3MIHHOT MOXXHA PO3IIOB-
CIOAMTH Ha (YHKLIT Jekuibkux 3miHHUX. [Ipunycrumo, Hanpukiaaa, wWo
Alx, y) — GyHKLig ABYX HE3aJeKHUX 3MIHHMX X Ta y; ToAi QyHKUIA f,
IO PO3IIAAAEThCS K (BDyHKLUis Bia x, Mae TpaHchopmaHty Pyp'e

f(&v) f f(z,y)e*dz (5.67)

a dynkuis f(£,y), wo posrasayeTbes sk GyHKuUis Bia y, Mae TpaHchop-
MaHTy Dyp’e

F(&n) f f(&y)e™dy . 563)

Kom6inyroum Bupaszu (5.67) Ta (5.68), 6aunumo, 110 CriBBIAHOLIEHHS MIX
byukuismu f(z,y)Ta F(£7n) Mae BUTISL

79



+X

F({, 7)) — _217;‘/‘ f f((l?, y)e‘-(i.tﬂ)y)dmdy. (5.69)

KaxyTtb, wo F(&,7) € ABOBHMIpHOIO TpaHcopmaHToo Pyp’e DyHKLIT
f(z,y). Pynxuito f(z,y) MOoxHa BUpa3uTH 4Yepe3 f(€,¥) 3a AONOMOro

bopmysy
floy) = 7= [ Tleweede. 570

AHanoru4Ho 3 Bupasy (7.75) 3naiaemo, wo

1 -
f(&y) = - f F(&n)e™"™dn (5.71)

3 cniBBiaHowWweHb (7.76) Ta (7.77) BuruBae dpopmyna

1 :
f3,y) = o~ f F(&m)e™ " dgdn (5.72)

o € GopMyNoI0 OOEpHEHHs Ul JBOBUMIPHOTO neperBopeHHs Dyp’e.
3Hainemo ysBiieHHs s TpaHchopManTy Dyp’e 106yTKy GyHKUIH FQ :

+nu 4+

1
e f f F(&n)G(& n)e "™ dEdn =

=R =N

1 +x »
=5 f f G(&m)e”" " d&dn

%] j flu,v)e” ™ dudv

+0

— %f f f(u,v)dudv 21

Bupas y KkBaapaTHuX AyKKax 3a O3HaueHHAM € TpaHchopmanTow Dyp'e
dynkuii G(§,m). Takum 4nHOM, MK OTpHMaH (GOPMYJIH 3rOPTKH
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+% 4+

1 ¢
o= [ [ Flencene e magn =

-0 —N

(5.73)

l +oo o0
=EI Jf(u, V)g(x—u, y—v)dudv.

[lepemeopenna Xanxensn

Teopema obGepuennsi 1A nepeTBopeHHs XaHKes
[punycrumo, o dyuxuis z/2.J,(z) € sapom Dyp’e B TOMy CeHC, 11O
Ma€ MICLIE PIBHICTb

j(m)"zJ..(xa)daI(aﬂ)"zJ‘. (@B)f(B)YdB = f(x). (5.74)

0

OcHoBHa Teopema, 110 A0AA€ CNPaBeIIMBOCTI Liiii PIBHOCTI, JOBOAUTHCH
33 JOMOMOroI0 JeIKUX AONMOMDKHUX TeopeM. Ilepwia 3 HUX (HOPMYITIOETh-
CS TAKUM YMHOM:

Teopema. Axiyo N\ — Oeaxe dodamue ckinyenne 4ucio, mo

A

-
a-—b"

A
[ %7, (ax)J, (bx)dx = [aJ,.,,(Aa)] (Ab)=bJ , (Ab)J],(Aa)].

v+l v+

BBeaeMo 03HauYeHHS

A A
I(g) = J‘xJ\, (ax)J (bx)dx = J‘x”'lv(ax)x"'J‘,(bx)dx

£

Ta KOPUCTYIOUHUCH BIZOMUMM dopMysaMu 3 Teopii OecceneBUX yHKLLIH

LA TR PaAe) ey

3a JONMOMOIOIO IHTErPYBAHHS MO YacTHHAX 3HAWIEMO

1 A

I, (€)= [— 2T ilaryx VT, (bx)]

a £

A
+ éj,\'“' Tyt (@)X Ty (X)X =
a
3

S

A
— [£ J, . (ax)J, (b.r)] + ——J‘xJVH (ax)J,,, (bx)dx.
a a p

£
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[Ipy npsimyBaHHI € 10 HYJISA, OTPUMYEMO
Lwe
a

b
JM(al)J‘, (b)')+;1v+l > (575)

[ BPaxoOBYEMO, Ll1O

[, =limlI (v).

£—0

Bennunnn [, ta [ CHMETPMYHI BiAHOCHO a@ Ta b. 3miHIOK4M a Ta b
MICLIAMH B CITIBBIIHOLIIEHHI (5.75), MH MPUXOAMMO [0 TaKOTroO pe3y/bTary:

i %JW,(M)JV @)+ 21, (576

Bukniouatoun I 13 cniBBiAHOWEHb (5.75) Ta (5.76) oTpuMaemo
A
l =
v a2 _b2

IO 1 JOBOAWTH TEOPEMY.
SIK110 BBECTH O3HAYECHHS

[aJ,,,(Aa)], (Ab)=bl,.,(Ab)], (Aa)], (577

A a
H, (@, B) = [ J, ) du [ J, (uy)uy) " £ (y)dy, (578)
0 B

TO
A

jJV (Jru)(xu)l/2 du]:JV (uy)(uy)l/2 f(y)dy=

=H (o0,x+0)+H (x+0,x)+H (x,x—6)+H_ (x-6,0) . (3.79)

Tenep HeoOxinHoO mocniauTh noseninky H,(a,3) npu npsMyBaHHi )\ 10
HECKIHYEHHOCTI.

Teopema. HAxwo § — mare o0odammne wucno, mo
H,(z—-6,0)— 0,H,/(co,x+6) — 0npu X\ — oc 6 npunyweHuui, wo
IHmezpan

| £y

1 N 0
¢ abcomomuo 30iMCHUL.
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3a 03HAYEHHSAM MAaEMO

x-8

H (x-6,0)= j] (xu)(xu)'"? du I J. (y)wy)'" f(y)dy =

x~§
x! J yf (y)dny (xu)J, (yu)udu .

InTerpan B npasiit YaCTUHI PIBHOCTI MOXHA OOYMCIMTH 3a JOMOMOIOIO
nonepeaHbol TeOpeMu. K pe3ynbTaT OTPUMAEMO

Hv(x_a’o):xllzl-‘! .-o-l(A-X)J (/1)’) Y{v+x(lY)J (AX) IIZf(v)dy

xt-y
s z >>1 MoxHa 3anucaTtu

Acos z—Bsin z .
N ~+0(z7%), (5.80)

J,(2)=
1 TOMY
x-5

H,(x=8,0)=0(") [ J,(Ay)y"*(x* = y*)" f(y)dy+

0
=8
+0(1"%) f Jo AV Y (x* =y f(y)dy
N

st Oyap-akux ¢ikcoBaHux x ta & . Hani,

T x-5 1/ A

[ i Gepped 22 dv-J' 2, (Ay)-L 2 dv+J' 125 ay)L P4
0 x—v 172 x-\’ \‘—V
Ta

- ) 1A 1/
J‘ |/2J (}.V) dy = 0[ J (lo,\’)".\,”z | f(_\') l d)’] = 0[1‘ J .\/‘\'+|/2 f(,v) I dy] —

0 X =Y 0
A
o 0[/1-“2 jlf(.v)lva=0(1'”2) ‘
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SKLLIO IHTEerpasn

Il ) |dy

30KHUH, TOOTO SIKWIO iHTErpan

If(y)dy
0

€ abcomoTHo 301xHUM. Kopucryrouncs Bupasom (5.80), 3Haiigemo

/2
jJ(Ay)y f(y)dy g j(AcosAwBsmAy) At )dy:_-o(,l"/z).

1/ A ' 1/A ¥ e 4
[1o-iHwoMmYy,
H (x-6,00=0(17"%), (5.81)
TaK Wo
H, (x-0,00-0

(5.82)
npu A — oo, JIOBEAEHHS TOro, 110

H (0,x+8)—0

Mpu A — oo 3MIACHIOETLCA aHAJIOTMYHMM YHHOM, ajie TIPOCTIllle, TaK K Y
LUbOMY BUIAJKY y HE € MaJIOI0 BEJIMYHMHOIO.

Teopema. Axwo f(y) — @yuxyis 3 obmedcenum 3mino8anHem y
inmepeani (x — 6, x + ), de & — mane, ma akuwo v >> —1/2, mo

H‘,(x+5,x)—>%f(x+0) H‘,(x,x—5)—-)%f(x—0)
npu A — coma & — 0.

Cnpaspi, akwo f(y) — dyHkuis 3 oOMeXeHUM 3MiHIOBAHHSM Y
iHTepBam (x — 6, x + &), TO i y'v'}é fy) 6yne dyHkuier0 3 0O6MEN)EHUM
3MIHIOBAHHSAM Y iHTepBali (x < y < x + §), TA MM MAaeMO HAaIMCaTH
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— ) ——

v-—.-

y 2f(y) x 2f(x+0)+x, () -2,

ne Xi(¥)X,(y) — popathi 3pocraroui GyHKLIT, KOXKHA 3 SKHX MEHLI HiX
ACSAKE OOJATHE YUCIO €, WO 3alexuTh Big & . Tomy

L x+8

H (x+0,x)=x 2f(x-fO)JJ (xu)udu I J,(yu)y"*'dy +

x+0

+x'12 j ul, (xu)du j 10wy [0 = 2:(n]dy.
BianosiaHo [0 Teopemu, MepLUMii WieH Aae

x"'f(x+0)f J‘.(xu)[J.,H(xu +0u)(x+8)"" =7, (xu)x”']du =

2 A
=x"f(x+0) (x+5)”'j.l, (xu)J,,, (xu+6u)du —x”'j‘.l‘,(xu)JM(xu)du],
0 0

Binomo, 110

IJ‘, (ax)J ., (x)dx = <
0

I TOMYy NPpU A — oo LIEH WiE€H NMpAMYeE 10 3HAYEHHS

X flx+0)(x —%x") =%f(x+0) . (5.83)

YneH, wo Bko4ae GyHkuio y,(y), aae

A

x+0 x+0 A
xvzjjv ey I Jy (uy) yVHXI( )dy:xvle (x+6) J ywldyJJv (224) 7, (yu) e =

x+0

=0 x,(x+5)JJ (xu)udu I y I (yuw)dy,x<E < x+38.

Jlani, MmaeMo

x+0

jy'”J (yu)dy = — [(x+5)”']v+,(xu+5u) é"*']wl(g‘u)]
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1 TOMY
A x+6

2 [l Cadu [y 2,0, (wy)dy =
0 x

A
=x"y, (x+5)_[ J, Can)elu] (x+8)"' T, (ar+8u) €, (Eu) | =
X" (x+8)™ x,(x+5)j] (xae),,, (xu+Ou)du—x""E"" ;(,(x+5)_[1 (a)J,.,, (Su)du.

Tenep, axwo x 2 X>0,y2x, v2- 122, 10

A
J.J‘. (xu)J ., (yu)du = O(1)
0

Ul BCIX 3Ha4YeHb A. ToMy BkJIaa 4ieHa, 10 BKJIIOYAE x,(v), mae nops-
IOOK € Ta MpsMye 10 Hyas nmpu & — 0 ta 6yab-skomy A.

AHaNOriYHMM YMHOM BKIaj BiA iHTerpany, w0 Bkaioyae X (x),

NpsAMYE 10 HyJst Mpu & - 0Ta A — o . Tomy 3 cniBBigHoOwEeHHs (5.83)
MaEMO

H (x+8,5)— % £ (x+0) (584)
npu 6 -0 T1a A — 0. [Ipyry 4YaCTHHY TEOPEMM MPO Te, LLO
H, (x.x—5)—>%f(x—0), (5.85)

mpu 6 -0 Ta A — oo MOXHA JOBECTH TAKUM K€ YMHOM. Terep MaeMo
MOXJIMBICTb JJOBECTH OCHOBHY TEOPEMY.

Teopema. Axwo inmezpan

[ £(y)ay
0
€ abcomomno 36idcHuM ma ko f (y) — pyuryis 3 ebmescenum 3minio-
BAHHAM NOOAUZY MOYKU X, MO O V 2—5 Mae micye pigHicmob
I.I (xu)(xu)” du_[] (uy)(uy)” £ (v)dy =—[f (x+0)+ f(x-0)]
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Llio Teopemy MoxHa noBectu Ge3nocepeaHbo Ha 6a3i ABYX OCTaHHIX
TEOpEM. 3arnucaBlun

A }/ o
j J, Cxu)(xu)”* du I T, wy)uy)® £(y)dy =
0 0

=H, (e, x+J)+H, (x+J,x)+H, (x,x-8)+H, (x-8,0),

a nai BUOpaBwM § Takum maauM, wob f(y)Oyna dyHkuieo 3 obMe-
)KEHHM 3MIHIOBAHHEM Y iHTepBadi x—0 < y<x+dJ, nobauumo, 10 BCi
YMOBHM TEOPEM BHMKOHAaHI, SKIIO TiJIbKH

VZ—l-
2
CrBepkeHHs: TeopeMH OecrocepeiHbO BUIUIMBAE, SIKILO CIIPAMYBATH A 10
HECKIHYEHHOCTI Ta § [0 HyJs, a Jaji BUKOpUCTATH BUpasu (5.81) — (5.83).
Axwo ¢yHkuis f(x) B Toulwi x HenepepBHa, TOOTO

f(x+0)=f(x-0)= f(x).

TO TEOPEMA A€ TaKy PIBHICTb:

]JV (qu)(xu)y2 duIJV (uy)(uy)’% f(y)dy=f(x). (5.86)

Sxwo 3aminuTh f (x) Ha x” f(x) Ta BBeCTH O3HAYEHHS

|

()=

TO pIBHOCTI (5.86) MOXHa HagaTH IHIUUN BUIIIS

yf (y)J, (uy)dy, (587)

T e 8

f(u)= ]:uf(u).lv (xu)du . (5.88)

DyHKLIsA f(u Ha3MBAETbCsl TpaHCPOPMAHTOK XaHKeds MNOopsiaka v

)
hynkuii f(x).
JloBeiennsi TeopeMu oOepHeHHsI XaHKes

Teopewma. Axwo oiticna wacmuna n binbwe nioe — 1 ma saxuwo
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£(2)=[0(p)1,(Ap)pdp . 0 p<gsees

mo

|1 (l)J,.(lr)ld)l={¢(r) perse
> 0 O<r<pg<r<e

JloBeieHHs: OCHOBHOI TeopeMu Oa3yeThesi Ha iHTerpasi Jlomens [1]

b

(A? - p? )ij,, (Ax)V, (pux)dx = [U,, (Ax)uxV, (ux)-V, (ux)AxU, (lx)]i ,

a

ne U, ta V, — [aBa po3B’s3ku audepeHiianbHOro piBHsiHHS Beccens.
3ayBaxxMMO, 110 IHTETpaJM, 110 3HAXOAMTHCA Y JiBil YaCTHHI PIBHOCTI,
€ y3araJlbHEHHAM IHTErpajy, 1o OO4YMCICHUH Y MonepeaHii Teopemi; Liei
IHTErpaj MOXXHa OOYMCIUTH TaKUM ke YMHOM. KopHcTyrouuch criBBigHO-
LIEHHAM, Ae U, Ta V, 3aMiHeHi Ha ¢yHkuii beccens J, ta G, nepuworo
Ta JPYroro poay, Ais SKUX ICHYIOTh aCUMNTOTHYHI BHPa3H

G, (z)~\/:i:exp[i(z+1}7r)—-§-nni], -n<arg(z)<m, (589

J, (z)~\/€-cos(z-%7z—§nn) - <arg(z)<m, (5.90)

3HAHIEMO, L0 Mpu AlCHOMY A Ta Im(u)>0 Mae Micue piBHICTb

(22 =p2) [, (Ax)G, (ux)dx = (&) (5.91)
Ta npu Im(u)<0 “
ot G Y = e
Po3risiHemo tenep iHTerpan
1(r)=[Af (R)J, (Ar)dA. (59)
fe f(A) BU3HAYAETBHCS CIiBBIAHOLIEHHAM
f(/l)=jp¢(p)l,,(p/1)dp, 0Sp<g<eo, (5%4)

88



[TiacraBnsioun Bupasu (5.94) y (5.93), orpumaemo

1(r)=[ 4, (Ar)d[ pp(p)J, (Ap)dp =

= ] AJ, (zr)daf po(p)%[ G, (Ap)-¢"G, (2pe" ) p »

TOMY 1110

ril, (2)=G, (z)-€"G, (ze" ).

l oo q einﬂ oo

0 P m()

1(r)=—[AJ,(Ar)dA[ pe(p)G, (ﬂp)dp-—.IU..(b)dljpfp(p)Gn (A0e™ dp

=L [¢o(¢)de [As, (Ar)G, (A )dA-

i

- [E0(€)dE [ 14, (41,)G, (48" a2
C 0

ne C,ta C,— LUIAXH, WO noka3aHi Ha Puc. 2.
BHyTpILIHI IHTErPaIi MOX-

Ha OOYMCIIHTH 33 JOMOMOTOIO e
Gopmyn (5.92) Ta (5.93). Ll /> =
bopMysIM HecnpaBeUIMBI IS P q

KpanOBHUX TOYOK KpuBMX C,Ta =)

C,, ajie Takl TPyAHOLUl MOX- Man. 2
Ha MOJOJATH TAaKUM YHHOM.

Hexait C/ta C. — xpuBi, wo orpumyiots 3 C,ta C, 3pizom 3 060X
KIHUIB HEBEAMKMX 4YacTUH. Toal iHTerpanu B3aoBXK C,Ta C, MOXHaA BU3-
HAYMTH SIK TpaHMlll BianoBiaHuX iHTerpasiB B3goBx C,Ta C,, koIM

3pi3aHl YaCTHHH MPAMYIOTH A0 HYJIA.
KopucTyrounuch TakuM 3aco00M, OTPUMAEMO

. {n 7::! rf(—gc)z [é) Cdg_;i! rfECC)z (2) e

_ (o) n)] K4
-27[1.2[‘/’(‘:)(4,) {-l—rC—r’
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ne C — 3aMKHEHMH KOHTYp MiX pTa g (muB. puc. 1). SAxwo @({) —
rosomopdHa ¢yHkuisa Biag { y obaacTi KOMIUIEKCHOI TUIOIMHU { , LIO
obmexeHa 3aMKHYTUM KOHTYpoM C, TO npu P <r<{g eAUHHUI MOIIOC

e MIAIHTErpajJbHOrO BUpa3y ycepe-

/\ auui C 6yne y Touni { =r, KO
xe O<r<p abo r>gqg, TO
p\—/g £ miniHTerpatbHMiA BUpa3 He Mac ro-
JIOCIB  yCepeauHi KOHTypa. Tomy,

3aCTOCOBYIOYM TeopeMmy Kouium, Mu

e o(r), SKIIO p < r<g
0, saxmoO<r<pabor>gqg

Sx npuknan 3acrocyBaHHs GopMynn obepHeHHs XaHKENs B TAKOMY
BUIJISAAlI HaBeaeMo obuucieHHs iHterpany CoHiHa

| fj ()1, @) 4y

Am-n-l
0

Hexa#

2|+n—m

0(p)= sy (-F° s

Toni, no o3xHauyenHo (5.94) npu p=0. g=1 maemo

2l+n—m |

I—(m_n)_([pml (l—p )

m-n-|

f(A)= J,(Ap)dp

Posknagatoun dynkuito J, (Ap) y paano 3pocTarouuM creneHsx Ap ta
IHTErPYIO4YH MOYJIEHHO, OTPUMAEMO CITiBBiJIHOLLIEHHS

(h)= 2'*""’ 2“;} i mn'( 1) (Ap)"" dp

2" I (n+s+1)
AKe NpM niacTaHoBui & = p® npuiiMe BUrIsa

oo An+2s l

(-1) ¢

o I (m- ")Zc')2'"+2c =)™ ls!l“(n+s+l)=
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0 =] § lm-{-’.’s n—-m
- (2 ) $ - An_m"m (A) y (595)
202" T'(m+s+1) s!

BpaxoByrouu opmynu (5.94) ta (5.95) Ta KOpHUCTYIOUHCH JaHOIO Teope-
MOI0, oTpuMaemo pesyabtaT CoHiHa

m—n-—|
= r"(1-r?
J’jm(l).’"(lr)dl"ﬁ —(—l ) npn0<r<1
Am—n—l . 2m 4 F(rn—n)
0
0 MpH r > 1

MPHUITYCKAIO4YM, WO AlCHA YyacTuHa n Oinblie HiX — 1.

Inwi dopmu interpanvhoi dpopmymn Pyp’e-beccenn

®opmynu obepHEHHs BIANOBIAAIOTh 3BUYANHIA TEOPEMI PO3KJIa[ACHHS
®dyp’e — beccens y Teopii OeccenieBux ¢yHkuid. IcHye Takox i apyra
Teopema po3kiageHHs Pyp’e — beccens, W0 Mae BUIIAA:

F(A)=D AT, (r.A), (596)
i (¢ s

T,(r,A)=J,(rA)G, (ra)-G,(rd)J,(ra)
A€ r. — NOJATHIA KOpIHb TPAHCLIEH/IEHTHOI'O PIBHSHHS

I,(r.b)=0. (597)
KoediuieHT A  BM3HAYa€ThCS BUPA30OM
2r’J:(rb) '
- 5 n 5 T ) .
Y, (ar)-T,; (br,)j“f(“) (1o

a

Cyma psily nepeTBOPIOETLCA A0 HYNS A A=a Ta A=b Ta AOPIBHIOE
%[f().+0)+f().—0)] s a<A<b.
BianoBigHy IHTErpajgbHy TEOpEMY MOXXHaA CHOpPMYJIIOBATH TAKMM YHHOM:

Teopema. Axkwyo

£(2)=[pe(p)T, (p.A)dp, o
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Af(A)T, (r,A)dA =
I ST, (n4) 0 O<r<pabor>gq

a

o {%Bﬂ (ra)[(p(r-i-O)-i-(p(l’—O)] p<r<gq

de gynxyis B,(z) eusHauacmvcs eupazom

I

B,(z) =(5ncosec(nn)) [J,f (z)-2J,(z)J_, (z)cos(nm)+J°, (z)] .

1o TeopeMy MOXHa QOBECTH METOAOM KOHTYPHOIO iHTErpyBaHHS.
B posrasiHyToMy BUMaaky J0BeAeHHS MeTOAOM iHTerpana Jlipixie € Ta-
KOX npocTuM. ToMy 10 HaM MOTPiOHO JMLLE MPUMYCTHTH, O GYHKLIS
¢(p) 3anoBinbHsIE yMOBaM Hipixae, To pe3yabTaTt Oyae Gijbll 3araib-
HHAM, HDK NPU JOBE/IEHHI METOJIOM KOHTYPHOIO iHTErpyBaHHS.

BBeneMo o3HayeHHs

h
I=(r*=p*) [T,(r. )T, (p.A)AdA

Ta, KOPUCTYIOYUCH CMIBBIAHOLIEHHAM, 1O 0a3yeThes Ha iHTerpati Jlom-
MeJisl, Ta PEKYPEHTHUMHU CMIBBIJIHOLIEHHSIMHU

W (x) =, (x)=2,, (x). 3G'(x)=nG, (x)-xG,., (x)

OTPUMAEMO, 1110

=T, (p.)[J,.. (rh)G, (ra) =G, (k) ], (ra)]-

—phT, (r.h)[ J,. (Ph)G,(pa)-G,. (ph)J,(pa)]-

3amiHIoOuM yci 6ecceneBi QyHKUIT y mpaBiii YaCTUHI, 10 SKUX HALXOIMUTD
h, IX aCHMINTOTMYHUMM BUpA3aMH, 3HAHAEMO

I = anzr—p")% eimt [el(ﬂﬂ‘)hGn (raeirr )G” (paem )+e“"(P+’)hGH (I'(I)G" (p(l )] +
p+r

+
21 (rp)”

e [iei(p")"G,, (ra)G, (pae’"r )—ie™ "G, (.rae"r )G, (pa )] +,£ :
I

A€ P € CKIHYEHHMM Juisi OyAb-KOTO 3HauYeHHs h Ta Mae (p—r) y
BUIJISIAI MHOXHHKA. 3BiJIKU
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q h (q .
. . pp(p) sin(p—r)h
lim | po(p)dp|T, (r,A)T, (p,AXA =1lim+ X
""“’}.: () '! (AT, (prA M . 27c(rp)y’ p=r

X e"" [G,, (ra)G, (pae‘"r ) +G, (rae"' )G,, (pa )]dp - J} ,

TYT 4epe3 J O3HaYWMO IHTErpaliH, 110 NPSIMYIOTh 10 HYJIS MPH NPAMY-
BAHHI h 110 HECKIHYEHHOCTI.
3acrocoByioumn Teopemy [ipixne, Oyaemo matu

s

limfmp(p)dplfn (rA)T, (P, A)dA =

riz[(p(r+0)+(p(r-0)]e""”Gn (ra)G, (rae” ), SKWO p <r<gq,

0 akimo 0<r< pabor>gq.

