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OCHOBHI1 IHOHYATTH 3
MAaTEeMATUKN

Y Teopil npykuOCTI OCHOBHUMU (DIBUYHUMU [TapaMETPaMu, SKi BU-
3HAYAIOTH HAIPYKEHO-/1eOPMOBAHNI CTAH Tija K TEPMOJUHAMITHOT
CHCTEeMH, € TEMIIEPATYpa, €HTPOIIisd, Maca, poboTa, eHeprisd, IepeMiIeH-
Hel, MBUAKICTH, CUJIA, JAedopMaliis i HampyKeHHs.

QizryHrM BeIWIUHAM BiAMOBIZAIOTH MaTeMaTHYHI 00’€KTH — CKa-
JISIpU, BEKTOPHU 1 TEH30pH, dKi BigoOpakatoTh ixHi BaacTuBoctTi. Jlas
KOXKHOI 3 ITUX BEJUYMH SIK MaTeMaTHYHNX O0’€KTiB BU3HAYEHI BiImo-
BigHi ajrebpaiyni omeparii.

0.1 Cxkangapu

Cxansgpu—Iiie BeJIUYUHU, [/IsT BU3HAUEHHS SKUX JOCTATHBO OHO-
r'0 YHUCJIa, HATPUKJIAJI: TEMIIEPATYPa, EHTPOIIisd, Maca, poboTa, eHepris.
[TopiBHIOBaTHCA MOXKYTH B3araji TaKli BeJMINHU, IKi MAIOTh OTHAKO-
BY po3MmipHicTh. CKaJIsIpU BBAXKAIOTHCST OJJHAKOBUMU, SIKIIO 301raf0ThCst
ixHi uncaoBi 3HaveHHs. Benmnanna ckaaspa He 3a€XKUTh Bl CHCTEMHT
KOOPINHAT.

0.2 Bektopn

BekTop — me BenwumHa, OIS BU3HAYEHHST SIKOT KPIM YHCIOBO-
ro 3HadeHHsd Tpeba 3amaru 11 HANPIMOK, HANPUKJ/IAJ: MEPEMIIICHHS,
MBUJIKICTh, CHUJIA, MOMEHT CHI. BeKTOp d BU3HAUAETHCS JIOBXKUHOIO
abo Mojysem |d| Ta HampaMKOM i TpadivHO 300paKyeThCs CTPLIKOIO



(puc.1). Mogymem BeKTOpa HA3WBAETHCS Oro moBxkuHa. HymboBuM
BEKTOPOM HA3UBAETHCS BEKTOP, MOJIYJIb SKOT'O JOPIBHIOE HYJIIO 1 oMy
MOYKHA MTPUMUACATH OY/Ib-IKWil HATPSIMOK, OCKIJIbKY BiH HE BU3HAYEHMIA.
Jpa BekTOPHM PiBHI MiXK C000I0, SIKIIO BOHU Ma-
IOTH OJHAKOBI MOJyMi 1 HampaMKu. BekTopmu
ay, ds, as, ..., dp Ha3WBAIOTHLCS JIHIAHO He3a-
JIEKHUMM, SKIIO CyMa IXHiX J0OyTKiB Ha CKa-
Puc.1 asipu (1, B2, 83, ..., Bn ZOPIBHIOE HYJIIO

Brdy + Bz + B3diz + ... + Bndyn =0, (0.2.1)
JIUTITE 32 YMOBH, IO BCl CKaJISIPW OJTHOYACHO JOPIBHIOIOTH HYJIIO
Pr=p2=03=..=0,=0.

ko icuye JiHifiHA 3a/I€2KHICT MiK BEKTOpPaMu, TOOTO CIIiBBiHOIIIEH-
us (0.2.1) BUKOHY€ETBCH 32 YMOBH, ITI0 He BCi ), 0JHOYACHO JOPIBHIOIOTH
HYJIIO, TO IPWHAWMHI OJMH BEKTOP MOXKe OyTU BUPaKEHUN depe3 iHiii.

Qi

Icnye dynmamenTasbae 10/I0XKEHHS JTHITHOT aarebpu, sike CTBEp-
JKY€: B N BUMIPHOMY TIPOCTOPI iCHY€ cHUCTeMa 1 JIHINHO He3aJIeXKHIX
BEKTODIB €1, €2, €3, ..., €, 1 Oyab-axuit n + 1-if BeKTOP b MosKe OyTu
OJTHOBHAYHO IMOJAHUM Yy BUTIsA/I JIiHIITHOT hopmu

g:blgl+b2€2+b3€3+ ..... + by €.

BekTop MoxkHA BU3HAYUTH 33 JTOMOMOIOI0 CHCTEMHU KOOpamHAT. Y ¢i-
BUYHUX 33Ja9aX HANIaCTiIe BUKOPUCTOBYETHCSI TPUBUMIPHUI ITPOCTIp,
TOMY JaJii TIEPETBOPEHHS PO3TJIAMAETHCI B TPUBUMIPHOMY ITPOCTOPI.
Cucremy KOOpAWHAT MOYKHA, 331aTH, BUOPABIIY JOBIIHHO JIHINHO He-
3aJIe’KHY CUCTEMY BEKTOPIB, TX KIJBKICTh JOPIBHIOE KIJTBKOCTI BUMIPIB
upocropy. i BekTopu crBopiooTh 6asuc cucremu koopaumuar. Jlasd
BHKOPHUCTOBYIOTLCS JeKapTOBI KoopAauHaT. BekTopu 6asucy €1, €, €3
B3a€MHO OPTOTOHAJIbHI 1 MAalOTh OJUHHYHY JOBXKHUHY €;-€j = 0;5, €
BEJIUYINHA,

P 1 (i=j),

ij = .