=4

3MIHIOKOYH MOPAIOK IHTErPYBAaHHS Ta 3ayBaXKyIOUM, LLO
e" G, (ra)G, (rae"’r ) =B, (ra),

0auyuMo, L0 TeopeMa J0BEJIeHA.
[HIIa IHTEerpajibHa Teopema NoB’s3aHa 3 BUKOPHUCTAHHAM psiaiB Kan-
TeHHa, BIZOMMX 3 Teopii OecceneBuX PYHKLIH.

Teopema. Axyo

f(2)=[pe(p)I,(pPA)dp, O<p<q, mo

]:()'-i)f(l)lm (ml)dl={‘%[‘P(m+0)+(p(m—0)], p<m<gq
0 A 0, O<m< p abo m>gq.

JloBoauTecs Teopema 3a gonomMoroto iHrerpaiis [ipixne. JloBeaeHHs
32 JIOTIOMOrOK0 KOHTYPHOIO IHTErpPYBAaHHS MOXKHA TaKOX IPOBECTH. 3
iHTerpana Jlommens BUIIMBae

(=) {2 Yo o, (o213 ={a v, (m 2, (00)-

a

-V, (pA) 2, (mA)]}j,
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33 IOTIOMOrOK) PEKYPEHTHOrO CriBBIAHOLICHHS

21, (x) =20, (1)~ ()

OTPUMAEMO

j (l-%]fm (mA)J, (pA)dA =

0

h
pz s [me (mh)"pﬂ (ph)—

|
p+m

—ml, (ph)J,.,(mh)]- I, (mh)J, (ph). (598)

[Tpu 3aminHi HecceneBux (yHKUIN y npaBiid YaCTUHI PIBHOCTI iX aCUMIITO-
TUYHUMM YSBIEHHAMH OTPUMYEMO

2

() (o) {(p+'n)sm[(p—m)(h—5n )J_

-(p —m)sin[(p-i—m)(h-%ﬂ: )]}'F—S :

Je P — 3aJIMLIAETLCA CKIHYEHHUM NMpU MPSAMYBAHHI A 0 HECKIHYEH-
HOCTI. TOMy 3a JOBEACHOIO paHillle TEOPEMOIO

=

q h
},i_ggjpw(p)dp!(l— : ]J (mA)J, (pA)dA =

=£ﬁmj(£]”(p(p)sm[(p_m)("—%”)}dp_

h—soo J—
g b p—m

pP=

i q(pT<p<p)sm[(p+m)(h—%f)]d

p+m

T ==\ m

r

N -;—[(p(m+0)+(p(m—0)]. SKIIO p<m<q,
0 aKkmwo 0<m< p abom > g.
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3MIHIOIOUH MOPSAOK IHTErPYBAaHHS, JOBEAEMO MOYATKOBY TEOpPEMY.
Po3risiHeMO NpUKIIaz 3acTocyBaHHS TeopeMH oOepHeHHs. Binoma dop-
Myna

!
Iu"e"”]m(pu)du= (n+m)(;l) i : » mZn.
0 2\"% \/,12+p2

(2 +p%)
Bizsbmemo A =a,p=m,n=0, Toai nonepeansi Gopmyina Habyae BUrIsay

|
e-aljm (ml)dlz (m) - Po—m a ’ m=20.
(a® +m?)" Jm® +a’

BpaxoByroun o3HaueHHst P;™ (z), 3aNMLIEMO MOYATKOBE CITBBIIHOLIEHHS TaK:

T | [\[mz-f-az —a

[ets, (mA)dA =
0 (a2 +m2)

-~

-

] ,a>0mz20.

m

I3 Teopemu oOEepHEHHS BUIUIMBAE, L0

< pJ, (pA)( Ja +p7 -
J’p P(p )[Ja +p aIdpz 2’ e-al,lzo.

A% =1

Y Bunaakax, KojiM g NpsMy€ A0 HyJsi, OTPUMAEMO TakKl GopMyJiu
] b}
m

JJ,,, (mA)dA = m>0
0

: A
[1,(pA)dp=——> 420
0

Teopema Ilapcesassn Aas TpanchopMaHT XaHKeNs

TeopMa npo 3ropTkw, 1110 icHye Ais neperBopeHHs Pyp’e Ta Jlanna-
ca, BIi[ICYTHs AUIs NEPETBOPEHHS XaHKes. Ajle MOXHA OTPUMATH [OCHTE
npocTy TeopeMy Tumny teopeMu [lapceBass.

Hexaii f(u) Tag(u) TpaHchopmant Xankens dynkuii f(x) Ta
g (x). Toni, KOpUCTYIOUNCh O3HAYEHHAM g (), MOXKHA 3aMMCaTH
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2 o o0

Juf(u)g?(u)du = qu (u)dujxg (x)J, (ux)dx.

0 0 0

3MIHIOIOUM MOPSAAOK IHTErPYBaHHs, 3HANIEMO

qu(u)g(u)du = ng (x)dezgf(u)Jv (ux)du = ]:xf (x)g(x)dx-

0 0

Teopema. Axwyo f(x)ma g(x) 3adosorsusioms ymosu meopemu
obeprenns ma sxwo f(u)ma g(u) ix mpancgopmanmu Xanxensn no-
paoka v 2 —yz , MO Mmae micye pigHicme

Ixf(x)g(X)dxz]:uf(u)g(u)du .

Tpanchopmantu Xaukens noxiauux yuxuii

Hexait f, () — Tpanchopmanta Xawkens nopsiaxa v dyukuii f (r),
TOOTO

7.(&)= [rf ()2, (Er)ar.

32 O3Ha4YeHHAM TpaHchopMaHTor XaHkens GyHkuii df /dr Oyae pyHkLs

=N (9 7 (e
f (5)-£rdr J, (Er)dr.

[HTEerpyBaHHs MO YacTHHAX Aa€

7€) =[F ()0, & -] £ . En)ar. 69

0

Ane

dir[,.‘]" (&r))=J,(&r) + & rJ,f(f’".) ’

Ta APYrMH 4JIeH Yy MpaBid yacTuHI HabyBae BUrsay

Erd, (&r)—vd, (&r),
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TdK IO

%w,, (r)) = (1= v)J, (&r) + Erd,_ (€r).

[TincraBngwoun ued BUpa3 A0 piBHOCTI (5.99) Ta npunyckawdu, L0
rf(r) IpsMy€e 10 HyJIsi NpU NMPSMYBaHHI r 10 HyJas ab0 [0 HECKIHYEH-
HOCTI, OTPUMAEMO

7@ =w-0[f(1,Erdr-EF, (&) (5.100)

[Tepiuuii wieH cripasa € TpaHchopMaHTOK XaHKels NopsAaKky p (QyHKLI
f(r)/r, ane iforo MoXKHa BUPA3MuTH yepe3 TpaHChHOpMaHTH XaHKes Mo-
paakiB p + 1 Gyukuii f(r). HilicHo, Bigomo, 110

[ f(r)d, Erdr=¢& [ [rf (1, Endr+[rf (1], (gr)dr] =
=EF, E)+Ef,u(©). (10

Buxknouarouu 1HTerpas

| £r)I, Erydr (5.102)

3 cniBBiaHoweHs (5.100) ta (5.101), 3nangemMo

v+I1 =

fl&)==¢ {— ¥ g fw.(é)] (5.103)

Mdopmyan s TpaHchopmaHT XaHKens MOXIIHMX BUILOIO MOPSAIKY MOXHa
OTPUMATH LLUISXOM MOCTIIOBHOTO 3acTocyBanHsa (opmysu (5.103). Harmpuknan,

£E)= —[ﬁ—] o l(é)-—ﬂ H(é)] (5.104)

TaK 1110, MIACTABAAIOYH 3HAYCHHS ]r..,l(f)»ﬂ.+,(€) 3 CMIBBIAHOLLIEHHS

(5.103), orpuMaeMo
v+1 -

- 1 -3 v-1-=
', — o o v i3 v+(
S8) 45[ -1 -1 v+17""

] © (5.105)
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Haii, IHTerpyoun no 4yactuHax, OyaemMo martu

2df d

J,(Er)dr = -j

]: c;f [rJ (Er)Mr,

AKIWO 7f/(r) NpsMye OO HyJst MpU NpsIMyBaHHI 1 10 Hyas abo 10 He-
CKIHYeHHOCTI. Tomy

J (drf 'l_df ,(Gr)dr _§J' "J (ér)dr-é‘_[f(r)—[rj (r)]dr,

BBa)KAlOUM, WO 7f(r) 3HUKAE MPU r = () TA 5 — oo. 34 O3HAUCHHAM
dynkuia beccens J,(§r) 3amoBonbHsE audepeHLlialbHe PIBHAHHS

é-g;[rlv (&Er)]=

a TOMY Mae MICLE CMiBBIAHOLLEHHS

d f ldf v’ =
J (dr P }’ Erydr=-§"1,(), (5.106)

Ie, K 1 paHille, uepe3 ﬂ. (§) os3HayeHa TpaHchopmaHTa XaHKeIs NOpsi-
Ka p QyHKWI f(r).

TyT noTpiGHO BIAPI3HATH A€AKI NMOOJMHOKI BUMAAKM L€ 3araibHOl
Gopmyiu, WO 3ycTpivaioTbes 0COOAMBO yacTo. IlpuMnyckaroyM, WO B
cniBBifHOLWIEHH] (5.103) , = 1, oTpuMaemo

f Y 1 (er)dr = —€F(8). (5.107)

Ae f(§) O3Ha4yeHa K TPAHCOPMAHTA HYJILOBOTO MOPSAKY

>~

F(&) = [ rf(r)J,(&ryar . (5.108)

0

AHAJIOTHYHO, MPUIYCKAIO4M, 1O B cniBBigHoweHHI (5.106) . = 0,
3HAWAEMO

[r[&L+ 240, enar = - €7, (5109

r dr

ae f(&€), sk 1 paHilne, o3Ha4yaeTbesi BUpazom (5.108).
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§ 6. CniBBigHolleHHs Mixk TpaHchopMaHTaMH XaHKes
Tta TpaHchopmanTtamu Dyp'e
PosrnsineMo tpaHchopmanTy Dyp'e F(g &) $ynxuii f(z,,z,), wo
3AJIEKUTh JIMIIE BiJ 3MiHHOT T = (27 + zz) 2, 3 03HAYeHHs JBOBMMIPHOI
TpaHchopmanTu Dyp’e BUNIUBaAE

1 L L | n
Pe&) = 57 | [ ST+ @esn oodsda,

SKu10 B LbOMY IHTErpasii 3p0OUTH 3aMIHY 3MIHHUX

z, = rcosbt,z, = rsinf,{ = pcosyp,§ = psing
Ta BpaxyBaTH, LIO

da:I d;z:,z = rdrdf
T4

§&z, + &z, = rpcos(d — ),
TO IHTErpajl Habyae Takoro BHUISAY

27

_ L7 irp cos(f—)
F(§ &) = 27l_L['rf(r)drj(:e dé . (6.1)
Jani, 3aBAsik4 NMEPIOAUYHOMY XapaKTepy MiIHTErPaJIbHOIO BUpa3y MaeMo

2n 2

fe!rpl'mn(ﬂ—g:)de = fcirpcosﬂdg

0 0

[HTerpan y npasii 4acTUHI — TaOAUYHMI Ta A0piBHIOE 27J (pr). Tomy,
MPUITYCKaOuM, Wo p = (& + & )V 6auuMo, WO Tpchcbopmam‘a bepe
F(€ &) € QyHKUIE MiLe OHOTO TUIBKK p Ta il MOXHA MOJATH Y BUIJISI

2.

F(p) = [ rf(r),(pr)dr, (6.2)

0

TO6TO BOHA € TpaHCHOPMaHTOK XaHKeNs HyJbOBOrO MOPAAKY (QyHKLIT
f(r). Sk Bimomo, Ha ocHOBI GopmyaH obepHeHHs Dyp’e /Ui KPAaTHUX
NepeTBOPEHb MA€E MiICLE piBHiCTb

f(@,3,) = - ffF(& &) 6nrhmldg de,

- -
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Ky TICJIS 3aMIHM 3MIHHMX MOXKHA 3arucaTH Tak

X, 2w
1
~rpeos(@-)
¥(r) = —ZW[pF(p)dp[e dy .

IHTErpyBaHHsA poOMTHCA 3a CXEMOIO, L0 AaHa BMIlE. B pe3yibrati OTpUuMyeMO

f(r) = f pE(p)Jy(rp)dp - (6.3)

Bupasu (6.2) ta (6.3) siBisitoTh co6010 hopMynu oOepHEeHHS XaHKess s
BUNAAKY p = (). TaKUM YMHOM, TAKMH MOOAMHOKHUH BHMAOK MOXHA
BMBECTH 3 TeOpil ABOBUMIpPHUX mnepeTBopeHb Pyp’e. Takuil pesynbrat
JIETKO  y3arajJibHuTv. Jkwo f(z,,r,,...,x,) — QYHKUId TIAbKH Bil
o= (! + 2 + ... + 2 )2, To ii TpaHcdopmanTa Dyp’e 3a O3HAYECHHAM
[NOPIBHIOE

1
L x

2 ff flr)e*¥ds.dz, ..dz,

-

1

B Epsila) = (5}‘)

ae (& - x)o3Hayae CKaJIApHUA A00YyTOK

5% F &8y ens b &5
Hexai

pP = +E +...+ €&,
Ta TMIC/s 3aMIHU 3MIHHHX

& = pa,i = 1,2,...,n
n n

b= Y02y, =) 0,80 = 2
1=1 1=1

Ac KoedILEHTH <« BUOpaHI TAKWM YMHOM, LIOO NepeTBOpeHHs Oy10 op-
TOrOHAaJIbHUM, 3HAWIEMO

r=( +9 +..+y)%

drdz,dz,..dz, = dydy,dy,..dy,,

Eom= ) Ex = py az,= py,
1=]

1=1
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Hexaii

N=yp+y+..+y

TaK 110

]]"’]d%d%"-d% = ]Qd/\ :
he w TR 0

Bupas mis tpanchopmanTu Pyp’e F MoXHA 3anMCaTH Y BULIIAAL:

1 2 ¥ e
1 57! ‘ .
| (- (2—7;) fdylfﬂd)\f(\/yf X e (6.4)
- 0
Y Takux MO3HAYCHHAX IS AOBIIBHOT QyHKUIT ®()\)Maemo
f...f@(Jyg F o+ y))dy,.dy, = chb(,\)dA. (6.5)
o g 0

[Llo6 3HaiiTH BennuuHy 2 3ayBaKMMO, LIO L€ € €NEMEHT 006’eMy y
(n — 1) -MIpDHOMY NPOCTOPI, TOMY BM3HAYaEThCSI BUPA3OM

0 = w)\"?, (6.6)

ne w — GyHKWSN BiA n, a He Bia ). Il{o6 Bu3HAYUMTHM BUrIsSA L€l
BEJIUYUHHU, PO3IJISTHEMO MOOJUHOKUNM BUIA/IOK

d(\) = e .

[TiacraBasitoun Liei BUpa3 y criBBigHOLIEHHS (6.5) Ta 3aMmiHo0OuMd ) Ha
wA"™*, OTPUMAEMO JUTIS BU3HAYEHHS TMOCTIMHOI (y TAKe CITIBBiIHOLLIEHHS:

[]‘e"”)dy

-

n-|

= w [ A2e N d) .

KopucTylounch 3Ha4yeHHAMU O3HAYEHHUX IHTErpaliB

~

: 1 5\ 1..(n—1
o 0 P, e R ) O
fe dy iy 2,[)\ e " dA 2F( ),

2

-

Oauumo oapa3sy, 110 BeJIMYMHA w BUPAXKAETHCSA Y BUIJISI
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Urd}/
W = B (6.7)

(%5)

IlincraHoBka BupasiB (6.6) Ta (6.7) y (6.4) nae

F(€,.r6,) = — (1);(1 I)I\dyllf(Jyf+)\'2)e""")\"‘2d)\.

5""’11‘\ -n e

-

2

H1s 00UYMCAEHHS TaKOro iHTerpana 3pobuMo Taky 3amiHy 3MIHHHX
A =Tsing,y, = Trcosyp .

3BIAKM OTPUMAEMO

R w

BAE i) = (1);(1 1)[r"“f(r)drf sin”~? e “*?dp.

;u—l = =
9’ FQ n 0

2 2

Bigomo 3 Tabumub iHTErpasis, 110

1
| oY
f sin"~? e *?dp = : J, (pr).

-n—1 -n—1

0 (p1)2 2

[MincraBuMoO Le CiBBIAHOLUEHHS y Gopmysty, WO Bu3Havae F(€,E,,...,E, ).
BpaxoBytouu, 110 OCTaHHS € (PYHKLIEIO TIABKK Bijl 3MIHHOI £, 11 MOXHa
3anucaTty Ak F(p). OTpUMaeMo Takuil pe3yJbTar:

L Fk
piF(p) = [r|r (), (pr)dr,

0 2

ln—l

O MoKasye, 1o GyHKUsA p2" F'(p) € TpaHchopMaHTor XaHKe/ s NOPAaKy

ln-l

57~ GyHkuii 72" f(r) . Takum uMHOM, NPU MEBHUX OOCTABMHAX TPaHCOp-
MaHTy Dyp’e B 5 -MIpHOMY NPOCTOpPI MOXKHA 3BECTH [0 TpaHCHOPMAaHTH
XaHkeJls B OJHOBMMIpHOMY mnpoctopi. ToMmy Oy/ip-sika Teopema, siKky MOKHA

pozaaty yisi TpaHcopmanTi Pyp'e GyHKii OaraTboX 3MIHHMX, TMOPOIKYE
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BIANOBIAHY TeopeMy g TpaHchopmanT Xaukens. Hanpukiaan, 3a nono-
MOTOK AHAJIOTIYHUX MIPKYBaHb, 1110 3aCTOCOBYIOTHCA 10 GOPMYJIH

1 2" 7 T =1{g—X)
f(x.,...,x,,)=(E] _[---_{F(é.,-..,ﬁ,.)e E-0gE dE, ...dEn s

CTBEP/IKYETHCH, 11O

12" f(r) = ]p[pé""F (p)l], (pr)dp .

L |

0 2

Hexau
|

—n—|

1 - - 1
p(r) = r" " f(r), @(p)=p* F(p), v e
OTPUMAEMO B3a€EMHI GopMyJin

?(p) = [ro(r)d,(pridr. o(r)= [ pP(p)J, (pr)dp .
0

0

110 € /IOBEJCHHAM TEOpEMHU OOEpHEHHS XaHKeNs.

§ 7. IlepeBopeHHs1 3 CKIHYEHHHMH MeXKaMM

Cunyc- ma kocunycmpaucghopmanmu @Dyp’e
31 CKIHYEHHUMU MeMcamu

3 Teopii paaiB Pyp’e nobpe Bigomo, wo akuo GyHkuis f(z)3ano-
BOJIbHAE YMOBHM Jlipixyie y iHTepBail (< x<m, TO pad

1 2

—a +;§an cos (nx),

(7:1)
Ac .
g = ff(:c)cos(nx)d:c,

36iraeTbcs A0 %[ f(x+0)+f (x——O)] y KOXHi# Touui intepsany (0,7).
B sKii (DYHKLIsE MAE PO3PUB HEMEPEPBHOCTI, 1 10 3HAYEHHA f(z)y KOXHIH

TOYLll 7 LBLOro iHTEepBaldy, B Akuii QyHKLISA f(z)HenepepBHa.
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Akwo 3amicTe KOeDILIEHTIB @, KOPUCTYBATHCS O3HAUYEHHSIM KOCHHYC-

TpaHcpopManTH Pyp’e 3 CKIHYCHUMU MEKaMH, IO MO3HA4aeThesi f (n)
Ta BU3HAYAETHCS CITIBBIAHOLLICHHAM

= ]f(x)cos(nx)dx,

TO (JOPMYJIIOBAHHS TEOPEMH, 1110 MPUBOJMTLCS BUILLE, MOXHA 3MIHUTH TaK:

Teopema. Axwo f(z)3a0060nvuse ymosu [ipixne y inmepeani
O0<x<m ma akwo nosnauumu uepes

7. (n)= [ £ (x)cos (nx)d

KOCUHYC-MPAHCHOPMAHMY 3 CKIHYEHHUMU MENCAMU, MO

Fla)= (0)+n§ £ () ecs(as) (7.2)

Y KOXMCHIL movyi inmepsany (0,7:), 6 skuil f(z)nenepepena.

Y THX TOUKax iHTepBaily, B SKMX f(z)Mae CKiHYEHHWH PO3PHB Here-
PEPBHOCTI, JIIBY YaCTHHY CMiBBiAHOWEHHs (7.2) MOTPiGHO 3aMiHMTH Ha
—;-[f(x+0)+f(x-0)]. Y nojganemioMy My OyAeMO 4acTo MOCHIATHCS
Ha LIO TEOpEMY, fIK HA Teopemy obOepHeHHs1 Dyp’e 118 KOCHHYC-TPaHC-

(POPMAHT 3 CKIHYEHHHMH MEKAMM.

AHAJIOrI4YHa TEOpEMa Mae Micle B TOMY BHUMAIKY, KOJH He3asiexkHa
3MIHHA 7z 3MIHIOETBCS Y IHTEpBai (0,a). B ubomy BunasKy KOCHHYC-
TPaHC(OPMAHTA 3 CKIHYEHHUMH MEXaMM BM3HAYAETHCS TAKWM CHIBBiIHO-
LLIEHHSIM:

f.(n)= jf (x)cos (&, x)dx

A€ MOCHAOBHICTE £ TNOKKW 1O He BU3HayeHa. Hexaii y=”% , Tenep
3HAWIEMO
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f,(n) =%]F(y)cos(§" %)d_y ;

ne yepe3 F (y) mosHaueHa dynkuis f(ay/m). 3Bigkm 6e3nocepeaHbo Ha

OCHOBI MOMNEPEAHbOI TEOPEMU MOXKHA HAIMCATH

a | cems 2 o —
SF(9)= 7 T (0)+2 3.7 (n)oos(m)
akuo ak, /r =n, To6to & =nm/a. [ToBepTarouuch A0 3MiHHOI X, Oauu-

MO, IO LeH pe3yJbTaT MOXHa chOpPMYIIOBAaTH TAKMM YMHOM:

Teopema. Axwo f(x) 3adosorvnsic ymoeu [ipixae y inmepsani
(0,a) ma sxwo

Z(n)zjf (x)cos(%)dx (7.3)

BU3HAYAE KOCUHYC-MPAHCHOPMAHMY 3 CKIHUCHHUMU MeNCaMu, mo (yHK-
yia f(z) y kooxcuiit mouyi inmepsany (0,a), 0e sona Henepepsna, 8upa-
HCAEMBCA 34 00NOMO20I0 MAKO020 PAOY:

fiE)=

Q IN
Ms

a

coq( nx ) (7.4)

AHaJIOTMYHI pe3yJbTaTH CHPaBEIIUBI [SI CUHYC-TpPaAHCHOPMAHT 3
CKIHYEHHUMM MEXaMH, 1110 BU3HAYAIOTHCS 33 JOMOMOTOK CMIBBIIHOLLIEHHS

n

f.(n)= Jf(x)sin (nx)dx . (7.5)

0

Binoma 3 Teopii psaaiB @yp’e Teopema npo Te, o Akio dyHkuis f(z) 3a-
noBonbHge yMoBU lipixne y iHTepBanl 0<x<m, TO psl

—Zb sm

Ac
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b4

b, = [ f (x)sin (nx)dx

0

30IraeTecs A0 f(x) y KOXKHIM TOULl IHTEpBajy, A€ (PyHKLIA HEnepepBHa
Y TepMIHAX TeOpil TPAHC(HOPMAHT 3 CKIHYEHHMMU MeKaMu, GOPMY.THOETHCS
TaKUM YUHOM:

Teopema. Axwo f(z) 3adoeorvhsic ymosu [ipixae y inmepeani
(0,m) ma sxwo

7 n)=If(x)sin(nx)dx

i1 CUHYC-MPAHCPHOPMAHMA 3 CKIHYEHHUMU MEICamu, Mo

—-72?2 )sin (nx) (7.6)

6 Koxcnitt mouyi inmepeaay (0,m), oe gyuxyia nenepepsua.

3a 10MoMOroo NpocTol MiICTAHOBKK y =Tx/a Ta MipKyBaHb, OJHAKO-
BHUX 3 TUMH, LIO OYyJIM BUKOPUCTAHI PaHILLE, KOJM JOBOAMIACS MOMEPESIHS
TeOpeMa, [JOBEAEMO TeopeMy i (PYHKLUM, 110 BM3HAUCHI HAa IHTepBal

0<x<a.

Teopema. Axwo f(x) 3ado60reusc ymosu [Hipixiae y inmepeaii
(O,a) ma AKWO y ybomy inmepeatl il cunyc-mpaucgopmanma 3 CKiH4eH-
HUMU MEACAMU BUHAYACMBLCA 3a 00NOMO2010 CNIBBIOHOWEHHS

“ (7.7)
_(n) = jf(x)sin b
0 da

mo 8 Kodcuitt mouyi inmepsany (0,a), 6 sxutt @ynuxyia f(x) nenepepeua,
MAc Micye maka pIeHICHb
(7.8)

2 o= — . NXT
——2 n sin — .
a

A

n=| d
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Cnigsionowennn mixnc mpancghopmanmamnu Dyp’e
31 CKIHYEHUMU MedcaMu NOXIOHUX OaHoi yuxyli

Yacto noTpiOHO BUPA3HTH IHTErpaiu TUMY

—sm— cos—dx

0 f . nmxm i _[ nxm
* 0x' a

yepe3 TpaHchopMaHTH Dyp’'e 3 CKIHUEHHUMU Mexamu pyHkuil f(z). Ll
obuucaeHHs 6a3yroThest Ha (opMysiax, IO MAKTh Mepill MoxiaHl QyHKLIT
f(z) . Hanpuknan, B pesyibTari imerpysaum MO YaCTUHAX OTPUMAEMO

u
nxrw . NXTT Tnx
J‘ sm—dx- f(x)sin— Jf x)cos—dx
a lp aijy

Tomy 110 5 — 1€ LI YKCT0, TO sm(”'v/) 3HUKAE MPU 7 = () Ta NpH
r = aq. TOMY SIKIIO BU3HAYHUTH f (n) 3a JOMOMOTOK CMIBBIAHOILIEHHS
(7.3), TO MOXHa 3anucaTu

S in T e 0
j sin X ’ f.(n) (7.9)

npu Oyab-akux 3HauyeHHsX f(0), f(a), NPUIYCKAIOUH, WO L 3HAYEHHS
HC € HECKIHYEHHI. AHAJOrIYHO, IHTErPYIOUHU MO YAaCTUHAX, OTPUMAEMO

Ia—fcos O s [f( )cosili’—r-] jf )sin midx

. 0X a

Tomy 1o cos(nm)=(—1)"Npu LIAUX 3HAYEHHAX N , TO Pe3yIbTAT MOXKHA
3aryucaTv B TAKOMY BMIJISIAL:

(L cos™ o= (1) £(a)-FO+Z2Fi(w). (0
() X

e uepes f. (n) MO3HAYEHA CMHYC-TPAHCOPMAHTA 3 CKIHYEHHHMH MEKAMM.
BM3HAueHa criBBiHOWIEHHM (7.5). Y Bunaaky, koau GyHkuis f(x )nepeT-
BODIOETBCA HA HY/Ib Y TOUKAX 7 — () TA 7 = g . TOAI Ma€ MiCle PIBHICTb

jaf cosﬂdx—ﬂ?( ) (7.11)

© 0X a a

MopMyJIH /18 BHILMX MOXIAHUX MOXKHA OTPUMATH, MOBTOPHO 3aCTOCOBYIOYH
ocHOBHI hopmysm (7.9) Ta (7.10). Hanpukiaa, 3 popmyiu (7.9) BuruiMeae, 1o
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COS —— ah
o Ox a

t0°f . mnx _7n ]af Tnx

! ox* a a

3BIIKM Ha OCHOBI popmynu (7.10) OTpUMAHO CMIBBIIHOLLIEHHS

.)

‘.

mn

j sm——dx—j[( )"*'f(a)+f(0)] L.} T 01

B Tomy Bunazaky, konu f(0)= f(a)=0, octanHs piBHICTb HaOyBae
OuIbW MPOCTOrO BUIJSAAY

©9°f . nxm n'n® —

——— fy (n) ) (7.13)

» ox* a a

Ananoriuuo 3 ¢opmyau (7.10) BuniIuBae, 1o

T f  mam n°n® —

dx=(-1)" f'(a)- ' (0)-"5TF.(n). (1149

ox’ a

. d
SKuo l'lOXlIlHa-ail'lepCTBOp}OCTbCﬂ Ha HYJIb ¥ KIHLIEBUX TOYKax lHTCpBa-
X

1y x=0, x=a, TO Ma€ MicLe CMIBBIJHOLLICHHS

4

¢ azf NXT _7[::12 }T(n) . (715)

0 X a a

J1a MoXiaHUX MOPSAKY BMLle Apyroro Gopmy/ad MOKHA OTpUMaATH 3a
gonomoroto meroay Haykuii. [1pu ananisi kpaloBux 3aaay rmoTpioHO
3HATU QOPMYJIM MOXIIHUX YETBEPTOrO MOPSAKY. 3 crniBBiAHOLICHHS (7.13)
BUIUIMBAE, 110, AKWO O°f /Ox° NepeTBOPIOETLCS B HYyJIb B KpPanOBMUX
TOYKax IHTepBajdy x=0, x=a, TO

a S 7 u 4
o' f . mxmw _ Ja sinmdr“n T 7). (7.16)
0 dx* a a’ 0 oy’ g “ |
AHAJIOTIYHO, SKIIO
3f
d e of ~0
Jx’  ox
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nmpu x=0, x=a, TO B pPe3yjJbTaTl JABOKPATHOrO 3acTtocyBaHHs (7.15)
OTPUMAEMO

ox’ a a

a 4 4 4
ja fcosﬂdx= il £f.(n) : (7.17)
0

Teopema npo 32opmku 0as nepemeopenns Dyp’e
31 CKIHYEHHUMU MedCamu

Posrnsnemo aBi GyHKUil, F, (1) Ta F,(u) WO € NaPHUM Ta HEMAPHUM
NEepIOANYHUM MPOAOBKEHHAM (PyHKWT f(u), WO BM3HAYEHA Y IHTEpBalll
0<u <m. Tak, HenapHe NepioAMYHE MPOJOBKEHHA F,(4) 3 mepiogom
2w GyHKW f(u) y iHTepBamM —x <y < BU3HAYAETHCA TAK:

f(u),0su<nm

Filu)= ~f(-u),-w <u<0.

AHAOTYHO 1A MAapHOTro NEPIOAMYHOrO MPO/I0OBXKEHHS Fz(u) y IHTEp-
Banll —mx <u<m MaEMO

F, (u)= j':(u),O_<_u <r
f(-u),-mr<u<0.

3 o3HaueHHs F, (u) BUMIMBae, WO AKWO F (u) Ta G,(4) € HENApHUMH
NepioAMYHUMH MPOIOBkKEHHAMH pyHkuin f(u)Ta g(u), TO

R

J‘F, (x—u)G, (u)du = jf(x—u)g (u)du- ]‘f (u—x)g(u)du, (718

-0

a TAKOX TOMY WO (yHKUIAs F, neploanyHa,

IF, (x—u)G, (u)du = j f(2r—x—u)g(u)du- rf(qux)g(u)du .(7.19)

s iHTErpana

’j F(x—u)G, (u)du

—l.r

BUKOPHCTAEMO nosHauenHs F, (x)-G, (x) Ta Ha3BEMO TAKHH IHTerpai 3rop-
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TKOIO dyHkuii F (x) T2 G,(x). BusHauuBluM CHHyC-TpaHCHOPMAHTY
®yp’e 3 cKiHueHHUMH MexaMu GyHKUIH f(z) Ta g¢(z)uepes f(n), g.(n)
BiIMOBIZIHO OTPHUMAEMO

= [ (&)sin(n&)ds, Fi(n) = [ g(n)sin(nn)dn .

3BIAKU BUILUIMBAE, 11O

-;2; Z: JA n)g.(n)cos(nz) =

m

= _fdgf dnf(€)g( n)z cos(nz)sin(né) sin(nn) ,

n=1

TYT MpoOBeJeHa 3MIHA MOPSAKY MiACYMOBYBAHHS Ta IHTerpyBaHHsA. Kopu-
CTYKOUMCh PIBHOCTSAMH

4sin(n)sin(nn)cos(nx) = cos(E —n+ x)n+cos(é —n—x)n—
—cos(&E +n+x)n—cos(E +n—x)n

Ta 1

sin(m — =)a

m B 1 2
;cos(ra) =<5 + —

281N — o
2

3HAUAEMO

%,. £.(n)g.(n) cos(nz) ff(f dffg(ﬂ)dﬂ A

sin(m — 2)(€ ~ 1 +2) sin(m ~ 2)(€ ~n — 2)
X * =
sin — ({ n+ z) sin%(é —n—z)

sin(m — %)(é +n+x) sin(m — l)(ef +n — :c)‘

s 4
5111§(§+77+:1:) sin — (f-{-n—a:)
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3aMIHIOIOYM B MEPLIOMY 3 YOTHPLOX MOJABIHHUX IHTErpajiB, IO CTOSTH
cnipaBa, 3MiHHI IHTETPYBaHHA ¢Ta 7 Ha ATa p, Je

A=€é—-n+4+z, p=1n9,

OTPUMAEMO

1 1
T+a—p sin(m — =)\ = A
2 2
wag d#f [+ p=m)— £—d).
r—u Sln‘éA

[Ipu npsMyBaHH1 s 10 HECKIHYEHHOCTI MpaBa 4yacTHHA, K JIETKO Oauu-
TH, NPSAMYE A0 BUpaA3y

% f g(1)f(p — z)dp .

AHaJIOTMYHUM YMHOM OOYMCITIOIOTBLCS OCTaHHI TpU wieHa. B pesyiabraTi
OTPUMAEMO

—Zf (n)g, (n)cos(nx)=

nl

=_{jg(p)[f(x—,u)+f(27r—x—u)-f(u—X)-f(# +x)]d# .

3B1IKH BMUITJIMBAE

%i:f(n,)ﬁ-(n)cos(n.v fF (z — p)G,(p)dp = _%Fl(x) * G () -

KopucTyro4yuch TeopemMolo 00epHeHHSs!, 3Han1eMo
f F(z) * G,(z)cos(nz)dz = —2f (n)7i(n)

3ayBaXXUMMO L€ pa3, WO CIMIBBIAHOLIEHHS Ma€ maicue Jimiue it (PyHKLIHA
f(z), g(x), wo 3aa0BONbHAKOTL yMOBH [lipixse y iHTepBanl 0 <z < 7.
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Ilepemeopenna Xankeaa 31 CKIHUEHHUMU MeNCAMU

3 Teopii ¢yHkuiit beccens 1odpe BiAOMO, 110 Ko GyHkuis f(z)3a-
n0BOIbHAE yMoBM ipixie y iHTepBam 0 < z < a, TO paad

_2 J,«(x€
§ACS .
i€ a, BHU3HAYAETHCS IHTErpajiom

a

= f zf(x)M,(z€ Ydx (7.20)

0

Ta cyma OepeThecs Mo BCIX A0AATHIX KopeHsax gyHkuwil J, (af ), 30iracrb-
1

Cs 10 CyMH 5[ f(z + 0) + f(z — 0)] . Lle cTBepaxKeHHs MOXHA 3aMHCATH

y BUraaal popmyan obepHEeHHs s nepeTBOPeHHS XaHKens 3 CKIHYEH-

HUMHU MCKAMHU

JIf@) = [ af(@V, =€)z = (&), g

0

ne J no3Hayae ornepauiio obepHeHHs 1 nepeTBopeHHs Xaukens. Mop-
myna (7.21) cnpaBeanuBa s Oyab-akux GyHkuid f(r), o 3a10BOJb-
HAKOTb yMoBaMm Jlipixiae y 3aMkHyToMy iHTepBat (0, a).

Teopema. Axwo f(x) 3adosorvisc ymosam [ipixae y inmepesaii
(0, a) ma it mpanchopmanma Xankeass 3 ckinvennumMu Medxncamu v ybomy
Imepeatt 8usNauacmsea 3a 00NOMO20K CRIBBIOHOLUEHHA

«

f,(&) = f:rf(.zt)J“(\r&, )dx

)

de & — KOpiHb MPAHCYCHOCHMHO20 DIBHSAHISA

J (a€) =0, (7.22)

"

mo y koxcuitt moyuyi inmepsany (0, a), 6 akuit pyukyis f(x) Henepepsha,
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J,(a€) | o
Zf(&)[ TGE)F (7.23)

de cyma bepembves no 6cix dodammuix kopensx piswanms (7.22).

Oco0MBO BakIMBHMiI BUNAZOK Mae Micue, komu p = 0. Kopucryio-
YMCb PEKYPECHTHMM CHIBBIAHOLLEHHSM IS (DyHKIH Beccens, 3Haiaemo, 1o

J(:(:E) = —Jl(l‘),
TOMY y BUMaaky p = 0 paa (7.23) Habyae Burisiay
J()(xét)
J,(a&)f

Y TeopeMi OOEpHEHHS napaMeTp § ., O BXOJUTb B O3HAYEHHs! TpaHchop-
MaHTH XaHKes 3 CKIHYEHHUMH MEKaMHM fJ(g ) » € PO3B’3KOM TpaHCLIEH-
JIGHTHOTO piBHsAHHA (7.22). IHwmiA, Ginblu 3araJbHUM, BUTISA MEPETBO-
PeHHsI XaHKeIs 3 CKIHYEHHMMH MEXKaMu MOXKHA OTPUMATH, SIKLIO B O3Ha-
yeHH1 (7.21) BuGpartu £ SAK KOPIHb TPAHCLEHAEHTHOTO PIBHSAHHS

§J,.(a€) + hJ,(a€) = 0.

HJsi TPaHCHOPMAHTH TAKOIo THIY iCHYE Teopema OGEpHEHHS.

&) = TE);

(7.24)

Teopema. Axwo f(z)3adosonvisc ymosu dipixae y 3amxnymomy
inmepeani (0;a)ma it mpancopmanma Xankens 3 CKiHMEHNUMU MeNCa-
MU BUSHAYACMBCA 3a 00NOMO20I0 PIBHOCTI

i

(&)= f;rfca:)J“ (z€ )dz,

)

de £ -— KOpiHb MpancyeHOeHMHO20 DIBHAHHA

§J,(Ea)+ hJ, (Ea) =0, (725)
Mo y KOXMCHI mouyi inmepeany, oe f(x)HenepepeHa,
oy = 2 ARG
_/ () = _Q—ZZ

bR +[ )-!—172.[‘]/‘ ag, ]

a

(7.26)

de cyma bepemvcs no ecix dodammuix Kopewsx pieusimns (7.25).
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Y Bunaaky, konu p = 0, paa (7.26) nadbysae BULISALY

( )—_g. 5,)f,(€,) Jn(mﬁl)
fo = W el )T

ae cyma OepeTbCsi MO BCIX J0AATHIX KOPEHSIX PIBHSHHSA

hJ, (Eia') = §J, (gia) '

Y 3aranbHOMYy BuUnaaky psa (7.26) MoxHa 3anucaTv y BULJISIN

_2 £(8) J, (2€,)
1@ = a?Z , M /h-2|hJ,,( ,.a)"2 :
3

“14g - L]

Y BIANOBIAHOCTI 10 PIBHAHHS (7.25) OCTAHHIA Psil MOXHA Nepe3anucaTH
TaKUM YUHOM:

f‘ ( -:' L x
fa =~ Z ’ o § (727)
! 1+[£2____]/ []“ a&
JIe cyma OepeTbcsl MO BCIX JA0AATHIX KOPEHSIX PIBHAHHSA
&, (La
Jﬂ (‘5,0') = : ,E ) (7.28)

Konu p y Bupazax (7.27), (7.28) npsMye A0 HECKIHYEHHOCTI, TO BOHHU
NEPETBOPIOIOTLCA HA BUpasu (7.23), (7.22).

HAB1 TpaHchopMaHTU XaHKeNsl 3 CKIHYEHHUMU MEeXaMU BUKOPHCTOBY-
IOTBCSl ¥ BUMAAKax, KOJU X 3MIHIOEThCs y iHTepBam (0, a). SAxuwo 06-
JIACTh 3MIHM 3MIHHOI X HE BKJIFOYAE TOYKY HYJIb, TOOTO X HaJIEKUTH
iHTepBany 0 < b £ x £ a, TO NOTPIOHO KOPUCTYBATUCS APYIUM THUIIOM
MEPETBOPEHHS, 1110 03HAYYETHLCS PIBHICTIO

a

fu(ﬁ,)=frf«r)[J,,(wé,)G,,(a&,) G, (z€)J, (a& )]dz . (129

b

Y wi piBHocTI yepe3d G, (z) no3HaueHa ¢yHkuis becens apyroro poay
nopsaxka g . Jdns TpaHchOpMaHTH TAKOTO THUIY ICHYE TeopeMa OOEpHEHHS.
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Teopema. Axwo f(z) 3adosonvnse ymosu [ipixae y obaacmi
b <z < a ma sakwo it mpanchopmanma Xaukens 3 CKiHYeHHUMU MeiCa-
MUy yiel ooaacmi BUHAYAEMbCA CNIBBIOHOUEHHAM

a

H[f(l')]z-f-u(f.) fxf(z)[']p 1136 ﬂ(ag) ( ) SEf ]d:II

b

8 AKOMY & — € KOpeHi MmpancyeHOeHmHo20 PIieHANHSA

1,(£b)G, (€a) = J, (£a)G, (£0) = 0, 731)

mo y Kodichiu moyyi inmepsany (b, a), 6 axkuit Qynxyia f(zr)Henepepsna

&5 (€0)fu (€)
@& = — g1 (a€ \a€ VG, (ZE.
ZJ,:(Q&,) “(bg [ I( ) I( ) p( )],
npUYOMY RIOCYMOBYEAHHS DO3NO0GCIOONCYEMbCA NO 6CIM O00AMHIM Kope-
HsAM pigHaAHHA (7.31).

Bracmueocmi nepemeopenns Xaukenn 31 cKinwenHumu medicamu

Bumangok 1. & — kopiub piBHsHHA (7.22). HaitGinbiu yacrto 3yc-
TPIYAETLCs BUIAJ0K, KOJIM NapameTp £ , 10 BXOAWTh 10 o3HauenHs (7.21)
TpaHchopmanTh Xaukens J [f(z)], € KOpiHb TPAHCUEHAEHTHOIO PIBHSHHS
(7.22). Tlounemo 3 po3rJisay BIACTMBOCTEH MEPETBOPEHHS LIbOTO THITY.

IHTerpyroun no yacrtuHax, dauuMo, 1o

df
dl

"

LEZ ) dx —[Lf(L)J (&), -“[fta‘)%[z‘f“(wgl)]dz. (7.32)

SIKILO MPUIYCTUTH, WO 1 > 0, T0 [zJ, (€ )| mepeTBOpIOETLCS B HYIIb
NpH g = (), @ TOMY WO ¢ — KOpiHb piBHAHHS (7.22), To [zJ, (z€, )] ne-
PETBOPIOETLCA B HYJIb IMPU 7 = o . oMy nepiiuni Bupa3 y (7.32), wo y
KBAJApPATHUX AYXKax, JOpIBHIOE HY.10. [ani, Maemo

g:l_'[x‘]n (‘L‘Sx )] = JI‘ (.Efl ) T 5*1:‘]’{ (Ig‘ )

3 BaactuBocter pyHkuid becenss maemo

262, (2€) = x€J,_ (2€ ) —2€J ., (2€ ), (7.33)
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3 Apyroro 0oky

2/-1“]11 (511‘) o ‘TE:J;:-l (Igr ) + mﬁ!JuH (ng )
Td, TAKUM YUHOM,

%[wJV (2§, )] = 5%(# +1)aJ, _, (2€ ) — 5%(“ ~1)aJ,,, (2€). (34

[MTincrasasitoun Bupas (7.34) go (7.32), 6auyumo, o npu u > 0

2)=3 sl (=D, D=+ DT, (D] 039

J, (d:z:

AHaJIOrIYHO BUBOJAMUTLCSA CITIBBIAHOIIECHHS

2pff<.7:)],,(:c§,)da: = §ffxf<m>]/l_l(z§,)dm + S,Imf(;m.]“q(:n{,)d:r.
() 0 {

SIKE B MO3HAYEHHSX, 1110 BUKOPUCTAHI y BUpa3l (7.35), MokHA MOaaTH y

BUIJIs111
. f4)-
Axuo B cnisBlAHoWweHHAX (7.35), (7.36) f3aMiHuTH Ha df /dr Ta ckna-

CTH 1X. OTPHMAEMO
1 df d.f)
= 362 ) 9 (3|

d* f 1df
dz? :r dz

Bupas y n1Biii 4aCTHUHI OCTaHHBLOI PIBHOCTI MOXHa OTPHMMATH |1 IHILUUM

UUIAXOM. IHTErpyrouu nepiimii 4ieH no yacTMHaxX Ta 3ajMLIAloYMu APYrHi

yjeH 0e3 3MiH, 3Hal1IeMO

(f)+Ju1(f)] (736)

t\pl‘fﬁ

J, (7.37)

[}

d’f  1df i

f [dI .rdrz "(‘Léx)dl’ —
+ Y 5 df - "
T ag e (7% )}., R dT{dJ[ %, (T, )]—Jf-(-’-x.)}dl.
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[Tepiunit yneH B UbOMY BHMpasl 3HMKAE, a APYrMi JAOPIBHIOE

- [ e 1 (a6 )a

Ta MIC/A8 IHTErpyBaHHS MO 4YacTHHAX Jae€

—EafcarJ, (a€, +§ffu)[z§.],f' 2€, )+ J, (z€, ) iz .

Jdani, kopuctyounck Tum daktom, ulo ¢yukuis Becens J, (z€) 3am0-
BOJIbHAE AUQEepeHLIAIbHE PIBHAHHSA

A TR e [ I’_f;]J,,(;cgt) ~ 0,
Oauumo, WO
f % +.zlg£ N l;f] = aJ, (2§ )dz =
B ffffw (€, )d
ado

J [df LK. i “h,;f] == —a{}fuu]’,(a{l)—{fc’,, (f). (7.38)

dz* zdz B

Oco61MBO BaXAMBI LI Pe3ylbTdTH y BUMAAKY, KOAM u = 0. Sxwo y
(7.35) pu =1, 3HanaeMo

dr

e ) ==EJ,(f). (7.39)

AHanorivuHo, ko y (7.38) p = (0, TO KOPUCTYIOUHCh PIBHICTIO

! 4 e )
Ju(.@)— Jlﬁz)-
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OTPUMAEMO CMIBBIIHOLIEHHS

d’ 1 df
A A R AT e ACO R
Tomy, sKLIO 3 YMOBH 3a4a4i BiioMo, 1o GyHKUis f(a) AOPIBHIOE HYIIO,
TO

cf 1df)_ _p 741
1|+ L= -1, 74

[HOai MOTPIOGHO 3HATH TpaHCHOMAHTH JESIKMX MPOCTUX (yHKUIM. Hanpuk-
naj, BIJIOMO, IO

a

fT”*‘J (rrdr = a"ttJ ad.

;H-l
0

| TAKMM YMHOM, SIKIIIO B3SATH Y JIiBIM YaCTHHI IHTErpana z = £r,a = {a,
OTPUMAEMO

pi41

[ yrd, (&r)dr = “é T, (ag).