0 (i#J)

Ha3WBAETHCA cumsonom Kpomexepa. Bynb-sikuii BeKTOp d MoOxke OyTH
nojanuil 9K JiHifiHa KoMOiHAIig ODA3UCHUX BEKTOPIB

a = €1a1 + €zas + €3a3, d= €;a;.
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Snak cymm 3a mpaBmwioMm Eitamrreiina He cTaBUThCA. Y TOmi0-
HUX OopMyJiaX BBAXKAETHCH, 110 KOJIU IHJEKC I[OBTOPIOETHCH, TO
4 beperbcad Ccyma, KiJIbKICTh
X, JOJIAHKIB  9KOT  JIOPIBHIOE
a, posmiprocti mpocTopy. Besu-
YUHU a1, 02, G3 HA3UBAIOTHCS
KOMNOHEHMAMU 8€KMOPA.
B nekapToBiit cucremi BOHH
_ CITIBITQTAI0OTH 3 OPTOTOHAJIb-
& & & HUMM UPOEKI[isiMU BEKTOPA
A X, Ha oci KoopjmHAT (puC.2).

Q|

v

& & CyMmo10 JBOX BEKTOPIB @ i b

X, Puc.2 € Tperiii BekTOp C = d + g,

AKUM € JllarOHaJLII0 HapaJie-

JlorpaMa, TMoOy/IOBAHOTO HA BEKTOpax a i b (puc.3), abo BEKTOp, AKHii
3aMUKAE TPUKYTHUK (puc.4).

b

Ol

»
»

a
Puc. 3 Puc. 4
Omnepariisg 101aBaHHSA BEKTOPIB €:
1) KOMyTaTHBHOIO
a+b=>b+a,

TOOTO TMPHU CKJIAJaHHI BEKTOPIB Pe3y/abTaT He 3aJeKUTH BiJl MOPIIKY
JIOJIAHKIB;

2) acoIjaTuBHOIO

a+(b+2) = (a+b) +a=a+b+2

Ba BU3HAYEHHSIM BEKTOD —d O3HAYAE BEKTOP, MOJIYJIb SIKOTO JIOPIBHIOE
|—d| = |d|, ane HanpsiMIeHUI B TPOTH/IEIKHOMY HANPSIMKY BEKTOPa d.
Tomy pisnung d = d — b o3Ha4ae cyMmy BeKTOpiB d = d + (—b) (puc.5).

-

[Tpu BukOpHUCTaHH KOOpAMHATHOT (DOPMU T0IaBAHHS BEKTOPIB €= d+ b



IXHI KOMIIOHEHTH CKJIa aI0ThCSI

ecr, = €x(ak +by).
JobyTok BekTOpa @ HA CKaJdap (3 € BeK-
TOPOM b= (d, HAPSIMOK SIKOTO 36irae-
Thest 3 @ npu O > 0, a Moayab B B pa-
3ip Ginpmiv mix |@], To6To |b| = Blal.
IIpu BukopucTanui KoOpAwWHATHOI dOpP-
MU KOMIIOHEHTH BEKTOPA MHOXKATHCHA HA,
d / -b cramap egby = € (Bag).
JlobyTKH BEKTOpIB Ha BiaMiHY BiI cKa-
Puc. 5 JIIPIB BU3HAYAIOTHCSI IMO-PI3HOMY 1 Ma-
IOTh PI3HI TUINW: NEPIMUH—CKAJIIPHUN, APYTUii—BEKTOPHUIN 1 OKPEMO
J00YTKM JIEKLIBKOX BEKTOPIB, 3 AKUX HaﬁqaCTim% BUKOPUCTOBYETHCH

Q)
o

S

100yTOK Tpbox. CKaagpHUit J0OYTOK BEKTOPIB @ i b MO3HAYAETHCA a - b,
1 € CKaJIIpOM, SIKUil JOPIBHIOE JTOOYTKY TX MOIYJIB Ha KOCUHYC KyTa, 0
Mix BexTopamu |G- b| = |@||b|cosf. 3 BusHAMCHHS BUIIMBAE: SKIIO OUH
3 BEKTODPIB OJMHUYHIIN, HAPUKJIAT |d| = 1, TO cKaisspHuiil 106yTOK 110-
piBHIOE

|@-b| = |b|cosb,

—

TOOTO TPOEKT APYroro BEKTOpa, HANPUK/IAT b, HA HAIPIAMOK d
(puc.6).Oneparnisi ckagssprOro J00yTKY Ma€ HACTYTHI BIACTHBOCTI—
BOHa €: 1) komyrarusHOIO @-b=b-d, TOOTO, pE3yaLTAT HE
3aJIE2KUTH B/l TOPAJIKY MHOXKHUKIB;

2) mucrpubyrusnoio a- (b+¢) =d-b+d-c.

3 BUBHAYEHHST CKAISIPHOTO TOOYTKY BUILIMBAE,
[0 YMOBA TEPIEHINKYJISIPHOCTI JBOX BEKTOPIB @
i b BU3HAYAETHCH PIBHICTIO HYJIO IX CKAJSIPHOTO
0 OOy TKY

ib= \d’|‘g’(cos7r/2) —0.

Puc. 6 ITpu BukopucTanHi J1EKAPTOBOI CUCTEMU KOOP/IV-
HaT, BHACJIIJIOK TIOITAPHOT OPTOrOHAJIHHOCTI 6A3UCHUX BEKTOPIB, CKAJIAP-
Huil 100y TOK y TPUBUMIPHOMY IIPOCTOPI BU3HAYAETHCH 3a (DOPMYJIOIO

a- (;: a;b; = a1b1 + agbs + azbs.
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BekTopHuuii 700yTOK BEKTOPIB @ i b no3HAMAETHC C= G X b i € Bek-
TOPOM, MOJIY/Ib SIKOTO JOPIBHIOE TOOYTKY iX MOIY/iB HA CHHYC KyTa 6
MixK BekTopamu @ i b |¢] = |d@ x b| = |@||b|sinf i mopiBHIOE MO HApa-
JIeJIorpaMa, mobyIOBAHOTO HA BEKTOpaX d i b. Bekroprmit 106yTOK €
BEKTOpIB @ 1 b [EePIEHIMKYAAPHAT JI0 IJIOMIUMHU, B Kifl JiexKarb Be-
KTOpH @ i I;, 1 HaMpsAMJIEHWIT B Ty CTOPOHY, 3 SIKOT TIOBOPOT IEPIIIOTO
MHOYXKHUKA JI0 JIPYrOT0 HA MEHIMNN KyT BUKOHYETHCS IIPOTHU X0y T'O-

WHHUKOBOI CcTpijku (puc.7). .
A b (p ) Bekropuuit j100yTOK HE KOMYyTaTHB-

Huii @ X b = —b x d, ane BiH 3a-
JIOBOJIBHSIE 3AaKOH JUCTPUOYTUBHOCTI
@x (5+) =axb+axc Heobxin
HOTO 1 JI0OCTATHBOIO YMOBOIO [1APAJIE/Thb-
HOCT1 BEKTOPIB € PIBHICTH HYJIO iX
BEKTOPHOTO JIOOYTKY @ X b = 0. e
Puc. 7 BUILIMBAE 3 TOrO, IO KyT MiXK IHa-
pasesibauME BeKTOpamu O = 0, Tomy
sin0 = 0. IIpu BukopucTamHi 1eKapTOBOI CUCTEMU KOODIWHAT BEKTOD-
HU J0OYTOK MOXKe OyTH TOJAaHUi y BUTJIST

— — —

1 2 13
axb= ap ay asg |=
by by b3

=11 (azbs — azba) +i2(asby — a1bz) +iz(ar1ba —agby).
Kpim Toro, B 6araThox BHIAIKaX BUKOPUCTOBYETLCA MOJAHHA BEKTOD-
HOTO J00yTKY 3a Jomnomoroio cuMmpoiis Jlesi-YisiTa €5, aKi BU3HaIa-
IOTHCA TaKUM TTPABUJIOM!
1, gkmo ¢,j,k CTBOpIOIOTH MApHY IEPECTAHOBKY i3 1,2,3;
€ijk =194 —1, 1,7,k CTBODIOIOTH HEMAPHY TEpPecTaHoBKY i3 1,2,3;

0, gKImo aBa iHIeKca 306irafoThCH.

TO,Z[i C=dxb= ejkmijakbm i, OTXKe, Cj = ijmakbm.

Pozrngnemo oneparii 106yTky Tphox BekTOpiB. Haitgacriiie BUKO-
PUCTOBYIOTHCS 3MIIMAHWH 1 MOABIHUI BEKTOPHI 00y TKH.



Sumitmanuit 1006yTOK—11€e
CKAJISIP

-,

V=(axb)-c¢=

= ‘c‘ix 5‘|E10080 =

h,

:’cixb

KUl JopiBHIOE 06’eMy
napaJieserninesa, 100y-
JIOBAHOI'0 HA BEKTOpax
a b, ¢ (puc.8). B xo-
opauHaTHi dopmi  BiH
JIOPIBHIOE  BU3HAYHUKY,

d Puc. 8

KOMITOHEHTaMH STKOTO € ITPOEKIlii BEeKTOPIB

a]; ag asg
V= bl bQ bg
it C2 C3

[Moxpiitamii BekTOpHWIT TO0OYTOK @ X (b X €) € BeKTOpOM d, AKWii
JIEYKUTD B TJIOMINWHI BEKTOPIB b i € 1 MepHeHInKyIIpHAil 0 BEKTOPA d.
Bekrop d moxna 3maliTH 33 GOPMYI0I0

- — =,

d=ax(bxe) =0b(G-d)—aa-b).