OcTaHHS PIBHICTb MOKA3ye, LIO

| a/1+l
Jh (:El ) — § J;H—l (aga )’ (7.42)
a TaKkoX
J o> = %CJ1 (at,) (743)

ne ¢ — craja. AHaJOrI4YyHO MaeEMo

a

‘[(a{2 —z* Yo I (€2 )de = ETJ (£a) — 25:

Tomy o ¢ -— KOpiHb PIBHSHHS, TO APYIMH YIEH MPaBOpyY MepeTBo-
PIOETHCS HA HYJIb, TOMY

o (a)-
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Jn(az-xQ)z_:;Jl(aga)° (7.44)
Haini, y 3B’83Ky 3 TUM, 110

2
T dia,_J (aa:)-l-x%J caz) + (a’z® — p*)J, caz> =0

Td

2T, (62) + 2T, (£2) + (627 — u*)J, (£2) =

MIC/Is MHOXKEHHS mepuioi piBHocti Ha J,(§z), a apyroi — Ha J,(az)Ta
MIC/A BIHIMAHHS OTPUMAEMO

(@% & Jal, cozn ], (Ex) =
d
N d:z,{ }

IHTerpyBaHHa no z Bia 0 10 a 3 BpaxyBaHHAM TOro, wo J, (€ a)aop-
IBHIOE HYJIIO, /1a€

J, (aJ,‘)ad; (&) — (f.z:)d J, caz>

a

(a® — §f)f:ch cormyly(Ex)de =& vy I (E&) s

1)

3BIJIKH
rJ, caz> fa
o], (§2)de = = J! (€a).
/ J“(aa,)lﬂ]“(éll) T 7 —5;’ J,,(f,a)
[To-iHwomy,
J, caz) a ,
/i J, caa>| o’ =¢€ Ju (&), (7.45)

a B OKPEMOMY BHIIAJKY

J, cax)

J(

= g—g J,(&a). (7.46)

’ J, caa>



Slkuio y Bupasi (7.43) ¢ = 1Ta nicas BiAHIMAHHA OTPUMAHOTO BHpa3y
Bia (7.46) oCTATOYHO OTPUMAEMO

J, caz)> J, (&a)a
J -1|=-
”l.]o(aa) ] (1—{3/&2)'

Bunapgoxk 2. Hexah £ -KOpeHb plBHﬂHHSl (7.25). Pe3ynbTaTH, 1O
AHAJIOTIYHI 10 OTPMMAHHX BHMILE, CIPABELINBI IS TPaHCHOPMAHTUH XaH-
ke 3 CKiH4eHUMHU Mmexamu (7.21), konu napamerp & , WO BXOAWTH 10
O3Ha4yeHHs i€l TpaHchOpMaHTH, € KOopeHeM piBHsHHA (7.25). PosrisHemo
MILE OJHY 3 BIACTHBOCTE# i€l TpanchopmaHTH. Sk i mpu OTpUMaHHI
criiBBigHOWEHHs (7.38), MaemMo

J+ (dj LI (e =

(747)

. [xif-.fn (&%)~ €] (é—x)]a -8 (o (6 0)a

Bupas, 1O MICTUTLCS Y Jy)KKaX, 3HUKAE MPH MiICTAHOBLI HUAKHBOI MEXI.
[Tpu nizcTaHOBLI BEPXHBOI MEKI OTPUMAEMO

—fx'](: (a'€, ) = h’J() (ag, ) ’

TOMY 1O & — KOpiHb piBHAHHSA (7.25). Tum camMum nokasaHo, o SKLIO
¢ — KOpiHb piBHAHHS (7.25), TO
d’ f Ldf) df ) 5
| @ zag) = ol )( thE) —&dD). 4

[le cniBBIAHOLIEHHS MOKAa3ye, NMPU IKUX 0OCTaBUHAX MOTPIOHO KOPHUCTY-
BaTUCA TpaHchopmaHTaMu XaHKes 3 CKIHYEHHMH MeXaMmH, IO BU3Hava-
FOTHCSl 3@ JOMOMOroto piBHsHb (7.21) Ta (7.25); a came, akuo f(z) BU3-
HayeHa y iHTepBad () < z < a Ta AKUIO

4 +hf =0 NMp¥ z = a. (7.49)

dr

TO
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d* 1d
I\ BT E| = En . (150
Bunanox 3. & — kopiub piBHsiHHs (7.31) Jlns 3acTocyBaHHS

TEOPEMH MM TMOBMHHI MAaTH CMIBBIAHOLLIEHHS, 1110 aHAJIIOTIYHE CIMIBBIAHO-
tieHHo (7.38). [HTerpyouu no yactuHax, OTPUMAEMO

a

[ 219, (26 )6, (a8, - 7, (06,6, (28] T5 +

0

1df

T dr

= ¢ {af @[7}(a£,)G, (a§,) - J, (a£, )G (€,)]} +
+¢, [{af o271 (266, (a€)) - 7, (a6 G (a8)] +
+f@l[J,(2€,)G, (a) - J,(a, )G (€, )]} dz.

Jlani MOXKHa MokasaTtH, 110

T )ao -

/ / ]' ']l' at
T.(€6)G, (§a) - GL(£D), (60) = o5 (éb)) 751)
TOMy WO sK J Ta (7, € po3B’sa3kamu piBHsHb beccens, 1o
r (d? df 1 df
J o\ G+ 22 )7 (66 (a6) = T, (a€)G, (a6, ) o

:[[%;—&;z}vﬂw[%,(wﬁ,)G,,(aé,) J, (a€)G, (z€,))d +

J, (§a
O T

$0) ponn & 7.51%
(f'b)f(b) fea ( )

OTxKe, B O3HAYEHHAX, 10 BUKOpHUCTaHI y piBHOCTI (7.30), MM MaeMO

H [df 1df @ =§’((EZ;

9
Axwo f(z)3Hukae npy ¢ =a Ta T = b, OTPUMAEMO

f(b) = fea>—&H,(f). (152)

dz? rdr z°

df  1d |
H[ fold p ]z—ffH,,(f). (7.53)

de? ' rdr x°
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Y nopanbiomy Oyae BUKOpPHUCTaHa TpaHchopMaHTa LbOrO TUIY (GyHKLT
(z* — a®)/z . 3 TaBAMYHMUX IHTErpajiB MOJKHA JIETKO BMBECTH, LIO

a

[ (& )3, (62)de (207, (62) - & («* ~ a*)J, (€2)] - (59

0

Hani, 3 ypaxyBaHHaM, wo ¢yHkuis Beccena G, 3a10BONbHSAE Ti caMi
PEKYPEHTHI CHIBBIAHOLICHHS, 1O i QYHKLis J, , 3HAHIEMO

a

f(;z:? —a’)G, (&z)dz = 213,-[213671 (§z)— & (22 —a®)G, (E2)] - (7.55)

0

[ToMHOXUBLUK cniBBiHOWEHHS (7.54) Ha G,(£a). a CNIBBIAHOLIEHHS
(7.55) na J (&a), micas BiAHIMAaHHS OJHOTO BiJl iHIIOrO 3HANAEMO

u

J (= a)[4,(62)G, (§0) - G, (€2), (€a)]de =

{
e = g

= == [/, (€0)G, (&e) - G, (£b)J, (a)].

KopHCTyIounch pPeKYpEeHTHUMU CHiBBiIHOLLIEHHAMHU

J,(68) = JI(ER) + 25 1,(60).G,(6) = GIlED) + 5 Go(€D

Ta BPaxoBylouH, o yHkwii J (£b).J (€a),G,(E)),G,(£a) 3an0BO/IBHS-
I0Th criBBigHOWEHHS (7.31) Ta (7.51), oTpuMaeMo piBHICTH

u

[ (2 = a*)[J,(£2)6, (€a) - G, (&2)J, (£a))de =

0
b -a’ J,(a)
b&:  J,(&b)

SIKY B MO3HAYEHHAX, 110 BUKOPHUCTaHI y (7.30), MOKHA 3anucaTH y BUIJIsALI

z* —a’, &' =b"J(a)
BRI T A €Ty

122



§ 8. IMlincymoByBaHHa €/120030i1KHHX
psiAiB Ta iHTErpaJiB

3 hopMyIH CyMH WIEHIB r€OMETPUYHOT MpOrpecii BUMJIMBAE

iq" e (8.1)

k=0 I-q
ok
zq?=—ln(l—q)’ (8.2)
k=1
> ket =—L .
k=1 ! (I—Q)Z (83)
- . 1+ q)

22 v _gU+q) 84
LZ:I, q (I—g) (8.4)

Tiacrarnsitoun a0 dopmya (8.1) — (8.4)

g = e—(A+iB) , (*)
YTPUMAEMO
ie—k( A+iB) _ e —cos B—isin B , 85)
P 2(chA—cos B)
Z—le‘“’”w) = —lln(l +e 21274 cos B)— larctg Asm = ; (8.6)
ka1 X 2 e” —cosB
i ke-k( A+iB) _ chA-cosB—1—-ishA-sin B
k=1 2(chA—-cos B)? (8.7)
i (2 ,k(avie) _ ShAchA-cos B—1-sin® B] _sinBlchA-cos B~1-sh’A]

" 2(chA—cos B)3 2(chA-cos B)®

e

(8.8)

203MOAUTIOIYM [IIICHY Ta ysaBHY 4yacTHHY B (8.5) — (8.8), orpumaemo
bopmyJiu:
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A

e ™™ coskB = Ml L ;
2(chA—cos B)
e sinkB = S5

2(chA—cos B) ’

M I I R R

_I%e-—kA cos kB = —-;-ln(l +e %4 —2¢74 cos B) .
le M ginkB = arctg Asm e
k —cosB
re A cos kB = chA-cosB—l’ ’
e 2(chA—cos B)* '

o0

|
Zke‘“ N . .
o 2(chA—-cos B)

AHAIOIHYHO MpU OOYUCIEHH] IHTErPAsiB BUXIAHUMU € GOPMYIIH:

o2 {

“ g -
je""dt=l,je € dr —lnqjte Vdt = 12

0 9% b 9

[Ticnsa miacTaHOBKHU (g = A +iB ) NPUXOAMMO A0 TAKMX IHTErpasis

Ie-mﬂlmdt _ ’&E_ lB’ ,
S A"+ B
% —(A+iB) -1

- 2 N A B
je € ar =-ln\/A‘+B’ —iarctg —,
) t A
o N Ag N Bg A
J.Ie—(.\wli)ldt =2 - 721:48 .
A (A B )

Po3noauniooyn AIWCHY Ta yABHY 4aCTHHY, OTPUMAaEMO:
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A% +B*

eV cos Btdt = 2A 2,“‘e"“ sin Btdt = B -,
A+ B \

- At - -—f
: COSIB' M ——Eln(Az-l-B )j -Ar smBlﬂ-arctgg
t

te™ " cos Btdt =

O ey, O ey § O Sy, §

— 2 e
A2 Bz s ,Je"" sin Bt - tdt = 22AB, =,
(A“+B”°) (A“+B°)

3asdannn o0aa camocmiiinoi pobomu

1. JloBecTu:

- | .
B Je"’" sin(gx+ A)dx = q COS): P’Sln A |
0

ptq

pCOS/l qsmzl

2 Je"""' cos(gx+ A)dx =
0

p g
s 2 B2
3. Je'”‘(l cosAx)——l s 28,
A x 2 B
4. Je sm)’xsma.x£=—l-l B'+(a+}/)"
0

x 4 B +(a-y)’

>, Ie "(cos Ax — cosBx)-({'—‘-z—]n +ﬂ 2
2 x 2 A'+p°

6. Je "(sin Ax —sin Bx)é-—arctg A’B)[,}.
4 X AB+ B°

7. I(l—e")cosx— ln\/—
()

e""B — Ccos O

do=In|t|-InB,B>0
o

o0
O Sy,
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7. Jt"‘e'"“ cos Bidt = o s e ),

A>0
2. O0uucIuTH
& —ya ~Bx 0= -PBx
e’ —e e’ —e :
o I cos Bxdx, 2 j sin Axdx,
0 * . X
=YX ~px pe .
e’ —e : 87 dx
3 I - sin Axdx, 4.j(e Ax _ 71" cos Bx)—,
0 x- 0 X
T -px o2 T - px dx
S.Je sin” Ax cos Bxdx, 6._[ sin® Axsin Bx—,
0 0 A
T =X = . : I —PE 22 : d.\'
W Je sin Axsin Bxsin Cxdx, 8. Ie < Xy

9. J‘(Ae'B"' sin Cx — Ce ™ sin Ax)d—'f.

X

3. 3HaWTHU CcyMmy psay

oC

l.z eI cos(2k + 1)y,
k=0

Z.Ee“(zk”“ sin(3k +1)y.
=0
3.2 e M cos ky .
=0

k=l

4 (7A +1)e P cos(5k + 1) y.

§ 9. 3araabHa cxema y3araJbHEHHOro MeToxy
IHTerpajJibHUX NepeTBOPeHb MPH HASBHOCTI
oaHOro aedexta

[Min nebextom BBaKaeThCs JiHis aB0 MOBEPXHS, HA AKiM TepruIsTs pO3pH-
BU abo cama yHKLIA u(x, y), abo il HopMabHA MOXiAHA A0 el JiHiiT (260
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MoBepxHi), abo i Te, i iHwe. Hexaii Ha koopauHaTHIN NiHIT x=a npw
h <y < h,€ nedekt. 11 BU3HAYEHHOCTI PO3TISHEMO BUMAAKH:

l) xoau 3a3Hae po3puBy po3ilyKyBaHa (GpyHKLis, ase 3anaHa (oaHa-
KOBa Ha Kpasfx) HOpMalibHa A0 UI€T JIHIT MoxijaHa, ToOTo

<u(a, ,V)> = u(a-0, )') —u(a+0, ..V) = X(.V)' (9 1)

u'(a+0,y)=u(a=0,y)=g(y), h <y < hy;

2) KOJIM 3a3HAa€ PO3PHBY HOpMasibHA MOXiAHA, aje 3ajaHi 3HAYEHHS
po3LyKyBaHol yHKLII, TOOTO

(' (@, y))=u'(a=0,y)-u'(a+0,y) = x(y),

(9.2)
ula+0,y)=ula-0,y)=g(y), ly < y<h,.

B obox Bunaakax Hesigoma dynkuis X(V)=0.ye (h,h,),
[I{o6 3acTrocyBaT CTaHAApTHY CXeMy METO/Y IHTErpajibHUX Nepe-
TBOPEHb, MOTPIOHO 00JacTh, A€ MOCTaBleHa 3ajd4a, po3OUTH Ha /IBi

Moao61acTl 3 CyMICHOK MEXKOI0 MO MiHill x=q, A€ PO3TAlIOBAHUI Je-
¢dekT. Axkuo nodyaoBaHO IHTErpaibHe MePeTBOPEHHS

ug(x) = _[Kz(" B)ry "(V)ux, v)dy,
2 (9.3)

uix, y) = J‘Rz(y, ﬁ)uﬁ (x)do A B) ,

3 AApOM nepeTBopeHHs K,(y,[3). o € po3B’a3kom 3ajaui ltypma —
Jliysinns:
r(pK3) = q,Ky ==PK,, by < y<b:

V,[K,]=0.i=0.

Ta rpaHdyHl yMOBH (1.3) oaHOPIAHI. TO IS KOXKHOI 3 Mij100:1acTei 3aCTOCOo-
BYETbCA IHTErpaibHe rneperBopeHHst (9.3) Ta 3a70BOILHAIOTHCA BiMOBIIHI
rpaanHi yMoBH 3 (1.3). [ToOynoBaH1 TakUM YMHOM PO3B SI3KM U TiI00/1a-
CTEH MOTIM 3UIMBAIOTLCA 3 BPAXyBAaHHAM YMOB Ha nedexti (9.1) ado (9. 2) Ak
pe3yIbTaT OJCPKYIOTLCS MapHI unerpzurbm PIBHSIHHSA. AJie LUeH TpaauiiiHKA
LLIAX HE MOXHA 3aCTOCYBATH, KOAW He ICHYye neperBopeHHs (9.3). CriiaaHocTi
BMHUMKAIOTh | Y BMMNA/IKY, KOJIM yMOBH (1.3) He € oaHopiaHuMu. BapiauT, 1110
Oyae BUKJIA/IEHO HWXKuUE, He NnoTpedye po30MTTS Ha Nnigo0acTi Ta HASSBHOCTI
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neperBopenns (9.3). Bin 6a3yerbcst Ha iHTErpaibHOM nerepBopenHi (1.4)
MO 3MIHHIM X, L0 3MIHIOIOETLCS y HANMPAMKY, WO nepeTuHac aAedexT, Ta
CKJIAAA€TbCs 3 TAKUX ONepaLlii.

JomHOkMUMO piBHsiHHS (1.1) Ha MHOKHUK 1 ' (x)K,(x,0), ajle iHTerpy-
BAHHA MO YaCTHHAaX MMPOBEAEMO HE HA BCbOMY IHTEpBaJli 3apas, a Mnicis
MOMEPEAHBOr0 PO3OUTTS IHTEpBajly IHTEPryBaHHA Ha ABa: (a,,a)Ta
(a,a;) . Sk pe3yabTaT OTPUMAEMO:

a, a a, a, ’
_[ K, (pu’Ydx =j1<,( pu'Ydx+ [ K, (p.u') dx=N,+ [ K, ( K, )dx+

a ag a

+n0[u'(a—-0, y)—u'(a+0, _v)]-—n,[u(a—O. y)—u(a+0, y)l bo <y< bl ,

ny = ng(a) = py(a)K,(a,a), n =n(a)=p(a)K(a,). (9.4)

Tyr N, Busnauaetnscs dopmyoro (1.6).

JIKUI0 AU BU3HAYEHOCTI BBAXATH, WO Ha AedeKTi peasizoBaHa yMo-
Ba (9.1), BpaxyBatu, wo B yepe3 (1.2),(1.3) N, =0, a rakox (1.7) Ta
(9.4), TO oTpUMaAEMO:

Lyug =13 (fu=mX )by < y<b; . (9.5)

Lle piBHAHHA pa3oM 3 rpaHUYHUMH ymoBamu 3 (1.8) Oyae Bu3HAuaTH
O/IHOMIPpHY KpaloBy 3agauy Ans TpaHchopmanTth u,(y). Popmyna ais
PO3B A3KY L€l KpaioBOi 3anaui Habyae BUIIIsY:

hl

b, . . I
—uy () =n, jGa(),n)xm)dn + [Cay:mfa(dn -,
j=0

(M) r5 (1)

hy bg

Hani, BUKOpUcTOBYI0uM opmyny odepHeHHs (1.16), orpumaemo yss-
JIEHHS WyKaHol QYHKLIT wu(x, y)4epe3 HeBigoMy dyHkuito x(y). Tenep
HEOOXIAHO BWIUIMTH HEPABHOMIPHO 301KHI IHTErpAAM Ta PsiM, 1O MICTATb-
Cs B LIbOMY YSIBJIEHHI, Ta OTPHUMATH [UTSl HUX 3AMKHYTI BIAHOLLEHHS, Mic/s
HOro OTpUMaTH Bupa3 s u'(x,y). Hactynna nigcranoska 3100yT07
MOXIAHOI B 1lle HepeasizoBaHy Apyry ymoBy 3 (9.1) na aedexrti npusese
J0 IHTErPasIbHOIO (SIK MPaBWIIO, CIHIYISPHOTO) PIBHAHHS 1 BU3HAUSHHS
Gynkuii ¥(y). IMokaxeMo ue Ha Takii 3anaui.
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Anmunnocka 3adaua 0A8 nNPyjCHOI NIGNAOUUHU 3 MPIWUHON
ma HcopCcmKUM 6KJIIOYEHHAM

Hexaii y npyXHOMY MBIPOCTOPI (—eo < x,7z < oo,y 2 ()3 BUIbHOIO BiJl
HaTMpYXeHb I'PAHMIICIO € TOHKE JKOPCTKE BKJIIOYEHHS Y BUIJISAI MOJIOCH:
0< y < b,—o0 < 7 < oo, 1110 PO3TALLOBAHO y TUIOWMHI x =0 . [ToTpidHO BU3-
HAYMUTHU M0JIE€ 3MillIEHb Ta HAMPY)XeHb, SKILIO [0 30BHILIHBOIO Kpar BKIIIO-
YeHHs J0JaHe PIBHOMIPHO po3Mno/iiieHe 3cyBHe (TOOTO Te, 110 JI€ Y3A0BXK
z) HaBaHTAXXEHHS IHTECMBHOCTI T;. [YT MOXHa BBaXXaTW HEHYJIbOBHUM
TiZIbKHM 3MIILEHHS w = w(x,y) Y3IOBX Bici z (aHTUIUIOCKA Aedopmaliis), 3
HanpyXeHb OyayTh ICHYBaTH TUIbKM JOTHYHI HAINpPYXEHHS:

T,.=Gw’,7,. =Gw ,G — MOayib 3CYBY. (9.6)
3dopMyIbOBaHa 3aja4ya €KBIBAJCHTHA A0 TAKOl 3ajaui:
w +w" =0, le <oo,y>0w' (x,00=0, (9.7)

MpyU LbOMY piBHsAHHS Jlamiaca MOBUHHO 3aJ0BOJIBHATHCS BCIOH, KPIM
obsiacTi, W0 € 3aHATa BKIOYeHHsM. IIpu nepexoal yepe3 BKJIIOUYEHHS
[IOTHYHE HATPY)XEHHS T . 3a3HAc PO3PMBIB, a 3MILLEHHs HEMEPEpPBHI Ta
MOCTINHI, TOOTO

(1.0, »)=G(W(O,y)=x(»), x=0, y2b 9.8)
w(0,y) =const, 0<y<b.

[{i ymoBM Ha BKIIOYeHHI € aHajor ymoB (9.1). Illo® oTpumatu aHaior
yMOB (9.2), nOTpiOHO BKIIOYEHHS 3aMiHWUTHU HA BIAMOBIIAHWH PO3pI3 (I10-
JocoBUAHA TPilMHA). SKUI0 Ha Kpasx po3pi3dy [J0JaHe OAHAKOBE IO
3HAKY TA BEJMYMHI MOCTIiHE JOTUYHE HABAHTAXEHHS T, =T, TO 3aMICTh
(9.8) byaemMo matu:

(w O.0)=0(y), 0Sysb, @(3)=0, y2b. 99)
Gw (-0,y) =Gw (+0,y) =1, 0<y<bh.

B po3risiHyTOMY BMNAAKy pOJib iHTerpajibHOro nepersopeHHs (1.4) Oyne
BUKOHYBaTH nepeTtBopeHHs Dyp’e.

[MomHOXHMO piBHAHHSA (9.7) HA €'® Ta MPOIHTErPYEMO MO YACTHUHAX
OKpeMO Ha iHTepBajiax (—oo,—0)), (+0,00). CTOCOBHO MEPLIOro 101aTKa
L5l omnepaLlis NMPUBOAUTEL 0. pe3yabTaTy:

129



0 oo
[ I * J- ’eiardx = <Hr'(0, ,V)> a ’a< M",(O’ .Y)> _azwa (y)’
—oo  +()

Ta 3a popmysamu (9.8),(9.9) ansa TpaHchopmant Myp’e OTPUMAEMO OLHO-
MIpHY KpaWoBYy 3ajauy

Wa (1) =0 we (y) = f(¥),0< y <oo; w},(0) =0, 9.10)

ne  f(y)=-G 'y(y)y BuMnaaky BKJIIOUYEHHS, To6TO (9.8), Ta
f(y)=iap(y)y Bunagky Tpiwiuuu, To6TO (9.9).

Cnaana Ha HeckiHueHHOCTI dyHIameHTalbHa (DyHKLS piBHAHHS 3 (9.10)
BH3HA4Ya€TLCA (HOPMYI0IO

=g
2la|

d(x,&)= -

@yukuis I'pina G, (y,n) kpaiosoi 3aga4i (9.10) noBHHHA 3310BibHS-
T yMOBI G, (0,n) =0, 0TOX 1i MOXHO Mo6yayBaTH y BUI/SAI MPOCTO]
KoMOIHauUil 3 ¢pyHaaMeHTalIbHOT GYHKLIT, TOOTO

¢ Ml pelvenl

e

(9.11)

G (y,n) =D®(y,n)+P(y,—1) = -

TakuM 4yuHOM,

b b
Wy () = J[<D( v+ @y~ fmdn = _[¢( y.)fmdn .
0 -b

Tyr BpaxoByeThes, o npaBa yactuHa B piBusHHI (9.10) gopisHIOE HYJTIO
Mpu y>b, Ta NPOBEACHO 11 NMPOAOBKEHHS NMAPHUM 0OpPa30M Ha Bia'€MHI
3HAYECHHS apTyMEHTY.

OTxe, y BUNaAKy )KOPCTKOI'O BKJIIOYEHHS

& oyl
G () = | T~ -

-b

AHAJIOTUYHO y BUMAJAKY TPILLMHKM OyaeMO MaTH

% otely-n| ?

I sgn(y-mn)
e =L [
wa(}) -J; 2ila| @(m)dn Yice ela”-"“’?l

¢'(n)dn .

~b
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[Tpu oTpuMaHHI OCTAHHBOI PIBHOCTI OyJO BMKOHAHO iHTErPYBAHHS MO
YaCTMHAX Ta B34TO 10 yBaru, mo @(b)=0.