0.3 Tensopu B €BKJIiJOBOMY ITPOCTOPI

TenzopoM HyILOBOTO PAHTY BBAYKAETHCA CKAJIP, AKU MMOBHICTIO BU-
3HATAETHCI OTHUM TINC/I0M. TeH30pOoM Iepuioro panry € BeKTOp, KA
Moxke OyTu noganuil sk JriHiiiHa koMmbinaris 6a3uMCHUX BEKTODIB i BU-
3HAYAETHCH CBOIMU KOMIIOHEHTAMM, KITbKICTh SKUX JIOPIBHIOE KLIBKO-
CTi BUMipiB TTpOCTOPY. ZKINO TPOCTip Nn—BUMIPHUNA, TO KOXKHUM BEKTOP
d MOXKHA IOJATH Y B JIHIAHOI KOMOIHAINT 6a3UCHUX BEKTOPIB

a=e¢e1a1+ezas+...+enay, ad=E¢€;a;.
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KommonenTn BekTOpa @; MOXKHA BU3HAUUTH YePe3 CKAIAPHI J00yTKH
a1 = 5-61, a :6'52,..., ap = 5€n

[Ipm moBOpPOTI cUCTeMUW KOOPAMHAT 3MIHIOIOTHCS BEKTOPH JIOKATh-
HOTO 0a3uCy, 10 3yMOBJIIOE 3MiHY TPOEKIliii ab0 KOMIIOHEHT BEKTOpA.
3a/eyKHICTh KOMIIOHEHT BEKTOPA BiJi BUOOPY KOOPANHAT YCKJIAIHIOE 3a-
rajibHy KapTuHY OCKLJIbKH, X BUOIp MO2Ke OyTu BUIIaKOBUM i BijioOpa-
Kae 3aiiBi gerati. ['ooBHE 3aBIaAHHA TEH30PHOTO YUCJEHHS TIOJIATAE Y
TOMY, 11100 BUJIJINTH CYyTh 00’€KTa, AKNUi BUBYAETHCS, 1 BIIKUHYTH JPY-
ropsi/iHi JieraJii, BUK/IMKAH]I BUMTAJKOBUM BUOOPOM CHUCTEMU KOODUHAT.

Tomy posrnsimaeTbea 3a1a-
4Ja: 3aJlaH0 BEKTOp a4 B
cTapiit cucTteMi KOOpIMHAT
. 1, Ty ,r3, TOOTO BigoMi Ho-
! & & ro0 KOMTIOHEHTH a1, a9, a3,
g 3aJIaHO HOBY CHCTEMY KO-
opaunar xj, xh, zh. Tpe-
0a 3HANTH IPOEKINl BEKTO-
X, g pa d — ay, dy, a4 B HOBifi
X cucremi. IlooskeHHsT HOBOT
Puc. 9 CHUCTEeMHU KOOPAMHAT BiZHOC-
HO CTapOol BU3HAYAETHCA MPOEKITsIMUA BEKTOPIB JIOKAJHLHOTO OA3UCy HO-
BOI cucremu Ha oci ctapol cucremu (puc.9). JlokagbHi BEKTOpU HOBOTO
6asucy, gk i OyIb-IKHUil BEKTOP, MOXKHA IOJATH Yepe3 BEKTOPH CTAPOIo
6azucy y BurIadl JiHIHEX dOpM

/ X

%

Ra

$DL

A 4
v

(DL
R

— — — —
€] = aii€e1 + o€z + agzes,
— - — -
€y = (p1€1 + (p2€2 + (23€3,
— — - —
€3 = (i31€1 + (32€2 + (33€3,

— — ..

e; = aj;e;, 1,5 =12.3.
KoedimienTn «;;-11e mpoexIii BeKTOPiB HOBOTO JIOKAJILHOTO Oa3ucy e,
Ha BeKTOpH cTaporo 6asucy €;. Bomm MoxyTh OyTn BH3Ha4YeHI depes
CKaJIApHHUN JOOYTOK a;j = e, - €j. 3 KoediIlieRTAMHI (r;j OB A3aHa Ma-
TPUIT TEPETBOPEHHS CUCTEMHU KOOPAMHAT. KOMIOHEHTH KOXKHOTO DPsi/I-
Ka MaTPHUIIl € IPOEKIIIMA HOBAX OPTIB Ha CTapi, a KOXKHUU CTOBIYIUK
MaTPHUII—TIPOEKIIIMU CTAPUX OPTiB Ha HOBI. OCKIIbKY JIOKAIbHI BEKTO-
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pu 6epyThCsd HOPMOBAHUME, TOOTO OJMHUYIHOI TOBXKUHU, 1 B3AEMHO OP-
TOrOHAJIBHUMU, TO CKAJIAPHUH J00yTOK KOXKHOIO Psi/iKa D0 CTOBITYUKA
camoro Ha cebe JIOpPiBHIOE OJIUHUII, a HA OYIb-AKWil IHITHH—HYITIO:

ail a2 a3
|aij|: as1 a2 a3 |
a31 asz ass

1 (i=j),

0 (i#7),

Je 0;j—cumBos Kpomekepa. 3a mpasmuiaom Eitamreitna 6eperhes cyma
o0 TWX IHJAEKCaX, dKi MOBTOPIOIOTHCI. BUBHAYHUK MATPHIN JOPIBHIOE
+1. JomaTHuiti 3HaK 03HAYAE, IO OPIEHTAIlA CHCTEeMHU 30epiraeThes, a
Bi'eMHMIT — 110 OpieHTaIis perepa (JOKaJIbHOTO 6a3ucy B3aEMHO OPTO-
rOHAIBHNX BEKTOPIB) 3MIHIOETHCsI (TTpaBa Ha J1iBy a6o HaBnakn). Takuv
9UHOM, MATPUIlE OPTOHOPMOBaHA 1 i1 0bepHEHa [TOPIBHIOE TPAHCIIOHO-
Baniit A~! = A’. Crapi opru uepes HOBI BupaxaoThest hOPMyIaMut

QijOj = 0GiQj = O, 045 =

- —y — —
€1 = a11€] + a21€5 + agi€3,

~ — — —
€2 = (¥12€] + (x2€9 + (3263,
= — — ~
€3 = a3€; + 36y + agses,
- — ..
€ = aj;€e;, 1,7 =123.
st Toro o6 3HaiiTH, siK 3MIHIOIOTHCS KOMIIOHEHTH BEKTOPA I [IPU 110-
BOPOTI CUCTEMH KOOPJAWHAT, 1OTO KOMIIOHEHTY B HOBilf cHCTeMi MOXKHA
BHPA3UTH Yepe3 CKaaapuuil go0yTox z; = Z- €. Opr HOBOI cucTeMu
BUPAYKAETHCS Y€Pe3 OPTU CTAPOT CUCTEMN
€; = Qij€j,
/ JEr— — — R
Ty =T:€ =T 035€; = UL €5 = AjjTj.
Takum auHOM, 0EPKYIOTH (POPMYJIH, IKI BUBHATAIOTH KOMIIOHEHTH
BEKTOPA B HOBIil cucremi:
/
T; = QijjTyj, (031)
/
T1 = Q1171 + 01222 + 1323,

/
Ty = 2171 + Q22T2 + (2313,
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/
T3 = Q31T1 + Q322 + Q33x3.

3a BU3HAYEHHSAM TEH30POM TIEPIIOr0 PAHTy HA3WBAETHCA MATEMATH-
9HUl 00’€KT, FKWIl BU3HAYAETHCS 3aHYMEPOBAHUMHU OTHUM iHJEKCOM
qucaaMd T, T2, T3, 9Ki IPHU IOBOPOTL CHCTEMH KOODAWHAT II€PeTBO-
proorbes 3a 3akoroMm (0.3.1). Ii uncia HA3MBAIOTHCS KOMIIOHEHTAMHI
TEH30pA.

V dizuwgnux i reoMeTpuIHUX 337a9aX BUKOPUCTOBYIOTHCS 00’€KTH,
sIKi TPUBOAATH JI0 TeH30PiB Buinux pauris. [le moxua 6aunTu 3 TAKOTO
TIPOCTOTO TMPUKIaNy. PIBHAHHA MEHTPATBHOI TOBEPXHI APYTOTO TTOPSI-
Ky Ma€ BUTIST

bij:ci:vj = 1, i,j = 1,2,3,

Jle, 9K 3aBK/M, MAIOTh HA yBa3l CyMy IO 1HJIEKCAX %,], gKi OBTOPIO
10Tbes. Matpunsa KoedillieHTIB BBaXKaeTbhCs CUMETPUIHOIO b;; = bj;.
[Ipm moBopoTi cucTeMu KOOPAMHAT HOBI KOOPJANHATHU BUPAYKAIOTHCS Je-
pe3 cTapi 3a HOPMYTAMEA T, = QpiZ;, CTAPl 9€pe3 HOBI-T; = i), .
[Ticng migcramoBKku y BUpa3 i KBIPATUIHOI (DOPMU OIEPIKYEMO

/ / ..
bijomi Ty, njry, =1, 4,5 =1,2,3.

[lopiBHaHHES 3 BUpa3oM g KBajgpatuanoi dbopmu b xl x) =1 nae
dopmyau fja mepeTrBopenHs 11 KOeMImieHTiB TPU mMepexoii 10 HOBUX
KOOP/IMHAT

b;nn = OlmiOénjbij. (032)

3a BU3HAYEHHAM TEH30POM JPYTOro PAHIy HA3WBAIOTHLCA 3AHYMEPO-
BaHi IBOMa iHIeKcaMm uncia bj;, AKi Ipu IOBOPOTI CHCTeMN KOOPUHAT
neperBopooThea 3a 3akonom (0.3.2). Ili uncia HA3MBAIOTHCA KOMIIO-
HeHTaMHI TeH30pa. YMoBa cuMmerpii b;; = bj; He 060B’da3K0BA.

JloBiibHUI TEH30D APYrOr0 PAHIY MOYXKHA OJEPKATH 9K JT00YyTOK
JIBOX TEH30DIB MEPIIOro paHry. SIKIo B3ATH JABa BEKTOpHU Z(Z1,T2,23) 1
7J(y1,Y2,y3) Ta mepebpaTu BCi MOKJIUBI TOMAPHI TOOYTKY iX KOODJAUHAT,
TO 0JIepKaTh BeJUINHH b;; = T;1;, AKi IePeTBOPIOIOTECA IPU IOBOPOTI
cueTeMu KOOpAMHAT. BpaxoByrouwm, mo I, = QumiTi, Y, = Qnjy; 1 B
HOBIiT cucremi

A A
bmn - $myn’
0JIePIKYEMO
b/

mn = CmiOnjTiYj = CtmiOin;bij.
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3Bi;[CI/I BUIIJINBAIOTH (bOpMy.HI/I IepeTBOpEeHHA
/
bmn = amianjbij-