HesizoMi ¢yHKLll, 3aBASKH 3p0OJEHOMY MapHOMY MPOJOBKEHHIO Mpa-
BO1 YyacTUHHU piBHAHHA (9.10), moBuHHI 6yTH MapHUMM, TOOTO

lx (=n).0(=n)|=|x (). ()] 9.12)

Obepratouun 3100yTi TpaHchopmaHTH, 3HANHAEMO

’ 1 el sosan
Gw(x, y) = J-)((I])dn J. —d o
L 2T

o
(9.13)

-~ -

ledly=nl ..
] J‘e smoajda.
27r0 osgn(y—mn)

OcranHiii 1HTErpaja po3paxoByeThes 3a aonomororo dopmyau [P 3.941(1),
OTKE, Y BUMAAKY TPILUMHU OTPUMAEMO DopMYy IS 3MillEHb

b
w(x,y) = —Iw'(n)dn
~b

b
w(x,y) = ol Jarcrg 2 ©'(n)dn. (9.14)
2r 2 y=1

Y BUMAJIKy 3a4a4l Npo BKJIKOYEHHS 3MIlLEHHS BUPAXalThCs Yepe3 po30-
DKHMIA 1HTerpaj. Lle noB’a3aHo 3 THM, 1[0 3MIlLIEHHS Y NPYXHiHA MiBIO-
IMHI MOYKHA OTPUMMATH TUIbKM 3 TOUHICTIO [0 aqaMTHBHOI cTanoi. Tomy,
U TOTO, 11100 no30aBUTUCA pPO3ODKHOIO iHTErpana, moTpibHO neperTy
ado 10 TMOXIJAHOI Bil 3MillleHb, a00 10 BIIHOCHMX 3MilIEHb.
Hanpukiaa, KOpUcTyoduch nepiuoio Gopmynoio 3 (9.13), orpumaemo

o v-1

f 1 (e | cosax—e_a'nl)da
Glw(x, y)- w(0,0)]= Jx(n)dn v I
b 0

(04

— 30DKHMIA IHTErpasl U1 BITHOCHUX 3MillieHb. PO3paxoByroum HOro 3a J101oMo-
roro ['P 3.951(8), orpumacmo opmyy ais 3MittieHb (y BUTIAAKY BKTIOUCHHS):

b
Gw(x,y) = L jln 5 x(n)dn+const . (9.15)
4r o

X +(y-mn)

Kopucryuucs (9.15), peanizyemo npyry 3 yMmoB (9.8) Ha BKJIIOYEHHI,
[0 MPUBEAE 10 PIBHSIHHSA
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-2]_71’ Jln I)’ inlx(n)dn = const, |yl <b, (9.16)

PO3B’A30K SIKOI'O BUIUIMBAE 3 BIZOMOIO CTIEKTPAJIBLHOTO CrIBBIAHOLLIEHHS. DIKCy-
IOYM JI0BUILHY cTany y (9.16) 3a 10rnoMoroio yMOBW pPIBHOBAru BKJIKOYEHHS

l b
~ [xman =1,
2
—b
3HAKUIEMO

72 2 -1
mx (M) =27,(b" -n") /.

Lls dopmyna pazom 3 (9.15) nae noBHUHA PO3B’A30K 3a/1ayi MPO XKOp-
CTKE BKJIFOYEHHH.

AHAJIOTIYHO, PEali3yrOuMd ApYyry 3 yMoB (9.9) Ha TpiluMHI, 3a A0TIOMO-
roto ¢opmyiu (9.14) orpuMaeMo CIHIY/SIpHE PIBHAHHS

b
L o)
27 _bn—y

dn =%’- |y| <.

[UIsl BU3HAYEHHS MOXIAHOI Bl/l PO3KPUTTS TPILMHU @(y). 3aCTOCOBYIOUH
CrieKTpajbHe criiBBigHOWIEHHS [A 12.2], 3HaiaeMo

’ . A
@) = 25,67 >~y 2
[loacraHoBka uboro Bupasy y (9.14) nmae noBHMM po3B’A30K 3a1ayl mpo
TPILLHHY.
Bunaodox nepemunnux deghexmis (3azarvna cxema)

Hexaii kpiM pgedexra Ha JiHIT x=a, € wWe AedeKkT Ha JiHii
y =h(cy < x < ¢)). Ans BU3HAYEHOCTI OyIeMO BBa)kaTH, 1110 HA HLOMY pe-
ani3yroTecs yMoBH TNy (9.1), ToOTO

(u(x,n) =y(x), y(x)=0, x¢& (cy.c)),

u'(x,h—0)=u'(x,h+0) = h(x), cpSxs¢. (9.17)

PosrnsHeMo kpaMoBYy 3agavy Ans piBHsAHHA (1.1), ane, ans y3aranib-
HEHHsl, y obnacti:a, < x<ay,hy < y<h, (10610 |hy.h | |by.by]). Tpu
LbOMYy 30epexeMo aBlI nepiul rpaHuyHi ymoBu 3 (1.1) , a aBl Apyrux
3MIHEMO Ha Takl ABI:
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Vi ] = Bigu(x,h;)+ Bu'(x, b)) = Bi(x), ay < x<a, i=0,n. (9.18)

IndepeHiianbHe piBHAHHS (1.1) MOBUHHO 3a10BOJILHATHCS BCIOM BCEPE-
AuHI obnacTi, KpIM TOYOK, 11O criBnagaioTe 3 aedexkramu. Ha nedexrax
MaloTh MicLe BUInoBiaHo yMoBH (9.1) ta (9.17). s po3B’s3aHHs 3(hopmyiib-
OBAHOI KpahoBOI 3ajiadi 3aCTOCYEMO IHTErpaibHe reperBopeHHs (1.4) 3a cxe-
MOIO, 1110 OTNMCaHa BUILE. SIK pe3y/IbTaT OTPUMAEMO OHOMIPHY KparoBy 3a/1a4y

Lyu, = —rz"(fa +Mmx), hy<y<h, y#h, V,-O[ua] =B,,, i=0,n (9.19)

U1 Toro * audepeHuiasbHOrO piBHSAHHSA (9.5), 10 1 y BUNAagKy OAQHOrO
nedexTy, ajie 3 TIE CYTTEBOIO Pi3HMLEIO, 10 PO3B’A30K KPaMoOBOI 3ajaul
(9.19) moBMHEH MaTH CTPUOOK MPHU NMEPExo/il Yepe3 TOUKY h, 11O BU3HA-
yaeTbCs HOPMYJIOHO

(a )=V Vo = [ OK G0 EME, 920)
AKa OTPUMaHa B Pe3yJbTaTl IHTErPAJbHOIO NEPETBOPEHHS MNEPILOT 3 YMOB
3 (9.17).

BianoBifiHO 10 BUKJIA[EHO! paHILlE CXeMH PO3B's130K KparMoBOI 3ajaul
3AMMUIUEThCS Y BUIUISAL

1 e
U (¥)= D W (3B = P2 (G (v )= [ == (("n’;’) fa(m)dn -
i=0 h, 2
ha 92]
IGa(,v,n)x(n)dn e
_nl *
r(n)

hl

Tyt Gy(y.mTa y,;,— ¢yHkuis [pina Ta 6a3ucHa cucTemMa poO3B'SA3KIB
kpaioBoi 3aaayi (9.19). Iliacrasusuu (9.21) B (9.1), 3Haigemo wykaHy
byHkuio u(x, y)Ta il noxiany. Peanisauis apyrux ymos 3 (9.1) Ta (9.17)
Ha gedekTax NMPUBOJNTH /10 CUCTEMM IHTErpaJlbHUX PIBHAHb BIAHOCHO
GyHKWA y(y)Ta W(x).

TyT MOKHA MOMITHTH, L0 BUKJIA[EHA CXeMa J03BOJISIE HE TUILKU PO3B s-
3yBATH 3a/1a4i NMPY HAsIBHOCTI NMEPETHHHUX AC(DEKTIB, ajle i 3aCTOCYBATH LICH
MiAXiZA 10 BUMAJIKY, KOIH € TUIbKK O/IMH AedekT abo AeKlibka, ajne 3 OJHOIO0
Koop/MHaTHOrO ciMerctBa. Lle Mosxe OyTH Ouibll 3PYYHILLIMM Y JICAKUX BH-
naakax Ta 0a3yeTbCs BiH HA TOMY, 1O TNEPETBOPEHHS 3BEPLUYETLCS, AK 1Y



3BUYaUHOMY METOI IHTErpaibHUX MEPETBOPEHb, MO 3MIHHIN, 1110 3MIHIOETh-
cA y310Bx aedekry.

Anmunnocka 3adaua 018 npyxcHoi niGNAOWUHU C NEPeMUHHUMU
MPIUHOI0 A MOHKUM GKJIIOYEHHAM

Po3riisHemMo 3arajibHy CxeMy Ha NMpMKJIadi aHTUILUIOCKOT 3a7adi mpo
JKOPCTKE BKJTFOYEHHS, 1110 PO3B’A3aHa BUIIE, ajle YCKIAAHWUMO MOCTAHOBKY
HassBHOCTIO TpIWMHU (3 BIIbHUMHU BiJl HamnpyxeHb OeperamMu) Ha
BiAPI3KY y =b,—~c < x<a. Toai no xpaiiopoi 3azaui (9.7) ta (9.8) Heob-
XIIHO [10JaTH TakKi YMOBM Ha TPILUMHI:

(wx,b)=w(x), =0, x&(-c,a), w'(x,b-0)=w'(x,b+0)=0. (9.22)

3acrocyeMo neperBopeHHst Dyp’e 10 piBHaHHA (9.7) 3 ypaxyBaHHsam (9.8).
AK pe3ynbTaT NPHXOAMMO 10 OAHOMIPHOI KpaitoBoi 3amayi (y #b)

wh (V) —a*w, (y) =—-G ' y(y), 0<y<oo: w, (0)=0 (9.23)

3 IOBEJICHHAM TPaHC(OPMOBAHOI 3a JOMOMOroI0 neperBopeHHst Dyp’e nep-
ol 3 yMoB (9.22) Ha TpillHUHI:

a

(wa(®) =¥ = [ Sy&as 924)

—-('

Po3B’s30k po3puBHOI kpaioBoi 3aaaui (9.23), (9.24), BianoBiaHO 10
(9.21), 3anuiieMo y BUIJIsII:

b
Wo (V) =y, G, (y,b) —EJGO,( yv.mx(mdn . (9.25)
0

Tyr G, (y,n)— dyukuis I'pina kpaioBoi 3anaui (9.23), BM3HaueHa
dbopmynoro (9.11), BianoBigHO 10 AKOI
2G*(.b) = e PPl sgn(p — y) 4+ 100D (9.26)

Y 3agavax 3 TpilIMHAMM 3pY4HO ONMEPYBATH HE 3 PO3KPUTTSM TPillMHH,
a 3 woro noxiaHow. Tomy npeobpaszyemo dbopmysy neperBOPUMO Uis
WV, 3 (9.24), npoiHuTerpyBaBilid MO YaCTHUHAX IHTErpa

jw'@emﬁdg =y ©e=], ~ia jw(é)d"’*’ dg
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3aiHTerpaibHUi YIeH TYT 3HHKAE, 6O PO3KPUTTS TPILLMHHM MO KPasix
JOPIBHIOE HYITIO, TOMY

1 [ ’ ITe7
wa=-.—fw (§)e“dE .
ia J

BpaxoBytoun ne, Ha ocHosi (9.25), (9.11) Ta (9.26) maemo

~lay-n| a4 e iak
y iy I Ve déxL—fauy_b. _—— n)+e-|a||y+b|],

2o

2ic

l 7
W= jb 2(m)

Tyt dyukuis X(1) napuum 06pazom NpogoBkKeHA HA BiA'eMHi 3HAUYCHHS
aprymeHTa 3 BUKOpUCTaHHAM opmyiau (9.11).

3a ponomororo GopMya obepHeHHs 3HaHAeMO

~a|y-n|
do+

1 J' cCoSQ xe
2T o
0

b
1
b ," —_—— d
w(x, y) G__[)Z(n) n

+ [wi&a : | b ] [Sg““’ -'v)+e'““'+b’}da. 927)
£ 27r0 o

a]b—-yl
£

HeBnactusi interpanu, wo Mictsatecs y (9.27), posrisHyTi y nore-
peaHii 3aaa4i. Ha ocHOBI BMKJIaICHOTO TaM 3aMMCYEMO

1
w(x, \’)——J]n 2 x(n)dn+
X+ (y-m)°

- J w'(E )[arctg Z-é +arctg Z-g }lé + const,
— .y )

(9.28)

b
) 1 y—1 ,
y X, Py =— — S. ~ d —
w (X, ) ZGHJ ) x(Mdan

4 A._é
a 3 - 8 \d
:’:.[(-\'-5)"‘*'([)—)')' (1—5) +(b+;) }4’ (§)dS.
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[Ticis TOro Ik HepaBHOMIPHO 301kHI iHTerpaiu B (9.27) nepeTBOpeHi
B moTeHLiamu abo ix noxiaHi (9.28), MOKHA peasli3yBaTH IHLII YMOBH Ha
nedextax B (9.8) Ta (9.22). Tyt 3py4HO 3aMiHUTH ApPYry yMoBy 3 (9.8)
Ha Take: w'(0,y)=0, 0L y<bh. Sk pe3yabraT OTPUMAEMO CHCTEMY
CIHT'YJISPHUX IHTErpajJibHUX PIBHAHD

‘E)dE =0, -b<y<b:;

X(n)dn [ 267 - 2GnE
M=y EX(b—y): E(b+y)’

(b mx(mdn 26r 2Gr(E-x) | .,
+ Yde.=0, —cE£xsa,
x +(b-1n)° _Cl:é—x (5—x)2+4szlw(5 :

3po6maum 3aMiHy 3MiHHOI Ta PO3OMBIUM IHTEPBAI IHTEIPYBAHHA (—c,a) Ha
mBa (—c,0)+(0,a) , WO CUCTEMY MOXHA MPUBECTH A0 CUCTEMHU TPbHOX IHTer-
paJbHUX PiBHSHB, 10 3adaHi Ha iHTepsas (0,1).

AOOOATOK A
Tabauus iHTErpajibHUX NepeTBOPEHb

[Toc/iA0BHICT PO3MIllIEHHS MaTepialiB B TaOIULI MPUHATA TaKa:

I. TIpoMiKOK, Ha SKOM Jll€ NMEPETBOPEHHS.

2. Bianosigna 3agava Iltypma — JliyBuuis.
3. TlpaMe iHTerpajbHe MepeTBOPEHHS.

4, dopmyna obepHEHHS.

A. TleperBopennss Dyp’e

1) CkiHueHHe CHHYC-iepeTBOpeHHs Dyp'e

l.ay=0,a,=a,

2.u"+ Au=0,u(0)=u(a)=0,

= jf(x)sin oxdx
0
4.f(x) = EZfa Snaros 2
2 =

a
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2) CkiHyeHe KocuHyc-nepeTBopeHHs Dyp’e

1. ao =0,al =a,
2.u"+Au=0,u(0)=u’(a) =0,

= Jf(x)cosaxdx,

4.f(x) = -:I[fo + 22 fycosox]a = ﬁ
k=1

a

3) IloBHe ckiHueHHe nepeTBopeHHs Dyp’e

l.ay=-a,a,=a,
2.u"+ Au=0,u(—a)=u(a),u’(—a) =u'(a),

4f (== Zfa a——

Hecranpaprui crinvenni cnnyc-nepersopenns ®yp’e

l.ao =O,a| =d4a,

2"+ Au=0,u(0)=u'(a) =0,

= Jf(x)sin oxdx ,
| 2w . . w(2k -1)
4.f(x)=— E SIN OO0 = .
(%) e Ja 2a
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5)

l.ag=0,a,=a,
2.u”+ Au=0,u(0)=0,u’(a) + hu(a) =0,

3. £ = j £(x)sin ouxdx .
0

o0

4.f(x)= zi £, sinoc.
k=l

Oy

. N (
} 00 =0 KOpPIHb TPAHCLEHAEHTHOI'O PiBHAHHS =——

T P
T2 2@+ h?)

Hecranpaprui ckinyenni kocunyc-nepersopenns ®yp’e

6)
l.ao=0,a| =4a,
2.u"+ Au=0,u’(0)=u(a) =0,
3.7 =If(x)cosw‘dr,
0
2+ (2k —1)
4.f(x)=— oxo = .
X akzzlfacos o ™
7)

l.ay=0,a, =a,
2.u"+ Au=0,u’(0)=0,u’(a)+ hu(a) =0,

3. [o = Jf(x)cosaxcix,
0

4.f(x)=sza COS O,
k=1 Ok
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A€ 0= KOPIHb TPAHCUEHJECHTHOTO DIBHAHHA ougoa =h ,

h
20f +h%)

O, =—+
p=—
2

Hecranpaprui ckinvenni nepersopenns ®yp’e

§)

l.ao =O,al 3
2.u"+ Au=0,u’(0) = hgu(0) = 0,u’(a) + hu(a) =0,

S1n oL

3. F = j f(0)lcosou+ hy 2% 14y
0

o0

4.f(x)= Zi folcosox+ h,
k=1

Oy

SIn oL

I,

AC & —_-ak KOpeHb TpaHCHCH,IIeHTHOI‘O p]BHﬂHHﬂ —

a az‘-hohl’

2 2
h2 h h a; +h
q’)l 0 ; 1 A 0

da
o, =—(1+ - > 5 —
o, 20 200 (ap +h°)

9)

l.ay=0,a,=a,
2.u"+ Au=0,u"(0)=h u(0)=0,u"(a) =0,

3 =j F(0)lcosox+h %00
4 (94
4.f(x)= Z—l—fa[cosax+ h smax]’
k=1 Ok 3

e 0 =0 KOpIHb TPAHCLUEHAEHTHOIO PIBHAHHA Qtgow = h ,
2
a h* h
< oy 20

139



10)

l.ay =0,a, =a,
2.u"+ Au=0,u"(0)—h u(0)=0,u(a) =0,

SIN O

= j F(x)[cosox+h fa

SIn o

4.f(x)= 2— folcosax+h ]

€ =0y KOpIHb TPAHCLEHAEHTHOr'O PIBHAHHSA fgQa = —0h,

W' h 2h%al + 3 —ak
2" wt 20f 1+ h’a;}

O'.=

1)

l. a,=0, g, =a,

2. 0 +2u=0. u@=0, u'(a)+hua)=0

3 fu= jf(x)sin orxdx
0

(1] +h*a’ )sinox

fa

4. f(x)-—X (p" +h'a’ )+ha 3

'un ha
, U, >0 — KOpEeH! pIBHAHHA CIgU =——,

a u
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12)

l. ay=0, a =a,

2. u' +u=0, u’(0)=0, u'(a)+hu(a)=0,
3. fy =J'f(x)cosaxdx,
0

2 & (u: +h*a’ )cosax

4 f)==) Te

@ et (u,f +h a2)+ha ’

o =E-"-, u, >0 — KoOpeHi piBHSHHS CTEHU =:—a.

13)

l. a,=0, a =a,

2 u”-}-lu:(), u’(0)+hu(0)=0, u(a)=0,

3. fu = [ F¥@x)dx,

Y(ax) =aacosax+ahsinoax,

2 Y(ox) :
f('r) — 4 > B | ja
4. Qi (u,j +ha- )+ha ’
_H, o ha
o = W >(0 — KOpEHI pIBHSAHHA CigU =——.
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14)
l. a,=0, a =a,

2. W +Au=0, ' (0)+hu(0)=0, u'(a)=0,

3. fo =[FO¥(@x)dx
0

Y(ax) =oacosox+ahsinax

_2 ol Y(ox)
4+ z(u > + hla 2)+haf"'-~
o =L , U, >0 — KOpeHI pIBHSHHS ctgu=£—.
a ha
15)
l. a,=0, a =a,
2. " +Au=0, W' 0)+hu0)=0, u'(a)+hu(a)=0,
3. fo = f f(x)¥(ax)dx
0
WY(ox) =aacosax+ah sinax ,
= W
s f0=2 (‘”)f
an |
||\P||2=%(uj+hja2)-'{(pj+h1a) [hza+( +h,a2)]+
+h,a(uf +h.22a2 )}
_H4, . _ M hha
o Py >(0 — KOpeHI pIBHSHHS ctg,u—(h‘_'-h?)a T T
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16)

l. a,=0, a =a,

2. W +2u=0, ' ©)+hu(0)=0, u'(a)+hu(a)=0

3. fo = [ FO¥(@x)dx
0

Y(ax) =aacosax+ahsinax,

- Y(ax)

f(X)—— fa
4. ,,2((;1 +h*a’ )+2ha ’
un y . # ha
="z >( — KOpeH] PIBHAHHSA clglU = — .
7 M, KOp pIB CIgl 2ha  2u

17) HaniBHeckiHYeHHe KOCHHYC mnepeTBopeHHs Dyp’e

l.a, =0,a, = oo,

2.u"+Au=0,u’(0)=0,u™ (x) <00, x = 00,k =0,1

3.f, = | f(x)cosaxd,
0

4 Fly=" j £, cosaxda.
Tt 0

18) HamniBHeckiHueHHe cHHYC mepeTBopeHHs Dyp'e

l.a, =0,a, = o,
2. u"+Au=0,u(0)=0,u™ (x) <00, x = 0,k = 0,1

3.f, = jf(x)sin ot xdx,
0

4. f(x) = -2—J‘fa sinoxda.
4 0
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19) ITosHe neperBopeHHsT Dyp’e

l. a, = —o0,a, = oo,

2.u"+Au=0,u®(x) <oo,x = teo,k =0,1

3.f, = ]: f(x)e ™ dx,

1 T -iax
4. f(x)=5_[° f.e " da.

b. IleperBopennss Mestina

1) CkiHueHHe CUHYC-TIepeTBOpeHHs MesniHa

l.ag=a,a, =b0<a<b<ee,
2. t(xu')'-t-lu =0,u(a) =u(®) =0,

Jf(x) sin(e In i)é

a x
Zfasm(aln )a—-ﬁb--
ln( ) k=1 In—
a

4.f(x)=

2) CkiHYEHHE KOCHHYC-TIepeTBOpeHHs MeiiHa

l.ag=a,a, =b0<a<b<eo,
2.x(xu’Y +Au=0,u"(a)=u’(b) =0,

b
= Jf(x)cos(a]ni)ix-*
a x

[fo +22fa cos(aln—) o _Kb'

ln( ) k=1 In—
a

4.f(x)=
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3) HecranpaprHe ckiHUE€HHE CMHYC-TiepeTBOpeHHs1 Menina

l.ag =a,a, =b0<a<b<eo,
2.x( ru')'+).u =0,u(a)=u’(b) =0,

If(x) sin(e In -i)ix-
@& X
4.f(x)= . Zfa sin(@In2), 0 = A ;1) .
In(—) %=1 ¢ 2In =
a a

4) HecraHaapTHe CKIHYEHHE KOCHHYC-TIepeTBOpeHHs MesutiHa

laag=a,a,=b0<a<b<o

2x(xu’Y +Au=0,u’(a) =u(b)=0,
b

3.f, = j Fisdicoslzin 52,
" a X
4.f(x)= - £, cos(eln2),a == E ;1).
In(=) %=i ¢ 2In—
a a

5) BUKIIOUHHMI BUMAJ0K CKIHYEHHOrO CHHYC-NepeTBOpeHHs MelutiHa

l.ao =0,al -=da.,

2.x(xu’) +Au=0,u(a) = 0,|xku“‘)(x)| <oo,x —0,k=0,1,

= Jf(x)sin(a In x)ﬂ
0

4.f(x) =£J.fa sin(c In —{)da.
T a
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0) BUK/IIOMHWH BHUMNAA0K CKIHYEHHOIO KOCHHYC-TiepeTBopeHHs MestiHa

l.ay =0,a, =a,

2x(xu)' +Au=0,u(a) = O,lxku(“ (x). <oo,x—0,k=0,1,

u

3.15= Jf(x)cos(alnf-)gi,
. a x

4.f(x)= EJ‘ fo cos(aIn ﬁ)da,
e a

7) HaniBHeckin4yeHHe mepeTBopeHHs Menina

l.ao =O,al —~ 00

2.x(xu’) + Au = O,kau(k’(x)l <00, x>0, x >0, k=01,

3.f, = j FOOX*dx,
0

Y +ioo

4.f(x) = Jfax“"da.