Onepzxani ¢popmynn 10BOAATE, IO BEJIUINHE b;j € KOMIOHEHTaMH TeH-
30pa Apyroro panry. BaxkjwmBuwm € Te, 10 TEH30D APYTOro PAHTY 3aB-
JKJIM BUBHAYAE JUHIAHUI oneparop b, akuit KOXKHOMY BEKTOPY & CTa-
BUTH Y BiJAIOBIITHICTH BEKTOP ¥

IIpu 11bOMYy BUKOHYIOTHCSI YMOBH
b(Z+72)=bZ+0bzZ, blaZ)=abi.
Tyr £ 1 Z noBUIBHI BEKTOPH, a @ JOBIIbHE CKajasgpHe dncao. OCKUIBKI
OIepaTop JIHINHNUIM, TO
bx = b(€1x1 + o + 53563) = x1be1 + x2bés + x3b€3.

IIpu mepexomi 10 KOOpAMHATHOI (OPMHU BEKTOPH I;DE; MOXKYTH OyTH
3aJlaHl y BUTJIS PO3KJIQTY MO OpTax

be1 = b11€1 + b21€ + b31 €3,

bea = b12€71 + baa€s + b32€3,

bes = bizel + bazea + b33€3,

be; = bj;€;.

Oneprkani CHiBBiTHONIEHHS TTOKA3YIOTH 110 JIHIHHUI OEPATOp Y KOOP-
awHATHINE popmi Moxke OyTu nmogannit marpurieio. Komnoneatn marpu-

11l IEPETBOPEHHS 3aJI€2KaTh BijJl BUOOPY CHCTEMU KOODAWHAT 1 BU3HAYA~
IOTHCS K CKaJIIpHUA T00yTOK, HAIPUKIAT €3 - be1 = b31.

B zarampaomy Bunajxy b;; = €; - bej. o6 3naiiT 9K 3MIHIOIOTHCS
KOMIIOHEHTH, JIOCTATHLO 3allUCATH IIonepeIHio popMysTy B HOBiil KOOp-
quHATHI cucremi b, = €, - b€, 1 BUKopucTaTn HOPMYIH ISl TIEpe-

TBOPEHHSI IIPOEKILH BEKTOPIB €], = (i€, €), = Q€. Toai
/ - 7o
bmn = amianjei . bej = amianjbij.

Opnepxkana ¢opmysia mepeTBopeHHst 30ira€ThbCsd 3 MPABUIOM EPETBO-
PEeHHS TEeH30pa

b/
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TOMY KOMHOHEHTH b;j CTBOPIOIOTH TE€H30p Apyroro panry. [is miniitHo-
o OIEpaToOpa HA BEKTOP B KOOPAWHATHIN (OpMi NPUBOAUTH 110 HOTO
TIepeTBOPEHHS
Yyi = bijzj,
Y1 = br1z1 + b1awe + bigws,
Y2 = ba171 + boawa + bazws,
Y3 = b31x1 + b3awa + bazws.

[le neperBopenHs B 3arailbHOMY BUIAJKY IMOJIATAE B TOBOPOTI BEKTOPA
1 3MiHI #10r0 JOBXKHUHMU.

YacTo cyTTEBUM € YACTKOBHUIT BUTIAI0K JITHIFTHOTO OmiepaTopa l;, KO-
JIM BiH TPUBOJUTH JI0 MHOYXKEHHsI KOXKHOI'0 BEKTOpa Ha OJlHEe 1 came
YKUCJIO A, TOOTO 3MIHIOETHCS TIJIBKK JOBXKUHA BEKTOPa, a HALPIMOK He
BMIHIOETBCS. B 1pomy BUNAIKY ¥ = AT;, MATPUIlsl KOMIOHEHT I[BOTO
omeparopa b He 3a/IeKUTh BiJl CHCTEMU KOOPJIUHAT i MA€ BHT

A0 O
g=br=A7, |bi[l=] 0 X 0
0 0 A

[Ipu A =1 omepaTop Ha3UBAETHCA ONUHUIHIM b = F 1 IepeTBOPEHHS €
TOTOXHUM FZ¥ = &, a BIAMOBIIHA HOMY MaTpUIlsT Ma€ BUJL

100 1 =)

1=17),

Ibisll = llossl =1 0 1 0 |, 5”:{0 (2'7&]')
00 1 7

Mt TeH30piB BU3HAYEH] Taki aaredpailvuHi omeparrii:

1) onepariis 10/1aBaHHs, KA BUSHAYEHA /sl TEH30PIB OJTHOTO PAHTY

¢ = a+b, 3a BUBHAUYEHHSIM KOMIIOHEHTH HOBOI'O TEH30pa IOPIBHIOIOTH
CyMi KOMIOHEHT C;j = a;j + b;j;

2) Ten30pHUii 1006yTOK 1€ TEH30DP, KOMIOHEHTA AKOIrO € J00yTKOM
KOMTIOHEHTHU OJTHOTO T€H30pa HA KOMIIOHEHTY JAPYTOTO T€H30Pa, HA MPHU-
KJ1aJ M0OyTOK TEH30pa MEPIIOro PAHTY a@; Ha TEH30p JAPYroro PaHTy
bjk, CTaHOBUTL CODOI0 BCl MOXKJIUBI JOOYTKM KOXKHOI KOMIIOHEHTH d;
Ha KOXKHY KOMIOHEHTY bjj. i 100yTKM 3a1ekarh BijJ TPhOX 1HJIEKCIB
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1 CTBOPIOIOTH TEH30P TPETHLOTO PAHTY, IPUYOMY BIH 3a/I€XKUATH BiJ| MO-
PAJIKY MHOXKHUKIB 1, OT2Ke, HOPA/IKY 1HJIEKCIB ¢jjk = a;bjk;

3) omeparist 3ropTaHHs, HANTPUK/IA, 38/IaH0 TEH30D TPETHOrO PaH-
Iy @;j $0ro 3ropTKoIo 1O iHjeKcax j, k 1 € TeH30D jmm, KOMIIOHEH-
TH {KOTO JOPIBHIOIOTH CyMi KOMIOHEHT TeH30Da @;j; IPH (PiKCOBAHUX
iHgeKcax ¢ 1 yciX MOXKJIMBHX KOMIIOHEHTAaX, y SAKHX OJHAKOBI IHIEKCH
j=m, k=m, Tobro
Qimm = Q11 + Q422 + @433.

IIa cyma 3a1eXuTh TIABKH BiJl OHOTO IHIEKCA 1 € TEH30POM TIEePIIOTro
paHry.

0.4 Buaachi yncia i BjacHI BEKTOPU TEH30pa

3 reoMeTpUYHOI TOUYKH 30pY Jis TE€H30pa Ha BEKTOp HAK JIHIINHO-
ro omeparopa Y = bZ¥ NpUBOAWTH IO TMOBOPOTY BEKTOpa i 3MiHW HOTO
nopxkwHU. B GaraThox 3agadax HEOOXiTHO 3HATH BEKTOPH, HAMPIMOK
SIKUX HE 3MIHIOETHCSI, & 3MIHIOETHCsI JIMie JIOBXKuHA, if = A\Z. st Ta-
KIX BEKTOPiB b¥ = A¥, a B Koop/mHaTHiit dopwmi b;jr; = Ax;, OCKITBKH
x; = 0;§T;, TO 3 TIOIEPETHHOI0 BUILIHBAE

(bij — )\(52']').%]' = 0,
(bll — )\)xl +b1oxo + b33y = 0,
bo1z1 + (ba2 — A)x2 + bagz3 =0,
b3171 + b32w2 + (b33 — A)w3 = 0.

OneprkaHa OTHOPITHA CUCTEMA JIHITHIX aJaredpaldHuX piBHAHDb Ma€ He-
TPUBIAJBHUN PO3B’30K TIABKM IIPU YMOBI, 110 11 BUIHAYHUK JOPIBHIOE
HYJIIO

|bij — Adiz| =0,
(b11—A) bi2 b3
ba1 (baz — A) ba3 =0.
b31 b32 (b33 — )
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Po3kpuBaroun BuBHAIHUK OEPKYEMO XaPAKTEPUCTUIHE PIBHIHHS
)\3 —Il)\Q +IbA—13=0,
fioro koedirieHTaMu € iHBapiaHTH TEH30pa

Iy = bi; = b11 + baa + b33,

I = bi1 bi2 n bao a3 " b1 b13 7

ba1  bao b3z b33 b31 b33
I3:‘bij’.

JiticHi KOpeHi XapaKTepUCTUIHOIO PIBHAHHS OKA3YIOTh, Y CKLJIbKHU Pa-
3iB 3MIHWJIACS JIOBYXKWHA BiMOBIIHNX BeKTOPiB. HampsaMoK BiIToBiTHIX
BEKTOPIB BU3HAYAETHCA PO3B’A3KAMHI OJHOPITHOI CHCTEMH.

0.5 Poskiaan JiHifiHOTO omepaTopa

Koxuomy sminiiinomy omeparopy A 3 marpuineio ||a;;|| moxua mo-
CTaBUTH Yy BiANOBIAHICTL cupszKkenuii oneparop A’ 3 TpaHCIOHOBAHOIO
Matpuiieio ||aji||. Onepatop, i BiamoBitHa fioMy MATpPHUIIs, HA3UBAIOTHCS
cuMerpuaanmu, akmo A = A’ 1 kococumerpuannmu, axmo A = —A'.
Omeparop N 1 BiamoBigHa MaTPHUIlS HA3WBAIOTHCA OPTOTOHATIHLHUMM,
akimo NN' = E, ne E-oiuaudna MaTpuilsd eij = 0;j, HAIIPUKJIA]]

1 00
E={0 10
0 01

TOOTO TPAHCIIOHOBAaHA MaTPuIs AopiBaioe obepueniit N = N1, Jliniii-
HU OTIeEpaToOp MA€ TaKi BJIACTUBOCTI:

1) koxkHMiT HEOCOO/MBHIL JTiHINHWN omepaTrop A, y BiAmoBigHiCTH
SKOMY MOZKHA IIOCTABUTH KBAJPATHY MATPHILO ||a;j|, MOzKe 6yTH OHO-
3HAYHO pO3K/IajeHuil Ha cymy A =S+ K, cumerpuunoro S = 1(A+ A4')
i KococmMerprmanOro omeparopa K = %(A — A,

2) icHYIOTH MOJIIPHI PO3KJIAIN HEOCOOJUBOrO JIHIHHOTO omepaTopa
A, axi mators Burigng A= SN i A= N1S1, ne S 1 Si—cumerpudsi
nmomarHi oneparopu, a N i Ni— oproronasbHi oneparopu. Cumerpudsi
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JOATHI MATPUIll OJHO3HAYHO BU3HAYAIOTHCS CITIBBIIHOITEHHAMM

S%=AA, 52 = A'A.