Y

8) HecranzapTHe HarniBHECKiHUEHHE CHHYC-TIEpeTBOpeHHs MeiHa

lay =a,a, ==,0<a < oo,

2.x(xu’)' +Au=0,u(a) = O,'xku(k’ (x)l < oo, x =00,k =01,

o - dx
S =J‘f(x)sm(aln%)7\,

4. f(x)= —Z—J‘fa sin(o In i)dOC.
T a
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9) HecrangapTHe HamiBHECKIHYEHHE KOCUHYC-TIepeTBOpeHHs Meiiina

l.ag =a,a, ==0<a<eo,

2.x(xu)' + Au=0,u(a) = O.I.\‘kll(k)(x)' <oo, x —oo k=01,

o0 ) (L_
3.fn = ff(x)cos(aln%)—;-,

4.f(x)= Ej‘fa cos(oxln i)da :
s a

B. IleperBopenns Jlanaaca

l.ag =0,a, =,

21"+ Au=0,u(0) =1,

3fu = [ F0e™dx,
0

y+ioo

I oux
4f()=— jfae dor.
y—ieo

I'. IleperBopenus XaHke. s

l.ao =O,al =°°9

2
214'+lu'+(l—v
x

oG

3 f j F(x)xJ, (ox)dx ,
0

yu=0,u(0) = 0,|u| < oo, X — oo,

2

4.f(x)= j f.0d, (ox)de.
0
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C OCECHMMETPHYHBIM TEMIIEPATYPHLIM NOJIEM

Tabnuusa IT*

I1. 1. Uuterpansnoe npeobpazosanne Xaukenss QyHkumn f(p) AIs CIUIOMIHOIO UHJIMHApA

I ' pannunoe

4’

ObnacTs UuTerpansioe npeobpazosaHue ®dopmyna obpauieHus a°f 1idf
R U306 It I
(p=r/R) z;.:o;uil dynkuan £(p) f(p) 300pakenne dpz S
0<p<l | lpoms ' (u p)-— M, f D (W) =1G f ()
fm=[plwp)f@)dp. | f <p>-22 : |
0
U, >0 — kopHH ypaBHEHHS
Jo(u)=0
0<p<l | lpoa = ' (1) 5 Jom)f =i f(u,)
)= [pdou,p)f (P)dp, |/ (P)= 22 :
0 n=\ 0 ('J,"
U, 20 — KopHH ypaBHEHHS
J| “'L) =0
0gpsl | Lol ] To,p) = (Sl M+BifM)]-pl fu,)
S f(n)= j plo(L,P)f(p)dp, | f (p)—22 ” "B'O? “j"f fa,) | °
KO3 pHLLIHEnT 0 n=| (un +B17)J, ([.l,,)
tennoobmena)

*Tabnuui B3aTi y [4].

i, >0 — KOpHH ypaBHEHHA
W () = BiJ o (1) = 0

(Bi1 = hR)
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1. 2. Unrerpaisnoe npeobpasosanne Xaukeas QyHkuuu f(p)

[MpoposxkenHss Tadbauui I

JUIA CIVIOIIHOro uHJIHHApa,

TeMIeparypHoe 1oJjie¢ KoToporo He siBJisieTci OCECHMMETPHYHLIM

Obnacte | I'pannunoe d? 1 d 2
= Unrerpansioe npeobpasopame ldf n~
p=r/R ﬁ;f;ozui ] bysxwn £ (p) ®opmyna obpaieHus HU3obpaxenue dpz 5 dp ()2 f
0sp=l tpom | f(p)= o () FOD =R F (M)

f (M) = jpfo(unkp.).f (p)dp, ap) = ‘ ; e
0 ?2 o f(/'lnl ) (./"(Z) ='d_"n(z))
W, >0 — KOpHH ypaBHEHMHS S (“nk A
J,(L)=0; n-uenoe
Osp=l| wpoma | | F(p)= T W D=1 F )
f(“ nk )= ijrt (“nk p)f(p)dp’ J ' " | " .
= 22 ”nk n ()unk P) 7( )
Mk
W, 20 — KopHH ypaBHEHUA (.U,,k -n*)J, (K )
J,(W)=0 (npun#0 k=1,2,
3,...,npun=0 k=0,1, 2,3,
cees Hgo =0)
0<p<! | mpoma |— j f f(p)= [F' ) +Bif O, () -
i= (o )= | P, (R P)f(P)dp, L
@i=hr) | (Huk P «P)J(Pldp _22 T o (H,,kP) f(# ) -l f(,)

W, >0 — nonoxurenbHbie
KOPHH ypaBHEHMHS

WS, (W) +BiJ, () =0

(Bi = hR)

(Bl +#nk —-n )‘In (JunL)
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[TponosxeHHs Tadauw 11

I1. 3. MuTerpanbubie npeoOpazoBanua Xankeas GpysHkuud f(r) UIA NmoJOro uMJMHHIApa
C OCECHMMETPHYHbIM TEMIIEPATYPHLIM 110JIEM

| pauuuHbIe
Obaacte i Murerpaasnoe npeobpazosanue pynkumn f(7r) ®opmyna obpauieHns
npw [pu
R. <r<R, 1! lpona | _ i [ F
| “ | poaa F(py) = Ir‘*‘k(uk ',g')f(’)d" - ‘Pkka }TJ__
R | Jli= Y ek P
, ; : =0 ¥l
o — =Y, (U, )/ — = J (1Y, —
&[“k R, ] (Mg ) n[!-lL R, ) (1 0(“& R, } nzpfjlz(pk R, )
My >0 — KOpHH ypaBHEHHS | llz} L k>0
R, R ¥ | 2| 42 2 R,
Yo d, lu=2 -7, )y, u—== =0 2R, [Jn(l—lk)“Jl[l»lx
1 (1) |(U R, ) (1) l(“ R, ] R,
(g =0,%y =1 2
R; - R}
k=0
R <r<R.| m |mposa [_ R, , o
| “ | poaa (h) f(p‘)-‘[r%(p-k—]j(r)dr - Vil Ky E‘l‘ i |
R, ! f(f’)=2 - S (1)
r r r aa 'W""
Y. lu, — |=Y J —|=J )Y —_
A[PL R, ] (M) u(l‘& R, J (M) u(lla R, } - R? ! ] %
" t""’zzj'(“*)+2zx
Hy >0 — KopHM ypaBHEHHS Mk h™R,
£ Ry % - i
Yol u =2 |- 7 (W)Y p—+ Ry |_ & Ry =1
Yi(J | p—= |=J (WY, | 1 —=
WL R
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[Mpopoxenus tadauin 11

[‘paHnuHBIC
Obnactsb ol Unrerpaibioe npeobpazosanue dyuxuun f(r) ®opmyna oOpatieHHs
pH [Ipn
R, <r<R, |lpona | lpona |__ & . "
: 2 f(p.k)=J‘r‘Pk p.‘L /(r)dr, f(r)zz 2 \Pk(pk -R—y(“’lg )'

R, R' k=1 Il\P‘ Il l

Wl iy, — |= 70| 1 ra () =T o Wo| 1y — T “k‘&‘

k| Mk R, 0| Hx R, 0\Hx o\Hg Mol Mg R, I ) R,
2
W, >0 — KOpHHM ypaBHEHUS ||‘Pk || 2R.‘°‘[13(uk )“-’oz(l-lk _R_g_):'
R‘) RZ RI
Jo(WYo| L— |- Yo (L) -/ — =0
o(H o[l-l R, ] o (. o(l-1 RIJ
R, Sr<R, [poga |lpoma | __ R, § ( .
“ fy)= I"Pk(“k F]f(f)dr; . Vi| My ‘kT B

R | fn=Y ———"Lf(u,);
, : : =

Wil By —]= Yo Wof B — [=So (e )Yo| My — R
% R, Ry nzl-lijlz(llk ‘l]

i, >0 — KOpHHM YpaBHEHUS ] _ R,

[l

R R
YO(P)J|[Hf‘]‘-’u(ﬂ))}{“k—?']:0




[TponosxkeHHs tabauui 11

[ pannuHbIe
Obnacrsb ycnom: Murerpansioe npeobpasosanne Gynkuun f(r) ®opmyia odpameHns
1pH pH
<r<R, |lpoma |llpona |__ Ry - ]
RS » |Fuo= | "*’k[“k’r"}"’)"" fn=2 [“‘ R }7(“‘)

g R, = ¥, I [
r > _ 2R} | ., llf

Y.|u, — |=Y, J J Y; =—0qJo ()| 1+

k[pk Rn] oMy ) 0[ Rx] o(Hy) o{l-lk Rl} " &" p;{ 0 ”[ h2R?
-2
i, >0 — KopHH ypaBHCHHS XJol 1y ;| M J, pk-&— ~]
o R hR R
¥ [ R - | | |

Yool u—= |=Jo (W)Yo L —=

LRy - J__H
' ( R?_ W ( R?. ) hR|

Yo(J | u—= [-Jo (Y| 1

o ad
I | pona K, £
<r<R — r
Rl ! 2 poaa f(“k)': Jr\'l_;‘ [p‘ - y(r)dr . \'P‘ uk ‘l‘_\,—l‘J—
R | f=Y ——Lf(,);
| , = [
\P‘ My J Y](“k)‘][ ) J (uk)y()( J R
( N 3 % nzuilé[uk —2]
U, >0 — KOpHH ypaBHEHMS - al
2
| R, R [ Ry
Yl(ll)Jo[M-]-‘f]-Jl(M)Yo[uR—2]=0 2RI (y) - J4 Ky &~ R,
| l




£Cl

[Tponoxenus Tadauui 11

[ pannyHbIC

Obnacts it HMuterpansioe npeobpasosanue dpynkuny f (1) ®opmyna obpaileHHs
HpH [pn
R,
R <r<R,| W lpona | _ 2 i ;
' i pona f(ll/.): jrq’g[ll;}/(l)dr; o qlk[“k —R_l-)_
(h) R, ! f(r)=z —= f (e )
4 ( R, ) r k=l "\}“ "
"Px{ﬂk— =Yo| My == Vol My — [~ 5 5
B A ol =i g3 e 2 |14+
T, R, h2R|2

1, >0 — KOpHHM ypaBHEHHUS ol “7;7{‘—

R:)_ § I A n “”\
~Jo| My R [0 PkE“' iz
| \ 1) . :
x[ = I(Pk)] }
R, ¢
Yo[lik ’;’}’O(uk)_j() Ky . o(Hg)

R, i  hR
Yo[}lk _k:},l(pk)—JO e — Pi(pg) '

!
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I1. 4. Unurerpaiibhbie npeodpazoBanun Xankenas Gpynkuuu f(p)
TeMIepaTypHoe 1ojie KOTOPOro He SiB/JSIETCH OCECHMMETPHYHLIM

[Ipoposxenus tabauwy I
IS MOJIOTr0 LHJIMH/PA,

Obnacte [‘panuyHble ycaoBus . o H3obpaxenne
HTerpanbHoe rnpeobpazoBanie 2
Ry <r<R; [npup=Ry | npn p=1 " e 71(0) i : f - Zf ¥ "i P
p=r/R, dp”~ Pdp p
: .
- p <1 I posa I posa = , . k (p' nk p) L R()‘Pnk (,"nk RO ) X
"o S )= JP"’M (L« P)f(p)dp; f(p)= "‘P " S() % F(Ry) -
Rl Ry k=l nk :
Stk 8 . B
[ ’ RZ ] \Pnk (»unkp) - Yn (ﬂnk R())Jn(#nkp) i I \Pnk : = l u';k\_*:nk (u"k )f“)
= 'In (‘nunk R() )yn(um{'p)' 2 —u"" f(u"‘ )
i, > — KOpHM ypaBHEHHUA [‘P k (Mg ) = RO nk (.unkRo }
¥, (R, (1) =T, (HRy)Y, () =0,  [3ACCH W Adiee
n — HeNoe W, Ry) = d'¥ (L P)
nk \Mnk 10 d
(“ nk p) p=R
HT. L
R, < ps | L pons pasa r | nk (“ nk P) = A Hok R()‘P ik X
" 0= [P ) f)dp: | f(P)= Z e LE LI WP
Ry nk 8
ak (M) S (1) =
lpnk (p rnk p) = Yn ("1 nk R() )‘In (p' nk p) e "\Pnk "2 - 12 2k.__.“ : f
—J (L Ro)Y, (L, P), 2 = Mo f (1)

W,x >0 — KOpHH ypaBHEHUHA

¥, (R ), ()=, (URy)Y, (1) =0

X [Wfk —n* YWk (M) -

= “3& qu‘l?k (ounk R() )]




[Tponoxenus Tabauui Il

Obnactn [ paHuy4HBIE YCIOBUSA 5 . H3obpaxenne
HTerpaibHoe npeobpasosanue -
RI <r< R2 npu P = R0 npu p= | q)YllKluiM f(p) (DOPM)Jla 00pateHHn f l‘fji-n_f
p — r/R;, dp p dp pz
Ry<p<l I'pona fiipona | _ Yo (M P) = ] Mo Ry (#nkRo)f(Ro) +
0 =P (Bi=hR) f(unk )= ‘[p\ynk (“'n& p)f(P)dP» f p Z " ) b ¢ k(ﬂ &)x
R“ =] "‘ 1 n
x| f'(1)+ Bif (1)|-

\Pnk (pn&p)zYn(“nkR(b)‘lvv(“nlp)— "\P : ’_‘ l" % [fz_ f ]

o Jn (K nk R() )Yn (H nk P), “Hu ~Hu f(u"‘ )

W, >0 — KOpHU ypaBHCHNUSA X [(Bi2 +u,,& n’)W: () —

B, () + H¥,, (1) = 0; - WA ROV (i Ry))

o (W, (1) =Y, (R, (1) =
(W4 '

o ‘In(uRU)yn(ﬂ )

R,<p<l Il pona I poaa — i ! - ‘P" (u" P) . 3 “nk‘yl‘rk (”nk )f(]) o
0 SP Fuu)= [P¥umup)f@)dp: [ £(0)= ":P "x F); riipmyecnting
R, k=] E ) P onk Nk TN
)y —

¥t @) =Y, W)L )= P = —— 292 1,0)- Mot S (B

. Jn (unk )yn (’Jnkp)' . nk

M, >0 — kopH#u ypaBHeHUs! ~(Riup —n* Wi (0 Ry )]

Y, (0, (0 =J, (WY, (=0




oS 1

Obnactb [pasnuHbIe YCIOBHA e :
HTCIpaibHOE NpeobpaioBaHue
RysrsR;y lapup=R, | npu p=1 bynxumn f(p)
p = r/R;
R,<p<l Il pona I pona — :
j (l'lnk )= J.p‘ynk (“'nk p)f(p)dp~

Ry
\Pn& (pn& p)= yn (M e R() )Ja {9 p) =
= J;r (p' nk R() )Yn (p'nl p)'
W, 20 — KOpHH ypaBHEHH

¥, (WR)J , (W) —J , (UR,Y, () =0,
Hog =0 Wy =1



[TponoBxenus Tabsmu Il

M3obpaxenne
dopmyna obpateHus d*f 1df n’ 7
A e
dp” pdp p°
C \Pn n ) \y”l‘ (u"")f.(l)-
f(P)= : ukp f(p'nt _R‘\y ( RO)X
P "\y » E ok Uk _
| X f(Ro) = Mo f (M)
"\Pnk ] 7 X
?‘I’ln/«‘

X [(ﬂjk - nl )\Pnzk (dunk yo=
e (“3& R(‘lz S n?— )" 3" ('u"k Rﬂ)}
"le "‘2 &

2% (ST (T

| 2
L':E(l e R(, ), k = ()

2[J' (.UULR(») -’l (Lo )] kS0




0= (") " — (") g
—A:k T TR = T + Dy ag) - suHangrRdL undoy — (< Yy
w yu u ‘ yu u yu ;. -
A« ﬁ:..\l. <~ll:v..\.x IAatlvﬁ. yu «NQN 22 __ezsr__ 2 A.Q ) Al lv r
X ("M "' - B é I —(@™ D "D =D g
n_civ\_muﬁ.g /] o L d %a.v i a_s (") S (Y =151)
J £ . yu C 0 u : \ } x—n i o w. =
XA..Q «:ﬁ: «:}c = ( VN. (d ¥ 1) «z} M A v.\. _ — erod | eirod g1y 1Sds :~\
() "A"yr) " r —
= () (%) "k = () ")
Yt g\ yit yu ‘0= (" wrd—=0) " 41
—A:m« ) Toh( u— Oy ") - 0 =) An—(n) ;“.“m m
oy [ — (M) VR — P 4 u_m:_ B guHongRAS nudoy — () < 1y
77 «:lN .AQ «:q.::\i .\:—.:..\\,I
= 0 C u
s Canx & | " «}__ —( A7) "y «.::..x =(d") Y K
% «:\T.V\ o )
~[(0 A +./] e 1A= arl  0p) rrymag _m (rty | =
x (M) Mg, AL (e L 1) B 4 w = . 2 : R = |  ewod evod | [5ds %y
/ 9 dpu o0 < fi=d
- N MHA. e b
R R Y suHaIMTRdgO BIrdWdo o:_amOmM%%.\.ua_”_”““ahWEu:_: 0l | =] Bpsusy
annanedoos g EMEOIDA didihiied | 4.1IR1O()

[ MMIrQeL BHHMKOY O] |
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[Ipoanosxenns Tabnumig 11

Obnactb I'panmyHbIE yCI0BUA . o U3obpaxenne
HTErpasbHOe npeobpaloBaHue 2 .
Ry <r<R; |upup=R, | npu p=1 L ®opwmyna obpauenns d { +lf!£_f_2_
p= r/Rg dp® pdp p
Rysps<l | MWpom | Mpoma [ | Y () = o () [ () -
Bi= ki) )= ijm WP f(P)p; | f(P)= Z w, | T®a: [ (Ry) - Bif (Ry)x
o l X Ry (Ho Ry) =
For W P) =Y, (M ) (M P) - "‘l’"k" =2 — 12 F ()
' Mok ' n
I Jn (u’m( )Yn (un& p)’
x[(ﬂk ~n* )W (i) —
W, >0 — Kopnu ypaBHeHUs n nk M
Bl‘[-'n (uR‘,) - “\Pn (“'R() )=1() —(Bi R() + #nk R() n )\P nk (”nk R())
oA 2 : » WY (i, )x
Ry<p<lI 0:pod wepoas | : , _ X Yo (ukP) = nk Wk
(Bl| :th) (Bl| = h|R) ./(“n/c )= Jplpn& (“onkp)f(p)dp' f p) ‘z::l II L " f u"‘ ) x[f.(l)"”Blzf(l)V—
) . — Ry . (1., Ry) X
\Pn' " )=|B Yn( k) — 4 l il o
&(lu 'kp [l/ll u /\Rﬁ "\P"k" 2,12 X XU'(R())"Bllf(R())]"
—”nk Yn(unk Rﬂ n(unkp) = 4 i L . : S
Wk () + (2 —n?) ™ i S B

—[Bi,.ln(/.l,,,\R‘,)—

— ot (U R())b/n(unkp)'
M, >0 — KOpH#H ypaBHEHUS
B, () + 1, ()
<[Bi Y, (aky) + 0¥, (aky))-
[Bi:Y.,(m + uY,L(m]x

X [Bi|.l,,(,UR(p) + ;IJ;,(#R‘, )]=
=()

X ‘Pf:l- (M) — I-l,fk R(?‘Pﬁ- (. Ry) —
— (Mg Ry —n* )W (1 Ry )]
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[Iponosxkenns tabmauiy 11
[1. 5. Unrerpancubie npeodpasosauns Jlexanapa ¢pyuxunn [ (1) ans mwapoBbIx obiaacrei

HurerpansHoe

Obnacre I’Sammuoe npeobpazoBanne Dopmyna obpatieHus Onepartop L(f) Ero usobpaxenne
cloBHe .
’ bynkuun (M)
-l1sn<+l [Tepnoanyeckas 1 = YD d 5. df —n(n+ ])7(,1)
< — = = ——— (I- —
remneparypa | f(n) jf(n)x fm z(, > f(m)P,(m) n n-) =
-1 n=
x F,(n)dn
0<n<l Iposanpn | f(2n+1)= . - d [ ) df] 2n+1)Py,,,(0)
~ M=) 4n+3)fQ2n+1HP,,, () [—|d-7")— i
x=0 . S § f Waun (M dn an| |xf(0)-
= [ £ )Py, (i i
0 =
X f(2n+1)
)< n <l 1 poja npu 7(2}]) = = — d [ 2 df] "Pz,,(O)f'(O)—
N M)= ) (An+1)f(2n)P,, ( ==p ) — —
x=0 | ALY g 2Py, (M) dn dn =2n(2n+1)f(2n)
= [ ranp, mdn
0
-1<n<+1 ﬂcpuozmqe}cxas T(n,m)= T, @)= —?_ ) _nz )d_T J§ e )):T:(n, =
gy | INToRRS ] R I S x> 2n41)(n+m)! an om
S rm,¢)= = JI‘-’ "PP (1) =E 2 Z 2n—m)! >< 32
=1(N, 9 as T(n’ ¢+ 27) ey m=—oa n=(0) - 1 T
xT (1, @)dnde. xexp(im@)P" (T (n, m) (1-1%) 9¢’
P (M) —
NPHCOEAHHEHHAsA

dynkums Jlexanapa
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[pannuHoe UurerpansHoe
O6nactb yClIoBHE npeobpazoBanue ®opmyna obpatieHus Oneparop L(f) Ero u3obpaxenne
dynkunn f (M)
Nosnsl | lpomampn | fp)= fm = d [ 1_nty &) | -8
n=No L . 2n+ DB m).f () dn dnj  [xm0)f )~
. P"'m d E i d S i 2 a—
[ eman paman = a=n L] | m? —n(n+1)f (n)
Mo dn — £,
n — KOPHHU ypaBHEHUs =0}
P"(‘M)(no)zo; "l:O, l,2,3,...
1
n>-——,
2

n — HEC LEJI0C YHCJTO




NOOATOK B

Onaun MeTox oTpuMaHHs IHTErpaJbHHX NepPeTBOPEHb

1. TToyneMo 3 po3B’sa3aHHA KpaioBoi 3aaaui LlItypma — JliyBinns

Ly(x,\)=Ar(x0)]" y(x,A)=0, a,<x<a, (1)

Ly(x,\)=o,yy(a;,A)+0o,y(a,A)=0, i=0,1, (2)

ae j — camocnpsbkeHnid onepartop Lltypma — JliyBinns, o6ymMoBieHHiH
dopMy:1010

L, y(x)= -[p(X)y'(x)]’ +q(x) y(x) -

Bynemo BBaxatu p(x), p'(x), qg(x), r(x) HETEPEPBHUMHU (DYHKLISIMH
Ha BiApisky &y, 2], a r~'(x)>0 Tam xe.

Kpim Toro, y cucremi (1) A — mnapamerp, a, <e i BiaMiHHi Bix
Hyns, a O, — AikdcHI uMcna, i=0,1.

Jns BU3HAuUEHHS pO3B’I3Ky KpahoBoi 3aaaui (1) Buxoaumo 3 yH-
JIAMEHTAJIbHOI CHCTEMHU PO3B’A3KIB @y (x,A) 1 Yo(x,A) audepeHLianb-
HOTO pIBHSHHA 3 (1).

111006, kpim audepeHuianbHOro piBHAHHA KpaioBol 3aaaui (1), 3a0-
BOJIbHUTH M OAHY 13 KpaioBUX yMOB y (1), Bubepemo po3s’asok (1) y Buai

y(x, ) = @ (6, A) X0 (X, X) = %o (X, A) @, (x, 1) (3)
ado y BUJI
Y2, A) = Qg (X, X) g — Xo (s A) L)@ - (4)

Skuio Bubpat po3B’a30k y BUAdi (3), To Apyra rpaHuuyHa ymosa B (1)
OyJle TOTOXKHBO 3a/10BOJIEHA, a SIKILIO BUKOPUCTOBYBATH (4), T€ TOTOKHBO
Oyne 3aaoBosieHe neplie piBHsHHSA. B ofox Bumaakax, mo6 obuasi rpa-
HHUYHUX YMOBHM (1) Oynam 3a10BOMNEH], 1O0CUTB, 10O BUKOHYBAIACs PIBHICTh

lo®@o (X, M) Lxo (X, A) = Igxo (X, A) L@y (x,A) = 0. (3)

Kopeni A=A j»J=0.1,2,..., UbOrO TPAHCUEHJACHTHOIO PIBHAHHA i OyayTh
BJIACHMUMM 4yMciaaMu Kpanosol 3aaaul Lltypma — Jliysinns (1).

JUI OCTaTOYHOro PpO3B’3aHHS OCTAHHBOIO MOTPIOHO MOKA3aTH, IO
PIBHAHHA (5) Mae JMiYMIbHE YMCIIO MIMCHUX HE KPATHUX HYIIB i BIIACHI
(yHKLI, 10 BiAMOBIAAIOTH PI3HUM BJIACHUM YMCJIAM, OPTOTOHAILHH, TOOTO
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a PO, 2k,
: Y(x’}\'j)y(x?}\k)dx j

(6)
A (PR

BiACYTHICTb KpaTHHUX KOPEHIB pIBHSAHHA (5) BUIUJIMBAE 3 TOro, L0
KOXXHOMY BJIACHOMY 7»,- 4YMCJIy BIAINOBIAA€E He Oulbll OJHIET BJIACHOI
byHkuii y(x,A ;). Ue nokazano B pob6ori [12]. [Ins nokasy Ji4MIbHOCTI
KOPEHIB PIBHSIHHSA (5) BapTO 3BECTH KpaloOBY 3ajauy A0 PIBHOCHJILHOIO
1 IHTerpajbHOro piBHsHHA [12]. 3 wiero MeTow nobyayemMo GyHKIIO
I'pina G(x,§) caMmocnpskeHoi KpaioBol 3aaayi

Ly(x)=f(x), ay<x<a,

[.y(x)=0, i=0,1. (7)

BuxopucToByroun (yHAaMeHTalIbHY CUCTEMY PO3B SI3KIB Y (x) nnde-
peHulaanoro PIBHSIHHS L Y (x)=0, j=0,1, 3HaX0aMMO 0a3ucHy cHUCcTe-
My pO3B 'a3K1B [7] Y (x) Kpauoam 3aaaul (7), Tobto ¢yHKLT, 10 BO-
JTOAIKOTH Bnacmmcno

Ls\yj(x)zo, a,<x<a,

[,wj(x)zaua l*]zovl : (8)
Tom ¢yHkuito I'piHa BU3Ha4Yaemo no Gopmyi

Co‘I’o(g)‘Vl(-"), X<§’
coWo (W, (8), x<§,

ae ¢, ' = p(x)W(wo,w, L{s BesMuyMHA MOCTIMHA, OCKUILKKM BPOHKCIaH
Oyab-IKHUX ABOX JIIHIKHO HE3aJIE)KHUX PO3B’S3KIiB y;(x), j=0,1, audepeH-
L1aJIbHOTO PIBHAHHS 3 (8) Mae BIACTHMBICTH p(x)W(vO,vl)—const O
MEPeBIPSETHCA OE3MocepeIHbO.

Bonoairoun ¢yHkuiero I'pina kpaioBoi 3aaaui (7), 3soaumo [12] 3a-
nauy Iltypma — JliyBinns (1) 40 IHTErpajbHOIO pPiBHAHHS

G(x,8)=G(&,x) ={

o
(p(x)—lj.g('(x,é)(p(é)dé——-O, ag Sx<ay; 9)
110

13 CAHMETPUYHHUM 1 HEMEPEPBHUM $/IPOM
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G(x,£)
K(x.E)= ;
P J r(x)r)

Mpu 1boMy y(x,A) =Jr(x)p(x).V [12] noka3aHa piBHOCUJIBHICTb KpaW-
oBOi 3azauyl (1) 1 iHTerpanbHoro piBHAHHS (9). 3BiACH 1 BMILIMBAE
JMYWIBHICTb 1 JIHCHICTb KOPEHIB PIBHSHHS (5), TOOTO BIAaCHMX YMCEl Kpai-
oBoi 3agaui lltypma — JliyBuuis (1) 1 iHTerpansHoro piBHsiHHA (9), a
TAKOX OPTOTOHAIBHICTD (6) BiracHUX GyHKLIN. AKIIO Tenep CKOPUCTATHUCS
TeopeMoro posknagaHHa Crewiosa [12], To ycaky ¢yHkuio f(x), WO
3a/10BOJIbHSE I'PAHUYHINA YMOBI [.f(x)=0,i=0,1, 1 Ma€ HenepepBHY ApY-
ry MOXiAHy Ha BiAPI3Ky [a,,a, |, MOXHA PO3KIAcTH B PIBHOMIPHO 36irato-
YUHCA Psifl MO BJIACHHUX QYHKLIAX 724z, kj.) 3agaul Illrtypma — JliyBinins:

fx)=2¢;y(x1))- (10)
j=0

CKOpPMUCTABUIMChE OPTOTOHAIBHICTIO (6), 3HaWAEMO KOe(ILlIEHTH pO3KJia-
AauHs c;. Takum unHOM, 3amicth (10) Oyaemo matu

o0 v(x,)\. D oyl )
=N = = FC) e 1
’Z’“"’" )’("*7‘1)”2 "JO -

SKIo Tenep y3§MTU OO0 YBaru YTOYHEHHS TEOPEMM po3kiaaaHHs CTek-
70Ba, 3pobieHe B [12], TO OTpUMaHUK Pe3yJbTaT MOXKEMO CHOopMYJIIOBATH
y BH/Il HACTYMHO! TEOPEMH.

T eopema. Axwo susnavena mpanchopmanma pynxyii f(x). 1O
3a71a€ThCS PopIMYA0I0

By ) f(x)

= ) dx »

!
ap
Mo 018 OMpUMAHHA oOpu2inany, mobomo camoi yHkyil f(x), 6apmo cKo-
pucmamucs psoom

L V(xvx )
flx)y=) ——.
AT

f;

Wo pienomipno 36icacmocs, koau yukyis f(x) Henepepsna Ha |a,,a, |

163



Mae nOXiOny 3 CKIHYEHUM 4ucaom pospusis na |a,,a,| i 3adosonvusc
epanudnum ymosam | f(x)=0, i=0,1.

3anponoOHOBAHUNA METOJ OJEPIKAHHS IHTErPaILHUX MEPETBOPEHD YKE
3aCTOCOBYBaBCs B poboTI [8] s OKpEMMX BHIIA/KIB.

Y pobori [9] ans oaepkaHHS HOBUX IHTErpaJibHUX TMEPETBOPEHb 3ac-
TocoBaHuM MeToA Tutumapuua [14]. BukiageHuM HUXKYe METOAOM BHBE-
JeMO Olnbll 3arajibHi iHTerpajibHi NEpeTBOPEHHs, YUM OTpMMaHi B [9).

2. Y pobori [9] mia ¢pyHkumii f£(0), 3aJaHUX Ha BiApi3Ky [(oo,a),],
ne W, <0, ® <m, Oyn0 BUBEAEHO HOBE IHTErpalibHE MNEPETBOPEHHS,
SAPOM sIKOro Oysia sHiliHa koMmOiHauis chepuuHux GYHKUINA, BEpXHI 1HICK-
CH AKWX OY/IM UUIMMHM MO3UTUBHHMMHM YMCIaMU. Sk nobaummo HMXKYE, JESKi
KpaloBl 3a/aui MaTeMaTU4HOI (I3UKM MOXHA PO3B’A3yBATH TOYHO 3a
JAOTIOMOI'0I0 IHTErpaJibHUX TEPETBOPEHD 3 SAPAaMH, L0 MICTATh chepuUHi
(GyHKLIT 3 BEPXHIMU 1HAEGKCAMH, 110 € MO3UTHBHUMH, ajie He LUIMMH YUC-
naMy. JlaMo y3aranbHeHHs pe3yJibTaTiB poOoTH [9] Ha ueid Bunanok. s
LIbOI'0 PO3IJISHEMO OKPEMHUM BUIAJA0K KpaloBoi 3aaayi (1):

Ly, (®,v)-v(v+]D)sinBy (8,v)=0, w,<8<w,<n, m=0,1,

m

"y (0,v)=0, i=0,1, (12)
Je v — napamerp, audepeHuianbiui onepatop Ltypmy L mae Bua
L y(©)=- [sin Gy'(e)]' + uzcosecey(e) .
a rpaHu4Hl QyHkuioHanu B (12) Bu3HauaroThes hopMysiamMu
Py(0)=y(w,), I'y(®)=hy@)+y (0) i=0,l, (13)

MPUYOMY /2. — JIIHCHI 4Kcna, U — no3uTuBHE (He wije) uucao. Kpan-
KOIO MO3HA4YeHa MoxigHa 1no 6. MyHaaMeHTaIbHOK CUCTEMOIO PO3B’s3KIB
audepenniaanbHoro piBHsiHHA 3 (12) Oyayrte [1] chepuuni ¢ynkuii
P! (cos©) i Q! (cos0) , TOMy BIANOBIAHO /10 BUKJIAAEHOTO B M. 1 po3B’ss-
KOM KpanoBux 3aaady (12) Oyayrb dyHKLII

y,,(8,v) = P! (cos0)/"QF (cos ) — Q! (cos0)/" P! (cos0), m=0,1,(14)

a BJIACHI YUCIA V=V p3d =0 Lyenes OyyTb BU3HAYATUCS 3 TPAHCLIEH/ICH-
THUX PIBHSHbD
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QU =Ly B (cos0)]" O (cos 8)— 1y O (cos 8)1" PH (cos 0) =0, m=0,1. (15)
[Ipn ubomy posknananus (11) sanuuierscs y Buai

oo 9, i Wy
f®)=3, i [ yu(0.v,)sin0 £(8)d0, k=0,1. (16)

I PRSP

[Tepur, HiX chopmymioBaTh aHanor TeopemMu 3 m. 1 1S PoO3rIsHyTOT
YaCTKHU BUIMAIKY, 3aHMeMOCsT 0OUYUCICHHAM

2 ml
"= [ ya(8.v,)sin8dB=0", m=0,1, j=0,12,...

[EMCRS
Wy
3riaHo (14) maemo
0‘;} :bz‘l\‘,” +aZJ\(,2’ —Zab.lf,m . (17)
a=1"P"(cos0) = g b=1"Q!(cosB) = e

I 4 [P (cos®) ]’ “
" }:J{ v 1608 )} sin0d0, J\‘,O)z JPv“(cose)Qt‘(cose)sinGde.
17 ) 6, L) (cosB) -4

Tyt 1 nani nia v mMaemMo Ha yBasi BnacHi uucia Vv;. Adns obuncnenus
IHTerpanis, sk i B [8], BukopucroByemo meroa Jlommenst [3], 3acHOBaHMi
Ha OMepyBaHHI 3 ABOMa JudepeHLiaibHUMKU piBHSHHsAMHU JlexkaHapa

LU(B)=v(v+1)sin0U(B), LV(8)=y(y+1)sin0V(0), (18)

PO3B'A3KaMH SIKMX BIAMNOBIAHO € DyHKUIT U (0) = P} (cosB), QO (cos®) i
V(8)= Py“ (cosB), Q;l (cosB) , 1 1110 J03BOJISIE OfepKaTH GopMyay

o [U(B)V(8)sin®8~V (8)U (8)sin 6]”
jsin U (0)V(0)dB = =
: viv+D)—=y(y+1)

Cnuparounchk Ha wio Gopmylly i BUKOHYIOUM oOrepalii aHaJoTiyHi,
npopodJieHum y [8], 3HaxoauMo
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= d .l,l =
7 P! (cos0)— P! (cos9)
{ 3 }=— | sine{ v "

H d_Au
| Qy (c0s0)— =0y (cosb) |

| P (cosB) -ﬁ% P¥(cos®)

—sinBq | —@v+D)IY =
Oy (cos 9)-:—th‘ (cos6)

-~

; : o,
= [sin 0 P" (cos9) 4 Q! (cosB) —sin O P* (cos H) 34 Q! (cos 9)] =
\Y% dv Vv \Y dv Vv (DO

. . o
= [sin 00! (cos 0)-L P* (cos 8) —sin OO (cos 8)-L P* (cos 9)] ’
dv " ' dv ¥ Wy

P (cos®) = %P\f‘ (cosB) - (19)°

[TincraBuBlUIM OTpuMaHi BUpa3u B (17) (mpuyoMy Mpu MiACTaHOBLI 2J“,°)
BAPTO BUKOPUCTOBYBATH CYyMY ABOX OCTaHHIX BHpPasiB), OJAEPKHMMO

r lm 4 |
_.[ pv el Qn\: d Q:,"“:| ’ ’n___o’l . (19)
v+Drok v R

q\
l
5
=
—~
D
<
-
-
o
I

A

( (
I 1+i(p+v)\l“ l+l(p+v)
5 5. 2
L =2-H._A L\
. 1"(1+l(v u)\l“(1 1
. 2 ) \2
[Ipuiimarouun B yBary (19) i cniBBiaHOweHHS (16), yCTAHOBIIOEMO HOBE

IHTErpajibHe MEPETBOPECHHS

o)
"= [ y,(6,v,)sin0£(0)dd, m=0,1, j=012,., (20)

Wy
3 HOpMYJIOIO OOEpPHEHHS
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- m(e’v')
fO=32m ",

j=0 O

f. an=0l. (21)

J

m
Wy

[Tpy LboMy 1t pIBHOMIPHOT 301XKHOCTI 3aMMcaHoro psay Ha (yHKLIO
A§) BAPTO HAKIACTH Tl K OOMEXEHHS, IO U Y TCOPEMI.

3. I'lpu opepxaHHi chOpMYILOBAHOIO PE3YJbLTATY 3 METOKO 3aIMILATUCA
B paMKax peryJspHocTi kpauoBol 3amaul llItypmy — JliyBuuis 3pobieHe
oOMexeHHs @, # (.Y OaraTbox 3a4a4yax MOTPIOHO IHTErpalbHE NEPeTBO-
penHs (20) mpy ®, =0. B pobori [8] Take nepeTBOPeHHs Ul LLIHMX MMO3M-
TMBHUX 3HAYEHb BEPXHIX 1HACKCIB chepuyHMX (YHKLIN, TOOTO KOMU WL =m,
fe m — UJIE YHUCIO, OTPMMAHO TPaHMUYHMM MepexoJoM w, — 0. Ilpu
LIbOMYy BUKOpHCTaHa dopmyna 3.6.1 (2) 3 [1] ana P)"(cosB), oTpumaHa
TaM METO/IOM, Y SKOMY ICTOTHO BMKOPHUCTOBYETBHCS T€, IO 72 — LIIE
no3uTUBHE 4yucao. 11106 3pobutu y dopmyaax (20) 1 (21) rpanuyHmii ne-
pexin ®, — 0, HeoOXiaHO MaTh aHamoriudy gopmyny ans P (cos8) mpu
L He uutomy*. Taka dopmyna orpumana i Mae BUa (s 0<B< )

'(v+1)sin* 6

P" (cos0) = SOFTERY

2

—

F(l+u+v,u—v;l+p;sin2§). (22)

[Ilo® nepexkoHaTHucs B 11 CrpaBeUIMBOCTI, JIOCHTh TEPEBIPUTH, UIO
U(B), obpana y Buai (22), 3aa0BONbHAE AUdEpeHIIaIbHOMY PIBHSIHHIO
Jlexxanapa (18). 3 npeacraBaeHHs (22) BUIUIMBAE, 11O

pit e
F (cose)lezo—o, u>0,
. (23)
Ié"Pv“(cos(-))|%_O =0, posl

3 oryiAny Ha ue, 3poOUMO rpaHHuHKMM nepexin ®, — 0 (®, = ®) y dop-
myiaax (20) i (21), npuyoMy LieH nepexia Kpauie 3podutH y ¢dopmyii (16),
3 AIKOI BOHM OTpUMAaHI. 3a3HauyeHU IpaHUYHUI Mepexij MonepeaHs0 3po-
OUMO B TPAHCLEHAEHTHOMY pPIBHSHHI (15), 3 IKOr0 BM3HAYaKOTHCS BJIACHI
yucria V. Y cuiy (23) TpaHcleHIeHTHe piBHsHHS (15) nepeiize B PIBHSIHHS

l,’"f’v“ (cosB) = l,"'ﬁv“ =1 m=0,1, o =0, (24)
1 BaacHi ¢yHkuii (14) 6yayTs BU3HayaTUCs GopMylamMu

y, (8,v) = P*(cos®)/"Q" (25)

* ¥V [10] rpauuuuuii nepexia 3pobneHuii HEKOPEKTHO, TOMY TYT BHECEHI
BIAMOBIAHI 3MIHH.
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m
[Ipu rpannyHomy nepexoai @, — 0 y Bupasi s anu rOJOBHUMH

BHECOK Oyae BHOCMTH [0AaHOK —[y'Qf = J =—(4"P}'), TOMYy WO

Y ov
0! (cosB)| -

SAxuwo Bce ue Bpaxysatu y ¢popmyi (16), To npu o, =0 dopmyau
(20) 1 (21) nepexoasATb y HACTYIHI:

w ~
fI' = | PF(cos8)sin6 £ (0)dB, m=0,], (26)
0
o P! (cosB) »
f(9)=20 - > d m=0,1, (27)
. P¥ (cos@)

TOOTO K BjacHI QyHKLIT MOXkHa OpaTu

- y,.(8,v) =P (cosf), m=0,],

a HopMa o0umcaeThes 3a dopmyoro (19%). BaxauBo BIA3HAYUTH, LIO
TPaHCLEHAEHTHE PiBHAHHA (24) npu m =0, ®, = = @=7/2 Mac pPo3B30K
y sBHOMY Buil. [iHCHO, Y LbOMY BMIIAJAKy BOHO MNMpUIIMaEe BUI

P* [cos —2—] P“ (0) =

/,H-v

-
=I“(v+l)r’(1+u)\/5[r(‘u+v+l) ['(1+ )F(— p;v)] =0. (28)

Axuio BpaxyBaTtH (22), a Takox hopmyay 3.8 (50) 3 [1], To piBHsIHHS
(28) 3anuueTbCs Yy BU/II

3 ornsily Ha noJjirocu I -QyHKUII, YCTAHOBIIOEMO [BI CEpll KOPEHIB
piBHsiHHSA (29):

T u—v

=
e — ¥,
: >] 0. (29)

[F(u+v+l)1‘(l+
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=—p=-20j+1) Vi=-p-j-1 vi=1+p+2j, j=012.., (30)

MpHYOMY nepiui Bl cepn BIZIKM1AEMO, OCKUIBKM Ha OCHOBI (25) 1 (22)
BiacHi GyHKLUIT vO(Ov )=0, j=0,1,2,.... OTxe, BaacHi GyHKUIl
¥0(6,V ;) 3riaHo (25) 6y11yTb BU3HAYATUCS d)opmynono

- (2sin 9)¥ 1
yo(@.v;)=P +-,J+,(cos(9)— TP I‘(X)C;‘M(cose), ,1=u+5, (31)

(TyT C"( z) — mHorounenu ['erenbayapa). [1{ob6 nepexonarucsa B cripa-
BE/UTMBOCTI ApYroi piBHOCTI, BapTo BpaxysaTH (22), (30), a Takox ¢op-
myny 10.9 (20) 3 [2]. LLIo6 3anmucaTu iHTerpanbHe MEPETBOPEHHS (26),
(27) s pO3rASHYTOrO BUMAAKY, MOTPIOHO OOUMCIUTH

=0k 0). 4 prO) hpu v=p+2j+l.  (32)

0
o, dv

Kopucryrouuch popmynoro 3.4 (21) 3 [1], oaepxyeMo
O 55i(0) == M cosumd T+ j+ DI (%+ j). (33)

[1lo6 omepkaTy 3HAYEHHS ISl APYroro 3 BUpasis (32), BapTO BHKO-
HaTH AudepeHuitoBaHHs (29) mo v i MOKIACTH MOTIM v=p+2j+1. Y
pe3yIbTaTl 3HAXOAUMO

d P" (0)
dv

- TQu+2j+1)

e (34)
v=p+2 j+l 2" F(u o 5 j + E)

[Tpu oaepxanHi (34) BUKOPHCTAHA PIBHICTh
W(=2j-DI'(=2j-D=T@2j+2), j=012,...

uo BurutuBae 3 dopmyau (1.24) 3 [7]. Skuwo BpaxyBaTH piBHOCTI (31),
(33) i (34), To dopmyan (26) i (27) OyayTb NOPOIKYBATH TAKE IHTETPAllb-
He mepeTBOpeHHs ms (YHKLIi, 3amaHux Ha Biapisky [0,7/2]:

(cos0)sinBf (0)dd, A=p +%,

2 j+l

n/2
Ii= I sin® 6C}
0
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= TSSO T 24

I - Hgct
F(O)= ; T+ HTCA+2)) sin” 8C5 +,(cos€)) f
[Ipn oTpumanHl z,(8,v ) TO0OTO po3B’aA3Ky 3aaa4l (12) fpu m=1 1
0<06<w, Bapro BpaxyBaTu IO BJIACHI YMCiIa V . — lie KOPEHI PIBHSIHHS

(24) npy m =1. SABHUX PopMyI1 11 KOPEHIB uboro PIBHSIHHSI HE BAAJIOCH
3HaTH. OaHaK Le BAA€TbCA 3pOOMTH IS OKPEMOrO BMIAIKY, KOJMU B
rpaHnyHux ¢QyHkuionanax (13) mokmactu h =0,i=0,1, 1 0w=Ww2.
Y ubomy BUNaaky BiacHa GyHkUIS Oyje BU3HAYaTUCH (HOPMYJIOHO

y+(0.v;,)=F! (cos®), j=0,12,., 0<0<7/2, (35)
1 3rigHo (13) 1 (24) BiaacHi yucna v ,; 3HAXoauMmo 3 PIBHSIHHS

- T - d .«
P#| cos— | = P*(0) =—P"(cos8)|5_./» =0.
‘ [ 2] F(0) == Bl (©050)|gs/2
BukoHaBium audepeHuitoBadts Bupasy (22) no 6 1 nokjiaswm 6 =12,

0/IEPHKYEMO

(u-Hrdd+u+v) I'(v+1) F(2+y)\/—

Pre)y=
21+ ) C'(v+u+1) F(3/2+ )F(l uz— )

=0. (%)

3 orasay Ha nojwocu ramma-gyHkuil Einepa, BUsiBJIseMo AB1 cepil KO-
PEHIB TPAHCLICHASHTHOI'O PIBHSAHHS (36):

V,=H+2j+2, v,=—p-j-1, vi=-l-p-2j, j=0,12,..

[Ipy LbOMY 3HA4YE€HHS 3 APYroi Ta TPEThOI Cepil HE MOXYTh OYTH
BJJACHUMM YMCJIAMM, TOMY IO BJIACHI (DYHKLI, WO BUIMOBIAAOTL M, (33)
y cuity (22) OyayTh NOPIBHIOBATH HYJIKO. TAKUM YMHOM, BJIACHI (PYHKIT
(35) OyayTs BU3HA4aTHCS (HOPMYIIOLO

2'T(X) . B 1
\/.; C—lj(COSe), A.-I.l'f‘a.

Y cnpaBe/IMBOCTI APYrol piBHOCTI MOXHA NMEPEeKOHATUCS, SKILIO Bpaxy-
BaTu (22), a Takox dopmyay 10.9 (21) 3 [2].
[1[o6 BusiBUTH, skui BUA HAOyBawoTh Gopmyiu (26) 1 (27) a1s 4acHo-
ro BMIMAAKY, 11O PO30OMPAETLCS, BAPTO BU3HAUMTH
. dl,
hot =04), —Lrr=L
Ckopucrasuucs Gpopmynoro 3.4 (22) 3 [1], 3Haxoaumo

v(OV y=P

u+’;+2 (cosB) =

Py (0) mpu Vv=u+2j+2, j=0,12,
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Qﬁ+2j(0) =—Jn2*(=1) cospnC(u+1+ j) T (%4‘ j).

Haui, nicng audepenuitoBanns (36) no v i1 gikcawii V=W +2j 0AepKUMO

-d—f’\f‘(O) __Tu+2j+1) |
dv

Es »
V=(+2 j 2pr(p+§+])

3 orngay Ha Bce 11e, 3 (26) 1 (27) BUBOAMMO TaKe IHTErpajibHE MEPETBO-
penHs s dyHkuid f(0), 3agaHMx Ha BIAPI3KY 0<O< W2
2
f;= [ sin"BCk,(cos)sin® £(8) 6, 7L=p+%,

0

£(0)= sin" OC;j(cose) fj . (37)

V22 F(K)i(2j+k)(—l)jj!
F(1-A) < TI(2j+21)

4. Jlani HaM 3HAJ00MTHCH 1UE OJHE IHTErpajibHE MEPETBOPEHHS, 1O
BUIIMBAE 3 po3B’si3ky 3anaul ltypmy — JliyBuias (1), konu r(x) =1,
x=r, napaMetp A 3amiHeHmii Ha A%, a B onepatopi (2) p(x)= p(r)=r,

g(x)=q(r)=—1/4. Y pe3ynbTati 0ACPXKYyEMO KpahoBi 3ajaui

m

[rzv' (r,)\.)], +(%+7&2 )vm(r.?x):O, ay<r<a, m=0,1,

™ (r,A)=0, i=01, ’v(r)=v(a,), U'v(r)=hv(a)+v(a,)- (38)

Jm

[le okpemuit Bunaaok (k =0) KpaHoBUX 3ajaay, po3B’sa3aHux y [8].
OCKiIbKM 3 OTPUMAHUX TaM PO3B’A3KIB BU3HAYMTH PO3B’A30K 3aaau (38)
LLJIAIXOM TPaHUYHOro nepexoay k& — 0 Baxko, OyJaeMoO po3B’sa3yBaTH Kpau-
oBi 3azaui (38) 3 BUkOpHUCTaHHAM cxeMu I. |. Be3nocepenHbo nepeBipKkoro
MOXHa MepPeKoHATUCs, 0 GYHAAMEHTATBHOIO CUCTEMOIO PO3B’A3KIB [AM-
depeHnLianbHOro piBHAHHA 3 (38) OyayTe QyHKLIT

Qp(r. M| [AD] (A (] [sinknr)
4 P = —=9 P { r =9 ;. (39)
bxo(r,k)‘ Vr LB;‘(r)J LBk(r)‘ Lcos()»lnr)J
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Biachi ¢yHkuii kpaioBux 3aaau (38) 3riaHo (4) OyayTh BU3HAYATHUCH
dbopmyJioro

v, (r’k) = (po(r, X) l(')nxo —xo(r,K)lc',"(po, m=0,1. (40)

3acTocyBaHHs rpaHuYHMX (yHKUioHaniB [" a0 dyHkuin (39) exsiBa-
JIEHTHO 3aCTOCYBaHHIO 0 (pyHKLiH A, (r) i B; (r) Takux QyHKLIOHAMIB:

I~,.Ov(r)=v(a,.), i=0,1, iilv(r) =ai"D,.v(a,.)+ v'(a,.) ; (41)
e
D. =ah, —1/2, i=0,1, (42)
TOMY 3aMicTh (40) MmoKeMO 3anucaTu
v (r,A)=r"2[A, (r)I["B, - B, ("' A, ]. (43)

Hauni, sBukopuctoByrouu (41) 1 (39), 3Haxoaumo, 110

(I'A, 'D.A, (a,)+\B, (a;) |
LlilBk J a _D;Bx(a;)—ml(a;)d

i BiacHi GyHKUil (43) 3anuCyeEMO y BHU/I

[ A E A | ’ in(Aln (r/ ’
| Vo (r,A) L sin(Aln(r/ay)) | (45)

| agv (r,A) Vr | Dysin(Aln(r/ay)) —Acos(AIn(r/ay))

KBajpaTH HOpM LMX BiIacHUX (pyHKUIH OyayTh BM3HA4YATHCA (POpPMYyIaMu

a)

“"o(’»)‘)"2 =I

ap

.3
sin” (Aln(r/ay,)) "

r

:%, Y:]n_a_l-, (46)

a

4a3 || v, (r,A) "2 = 2(d(2) +k2)’y+ RV, —D:“,)sin 2Ay—d, sin? Ay . (47)

B ycix npusenenux dopmynax (40)+47) 3amicte A BapTO NIJACTABUTH
BiacHi uucna A, k=0,1,2,....

BrnacHi uncna A, mia 3anadi rypmy — JlnyBumisa (38) npu m=0
3ri1Ho (5) 3 obnikom (38), (39) OyayTh KOPEHSAMHU TPAHCLEHJIEHTHOTO PIBHAHHS
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A, (a,)B, (a,) — By (a)) A, (ay) = 0.

JUISL IKOTO 3 ypaxyBaHHsSM Jpyroi 3 piBHocTei (39) kopeHl A, 3HaXOaM-
MO B SIBHOMY BHJL:

Ay = 'Y_lkn, E={12,... (48)

TpaHcueHAEHTHE PIBHSIHHS /Ul BJIACHUX YMCENl A KpanoBOIl 3aja4l
Itypmy — JinyBwuis (38) npy m=1 B 3araJlbHOMY BUIAJKYy YyAajocCs
MPUBECTH IO BIAOMOTO [6] TPAHCUEHAEHTHOTO PIBHSAHHS

tgAy=Ad, —dy)[A* +d,d, ] . (49)

ACHMNTOTHYHMM PO3B’A30K 1IbOTO PIBHAHHSA [PU BEJIMKMX 3HAYEHHAX K,
K J1erko nepexonatucs 3 (49), BuzHavaeTbcs hopmyioro (48).

3risHo n. 1 noOymoBaHi po3B’a3kM KpaloBMUX 3aj1ay (38) BU3HA4aKOTh
iHTerpajbHe neperBopeHHs st GyHKUIA f(7), 3a0aHUX Ha BIIPI3KY [ao,aI ]:

m I - » < vm(r'xk) m
£ = [vpr A f(n)dr, f()=, _ £, m=0,1, (50)
ap k=0 " Viu (r’}‘k ) “
1, 30Kkpema, npu m=0 OyaemMo mMaTu
a) sin(kk ln;{—) )& sin(?&k lnaL) "
0 0 0) f0 :
== (r)dr, ry== Sy A=
fi = | ——F=—-1) f(YZ(,) e M=

(l()
Po3risHeMo 1€ BMNaaok, koiu B (38) npuitHata h, = by =0. Biamno-
BiJHa BiaacHa yHKUIs, WO MO3HAYUMO uepe3 v, (r,A), MOBMHHA 3a]0-
BOJIBHSATH I'PAHUYHI YMOBH

va(a;,A, ) =0, i=0;1. (51)

Ha niagcrasi (45), (51) y uboMy BHMaaKy BiacHy (yHKLIO MOXKHA
34MMCcCaTH y BHU/I

2 rv,i‘(r,k,\,):s.in(?\A In—+2A, cos(?&k ln—';)),

(Io CIO

MPUYOMY BJIACHI YMC/Ia A, TYT 3HaXOAUMO B CHIY (49) y sBHOMY BM/I
i BU3HayaeMo no Gopmysi (48). YV LibOMY OKPEMOMY BHMAJKY IHTCrpalb-
He neperBopeHHs (50) HaOyBae BUA
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(Il

o= Jvt(r,lk ) f(r)dr, f(")—%z
ag =)

5. I1pu BUKOPHMCTAHHI OTPUMAHUX Y MOMEPEAHIX MYHKTAX IHTErpalib-
HUX MEPETBOPEHb BAXJIMBUM MOMEHTOM € nepeBipka 301KHOCTI ps/iB, 1110
BXOASATh Y (hopMyJiM 0OEpHEHHS, 1 Y BUMAJKY IXHBOI C1abKOT 301)KHOCTI —
HEOOXIAHICTh MOJIMILUEHHS OCTaHHbOI. LIS UbOro NMOTPIOHO MaTH aCUMII-
TOTMYHMI (U1 BEIMKMX 3HAYEHb J ) PO3B’'A30K TPAHCLEHACHTHUX PIBHSHD,
3 AIKMX 3HAXOAATHCS BJACHI YMCIA V g5.J =0.12....

[Ilo6 oxepxaTu aCUMOTOTUYHMH PO3B 30K, HAMPUKIIA, TPAHCLEH-
AEHTHOTO PIBHsAHHS (15), BAPTO CKOPUCTATUCA aCUMITOTHYHUMHU (OpPMY-
naMu UIs BEMKKX 3Ha4YeHb mapamerpa v dyHkuii A (cos0), ¢, (cos0)
1 IXHIX MOXIAHUX mo O, ToOTO

n _d pp _
P (cosB) dBP (cosB) =

_T(v+p+1)(sin@)*"
F(v—u+1)2" secH

F(l+v+u,p—v;l+u;sin2%)+

F(v + 1+ 2)(sinO)*"!
r(v W) + 2)24"

F(2+v+u,l+p—v:2+u;sin2%], (1)

40" (cos @) = 2™ tg" gcoqeceF( V.V + 1:p+1;sin3%)_
no . a2 9
—cosuml'(p)ctg 2cose:c@l" -V,v+ 11 —p:sin s

—Fﬁv(v+l)(u+l)"'tg“ gsmeF(l—v V+2;U+2; sin’ g)

—cosunF(p)v(VJrl)(l—u)"ctg“gsmeF(l—v V+2;2—;8in” 2)(52)

M =TWrd+v+Wr'd+v-p)-
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Popmyna (51) orpumana audeperuiroBanHsam (22), a dopmyaa (52) —
nupepenuitoBanusaM opmynu 3.4 (10) 3 [1] micas 3aMiHM x =cosH.

Y poborti [9] i aCHMNTOTUYHOIO PO3B’3aHHSA aHAJIONTYHMX TPAHCLIEH-
JIEHTHHMX PIBHSIHb BUKOPHCTaHI BiloMi acummroTiyHi hopmyim 3.9.1 (1) 1 3.9.2
(2) 3 [1] ;u1a BeNMKMX 3HAYEHb HWXKHIX iHJEKCIB (yHKii JIexanapa. Liboro
BHSIBWIOCS JIOCHTb, TOMY L0 MNP LWIMX BEPXHIX iHAEKCaX AM(EpeHLIIOBAHHS
IIMX (PyHKLUH €KBIBAJIEHTHO 3MiHI BEPXHBOI'O IHJEKCY Ha Liie 4ucio. Y pos-
[JISHYTOMY BHUIIQJKY BEPXHIM IHAEKC Ll HE € LUTMM, TOMY 3a3HayeHi (hopMy.iu
BUABJIAIOTECA MApHUMH. TakMM 4YMHOM, BUHMKAE HEOOXIAHICTb O/ICPKAHHS
acUMNTOTHUECKUX hopmyit st pyHkLii (51) 1 (52) w1st BEIMKUX 3HAYEHD V .
Meron, Bukopuctanuii npu oaepxkanni Gopmya 3.9.1 (1) 1 3.9.2 (2) 3 [1],
BUSABJISIETHCA HENMPUUHATHUM. [IpOrnoHyemo IHIIMA cnocid, 3aCHOBAaHMM HA
[OTEPEAHBOMY OJICPKaHHI aCUMIITOTUYHOI hopmyiu st dyHkuil ["aycca

u(G)zF(v+a+l,—v+a:l+a+[3;sin2-(22) (53)
MPH BEJIMKHUX 3HA4YeHHAX v . Takl Gopmysii oTpuMaHi B [5] Wi BUNajKY,
KOJIM aprymeHT (yHkuii I'aycca Oinblue OAMHHULI. Y HaAlIOMY BUNAAKY
BIH MEHLLE OJMHMLI, TOMY CKOPUCTATHUCS pe3ysbTataMu podoTH [5] He
MPEACTaBISETLCS MOXJIMBUM. TyT V15t OJICP)KAHHS ACUMMNTOTUYHHX (op-
myJs1 ais GyHkuii [aycca (53) Bukopucrosyemo meroa Jliysuuis — Crek-
10Ba, K y podoti [11] npu oaepxkaHHl aCUMMNTOTHYHUX (Gopmyn s
OPTOrOHAJIbHUX MHOrowIeHiB. BiAnoBiAHO 10 LLOI0 METO/Y BAPTO BHBE-

CTU PIBHSAHHSA, SKOMY 3a10BOjbHAE (yHkuwig (53). Pobasun 3aMiHy

. 206 . . '
z=sin" > B nudepeHUiaibHOMY PIBHSHHI, SKOMY 3aJ0BOJIbHSE

F(v+o+lLo-v,l+o+0B;z) (popmyra 2.1 (1) 3 [1]), oaepxkyemo
u' (8) +[(1+20)ctg 8 + 2BcosecB]u’ (8) +[v(v +1) — (o +1)]u(8) =0 .
[Tepexoasuu a0 GyHKLUT

y(6) =(tgg]’ (sin §)**"2 F(v +o+1,00—v;1+ 0+ Bisin® g) (54)

OAEPKYEMO AuepeHLiaibHE PIBHSIHHS

2

.\’°.(9)+(V+%)~ y(8)=¢q(B)y(0), O0<B<m, (55)
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q(0) = (a2 +B° —%)cosecze —-20..

3arajibHUM pO3B’A3KOM piBHSHHS (55) Oyae dyHkuis (nopiBHaTH dop-
myay 8.61.3 3 [11])

y(0) =, sm(v+ 2)6+62 cos(v+ 2)6-{-

0
w1 n|(v+5)e-0]
- sin| | v+—= |[(8—1) |g(t)y(1)dt ,
2v+1m2 2 (56)

A ¢;, ¢, — JOBUIbHI MOCTIHHI. MOXHA NEePeKOHATUCA, L0 IHTerpaIbHHUi

JOJAaHOK Yy (56) pa3oM 31 CBOEK NOXIAHOIO npu O =T MEPETBOPIOETHCS

2
B HyJIb. Lle 103BOsIsS€ BUPA3UTH JOBLIbHI KOHCTAHTU Yepe3 )(g) y* (-723)
O BIAMOBIIHO A0 hopmyau (54) npuiMyTh BU]
T)_ _ W
yl= |=F|lv+a+lLoa-vil+a+B;= |,
2 2
y'(%)zBF(\H-owl,a—v;l+a+[3;%)—(v—a)(v+a+])x
x[2(1+a+B)]"F(v+a+2,l+a—v:2+a+[3;%). (57)
Y pesyabTaTi 3aMicTth (56) OyaeMo MaTu
—[E LYZ _sll-
v(8) -y(z )cos[(v-i- 212 9)]
Sl
1 |2 2 A2
V+ >
L l
- 2v+1’&"’sm|:( 5)(9—()](](!)\?(1)& ; (58)
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TuMu x pO3yMiHHAMM, LI0 BUKOPHCTAHI NPU OLEpPIKAHHI dopmyiu
8.61.6 3 [11], oaepxkyemMo, 1110 TOJSIOBHUIA YJIeH B ACUMITTOTUHYHOMY PO3K-
najgaHHi GyHKUIT (54) npu v — oo Oyjae MICTHTHCS B MEPLIMX ABOX /0-

AaHKax y npasii yacTuHi Gopmyiu (58). 3HaueHHs y(%) - (g) 1o

3a/1at0TbCs popmynamu (57), y Bunagky B=0, o= i

u(@)=F (v+u+l nL—=v;l+u; sng)

obuucmooTecs no dopmyni 2.8 (50) 3 [1]. TligcTaBMBLUIM OTpUMAaHHIL
BHpPa3 B (58), 3aNIMCYEMO aCUMITOTHYHY PIBHICTb

V7 (sin)H 2 F(v +u+l,u—v;l+p;sin2g]=

-12
= llg_z_yZlfV ) 59
F(l+u)cos{(v+2)9 : 112}(2]“ 1+ov™hH]. (59

Y Bunaaky B=0, ao=p+1 i
(snne)“*wF(v+p+2 W+1-v;24+u; sng)

2

o@D

u(®) = F(v+u+2,p+l—v;2+u;sin

AHAJIOTIYHO OJIEPXKYEMO TAKY aCHMITOTHUYHY PiBHICTB:

=32
S R

Bukopucrosyroun piBHocTi (59) i (60), Ha miacrasi Gopmyn (22) i
(51), a Takoxk acumnroruunoi dopmyau 1.18 (4) 3 [1] omepkyeMo He-
OOXigHI acMMNTOTHYHI piBHOCTI A1 P! (cosB) i P” (cos9) :
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17
J Tsin OPV“ (cosB) =2% cos{(v +%)9—-§-- %}(%I [1 - O(v")] ’

+112
J Ttsin OR,“ (cosB) =2"" sin {(v +%)6—%—u% }(%]‘ [1 + O(V'l )] (61)

Hnsa opepxanHs aHanoriyHux dopmyn ais QY (cos) | .\’,‘(cos 0)
notpibHo y dopmynax (57) i (58) posrnsHytu Bunanok =, oo =0, T00TO

u(0) = F(v+1 —v:1+p;sin? g)

Tyt s nigpaxyHKy y( 125 ) 1 y* ( _72£ ) BiAMOBIAHO 10 opmyn (57) BapTo

ckopucratucs popmynamu 7.3.7 (8) 1 7.3.7 (10) 3 [10]. ITicast miacraHOBKH

OTPUMAHHUX BUPA3iB I y(%) i V(%) y (58) MaEMO HACTYMHy acMMII-

TOTUYHY PIBHICTB:

Z“J—tg“e\/sm F(v+l —v; 1+ sng)

B 1 ronml(vY"" =
—F(H+I)COS{(V+§)9—Z-H'2‘}(E) [l+0(v )]. (62)

2
U1t OOYUCIIEHHS y(f() iy (g) 3riaHo (57) BukopucTaHi Gopmyau 7.3.7
]

2
(10) 1 7.3.7(12) 3 . IMiacraBasoun i BUpasu B (58), omepkyemo

ACUMIMTOTUYHY PIBHICTh

Y Bunaaky B=p, ao=1, T06T0 2(0) = i’(v +2,1—v;2+u,sng),

2 egh g(sin 0)¥? F(v +2,1-v;2+;sin’ .‘23)_

=Tu+2)sind[ v++ |o-FE_pE X_u-m[HO(v“)]
2 4 TIN2 '
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3 dopmyn (62) i (63) wnsxom 3amiau 1 Ha —H OJEPKYEMO ACMMMTO-
THUYHI PIBHOCTI 1 [UId

F(v+l,—v;l—u;sin2g), F(v+2,l—v;2—u;sin2g).

OTtpuMaHi acUMNTOTHYHI PIBHOCTI Mg ¢yHkuii aycca 103BOISAIOTH
OJIEpXaTH aHAJIOTIYHO ACUMNTOTUYHI PIBHOCTI VIS Q! (cosB) 1 Q! (cosB):

Vsin® Q! (cos0) =

12
=2t sin{(v +%)9—§-—u§ }(%)u 1+0(v],

Vsin® Q" (cos0) =

+1/2
N A

BuBeeHI aCUMNTOTUYHI NPEACTABIAECHHS /U1 BEJIMKHUX 3HAa4Y€Hb V 103-
BOJIAIOTH JIETKO OJEPXKATH aCUMNTOTHYHI PO3B'SI3KU TPAHCLEHAEHTHUX
piBHsAHBL (15) i (24). Hanpuknan, piHsaHHS (15) npu m =0 Oyne matv Buj

Qg.u = P} (cos )0} (cosw,) - P (cosw,)Q} (cosw,) =0,  (65)

anpu m =1 3 obiikom (13) Horo MoXKHa 3anucaTv y BHUI
Q. =hhQY | +ho| Pt (cosw,)QF (cos ;) -
-.Pv“ (cos®,)Q (cos @, ) |+ A [ P* (cos @y )Q! (cosm,) -
— P (cos @, )Q¥ (cos wy) ]+ P* (cos @, ) Q¥ (cos o, ) —

— P*(cosw,)Q" (cosw,) =0 - (66)

3 aHam3y acMMNTOTHYHUX piBHOCTEH (61) 1 (64), BUILIMBAE, 1110 B TPaHC-
LEHAEHTHOMY PIBHSAHHI (66) roJIOBHUI BHECOK BHOCSTH [BAa OCTAHHI J10/1aH-

179



ku. [TiACTaBMBILUM TyaM aCUMIITOTUYHE MPEIACTABICHHS UIA MOXIJAHMX, L1O-
MICTATBCS ¥ dopmynax (61) 1 (64), oaepKyeMO PIBHSAHHS

sin{(vj -t-—lz-)((x)l - ®,) }:0,

BIJIKUTS 3HAXO/IMMO aCMMITTOTUMHUI PO3B’SI30K TPAHCLICHACHTHOIO PIBHAHHS (66):
v, =m0, -0y j, (67)

CrpaBeUTMBUIM TSl BEJIMKUX 3HAYeHb j. Haaxoasuu aHanoriyHo 3 TpaHc-
[IEHJIEHTHUM PIBHAHHSAM (65), MHAEMO BUCHOBKY, 1110 OTPUMAHUN acUMII-
TOTUYHHUMK PO3B'S30K (67) cripaBe/UITMBUIA 1 U1 HBOTO. Y TaKui e crnocid
MOKA3YEMO, 1110 ACUMITTOTHYHHN PO3B'30K TPAHCLIEHACHTHUX PIBHSAHL (24)
npu 7,2 =0 1 72 =1 BU3HAYAETLCS HOPMYJIOIO

V= jroT v = jmo~
6. [1poinocTpyeEMO 3aCTOCYBaHHS OTPUMAHMX IHTErpajbHUX MEpPEeTBO-
peHb Ha MpUKIaa nodyJI0BY TOYHOI'O PO3B’A3KY 3ajayl CTalllOHApHOI Terl-
JIONPOBIAHOCTI VIS TJIA, WO 3amoBHIOE obnacte a, <r<a,, 0<B<w,
Oy =9 =@,. lllykany Temneparypy rnosHauumo yepe3 u(r,0,¢). Bona
MOBUHHA 3a/I0BOJILHATH [4] PIBHAHHIO

(sinBu’) Ll

! A
(rzu) - :
sin sin’ 0

=0, a,<r<aq;. 005w @9, <P=<Q, .(68)

| TPAHUYHI YMOBHU

hu(a;,0,9)+u'(a;,0,0)=g,(8,9), h=r"'a,, i=0,1, (69

u'(r,o,¢0)=0, u(r,0,9.)=0, $=0.1. (70)

Tyt [4] A — xoediuieHT TENJIONpPOBIAHOCTI; o, — KOE(ILIEHT TerIo-
Bilula4l Ha ChepHUHUX MOBEPXHAX; g.(6,¢) — 3a1aHi QyHKLII.

[1100 3a10BOJILHUTH ApYroi 3 rpaHUyHuX yMoB (70), 3acTtocyemo (ay-
Marouu @, = 0) 10 chopMysibOBaHOT KpaOBOI 3a/1a4l CKIHYEHHE CHHYC-
neperBopeHHs Dyp’e [13]

?y
u, (r,0) = [ sin(u,@)u(r.6,9)do. u,,:'(:)—", n=0,12,. (71)
0 |
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Y pesyabTaTi 3amicts (68)—(70) Oymemo maTH

[rzu (r, 9)] +cosece[sin6u;(r,9)]' —u"coseczeu"(r,e) =0,
a,<r<a;,, 0<6<wm,

hu, (a, 6)+u (a.,0)=g,(0), i=0l1 u (r,m=0.

Jlo oTpuMaHOl KpaioBOl 3a7aul 3aCTOCYEMO IHTErpajibHE MEPETBOPEH-
He (26) mpy m =1, MOKJIaBIUM AOJATKOBO y dyHKuioHam (13) h =hy =0.
Tom s TpaHCcHOPMAHTH

()
U, (7)'= IPV“ (cosB)sinBu, (r,0)do (72)
0

ae L=H,, av=v; — BJIACHI YMCJIa, 110 30IraloThCs 3 KOPEHSAMHU PIBHSH-
H$l P“ (cosw) =0, oucpmumo OJHOMIPHY KpaHoOBY 3ajayy

[r u (r)] -V. (v +Du, .(r)=0, a, <r<a,

nj nj

h,'unj(a,')"i"u,,,j (a,-)=g,-,,j, i=0,1.

st po3B’si3aHHg L€l KpaHOBOI 3a/iaul 3aCTOCYEMO IHTErpajibHE mnepe-
TBOpeHHs (50) npu m=1. Y pe3yabTari OUEepKUMO

(r) = i v (rA,) agvl(aO’kk)g()nj—al?-vl(al’xk)glnj
W =0 v (r ) | A2 Ak oy (i1 |
Sl NS5 R e
[Ticns oOepHeHHs oTpuMaHoi TpaHchopMaHTH no dopmynl (27) 3 Ha-

CTYNHUM OOepHeHHsM cuHyc-Tpanchopmantd Pyp’e (71) no Bigomiit [13]
dopMyIli OAEPXKYEMO OCTATOUMHHI BU PO3B’A3KY MOCTABIEHOI 3ajadi:

u(r,8,0) = 22[

1nl_/=0

i m H=H,,
(2v+1)Q¥ (cos ) P We)] sinp, Qu,,; (r) - (73)

d_pu
l"uv v P (cos ) v=v;
Po3riisiHeMO OKpeMHit BUMAZOK pO3B’3aHOI 3a4ad4l, KO =172, 1 00-
J1aCTh, 3aMHATA PO3IJIIHYTUM TUIOM, sIBjIsIE CODOI0 chepryHy ODOIOHKY TOB-

LMHOIO @, —a, 3 BUpi3oM Q€ [@,,27]. YV UpOMy BUMAaKy 3aMicTh iHTer-
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pajibHOrO mnepeTBopeHHs (72) BapTO 3acTtocyBaTu nepeTBopeHHs (37) i
PO3B’SI30K PO3IJISHYTOI 3a/a4l 3aMicTh (73) 3anuiIeThCs Tak:

222 T (M) (27 +0) (-1 j!
u(r,0,0)=HES $ 2 TAIQj+ DD

T(1-A)T(2] +2A) C3;(cosB)sinp, @u,;(r)

lnl;O

ae A=1/2+pn, .
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