0.6 OcHOBHI IOHATTS TEH30PHOTO AHAJII3Y

3a BU3HAYEHHSIM BBaYKAETHCH, IO 3aJaHO TEH30PHE MoJIe, AKIINO Y
KOXKHi#l TOUIl mpOCTOPY 3a/JaHi KOMIIOHEHTH TEH30pa AK (PYHKIII KO-
OpJMHAT TOYKH, HAIPUKJIAL b;j = bj(21,22,23).

SIKI110 paHr TeH30pa JOPIBHIOE HYJIIO, TO MOJIE € CKAJSPHUM, TOOTO
f = f(z1,22,23). XapakTepncTuKO0 CKaJSPHOTO TOJIsI € TIOBEPXHI, Ha
AKHX TI0JI€ Ma€ OJHAKOBY BE/JIUYINHY

f($1,$2,l‘3) = C

Taki moBepxHi HA3WBAIOTHCST TIOBEPXHIMU PiBHSI, aD0 130MTOBEPXHIMU.
Hait6inbIn po3moBCIOIKEHOI0 XaPAKTEPUCTUKOIO IIIBUIKOCT 3MiHU I10-
Jigt € fioro jJudepeHiiaibia XapaK TePUCTUKA, —2padi€Hm NoAd, AKUI €
BEKTOPOM

of of L 5 90f _, 9f
ox 1 + 62 8l‘2 6$3 8.%%
1 1Ta€ MOXKJIMBICTH 3HANTU IMBUIAKICTH 3MIHU TOJS B OYIb-IKOMY Ha-
npaMKy. HIBUAKICTE 3MIHT O/ B 33JAaHOMY HAMPIMKY JTOPIBHIOE IIPO-
eKkIrii rpajieHTa HA 3aaHnit HanpaMoK. ['pagienT mora moxe O6yTu Bu-
paxkenuii yepes oreparop Habjaa V

gradf =V = —f

Jusepzenyiero eexmoprozo noas &’(:Z"’) B TOqui Ha3UBAETHCA BEJINYNHA
8a1 8&2 6a3 _ 3% .

dxy 0wy 0wy Owp M

Ky MOXKHA II0/IaATU Yepe3 onepaTop Habjia

9

divd =V -0 =€ —— *Emam =
Oxy,

gradf =e1=——

8f

= erfok-
Tk

diva =

Oa, day,, Oag

:éké :(5k = = Qk k-
m oxp mn oxy, oxp ’
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Pomopom sexmopa @ Ha3UBAETHCA BEKTOP b, SIKUii 103HAYAETHCA 70t 4
i BUBHAYAETHC MU@EPEHIaIbHIM OIIEPATOPOM

8ak 861]'
i:@_@’
blz%—%za:az—az:a

81'2 6953 ’ =
bzz%—%zam—a:&l

Jxz 0xp ’ T
b _8(12_8@1

3= 5. — 4. — 02,1—01,2.
31'1 (9132 ’ ’

Bekrtop b = rot @ moxe OyTH MOJaHO 4Yepe3 CUMBOJIYHUI OmepaTop

nabna V =¢; 0/0x;
1o} day,

b=rotd=V xd=¢€j7— X€a=E€j X €y=—-.
or; ox;
J J
Bexropnuii g00yTOK € X €} 9aCTO BHPAKAETHCA 3 BHUKOPHCTAHHAM
cumvBostiB Jlesi—Higita i To/i pe3yabTaT Mae B

oay,

b:rota:an:eijkeiﬁzeijkeiak,j.
J

ITomokom eexmophozo noas a(&) uepes 3asany nosepxuio A, ne ¥ € A,
HA3WBAETHCS B3ATHUH TI0 IMiil TOBEPXHI IHTErpaJl BiJl eJIeMeHTa, TJIOITHHKA
moBepxHi dA, IMOMHOXKEHOIO Ha HOPMAJBbHY CKJIAJ0BY BEKTOPA IIOJIS

A A

a(7)
= // (@4COSOny + AyCOSUy + A, COS0Y,, )dA.
A

OcCKibKY 7I—OUHIIHAY BEKTOP HOPMAJIi 0 MOBEPXHI A, TO CKaIgapHuit
100yTOK @71 BUupaykae IPOeKIiio BeKTopa d(Z) Ha J10JaTHUIT HATIPAMOK
nopmaui. ITorik BeKTOpHOrO nos @(Z) yepes 3a/jaHy IIOBEPXHIO € Yu-
CJI0.

Hupkyaayiero sexmoprozo noas a(Z) no kpusiit M M, nazuBaeTbCs
B3ATUI TI0 IMili KPUBIM KPUBOJIHINHUEI iHTErpaJ Bij MPOEKIlii BEKTOP-
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HOTO TI0JISI Ha JIOTUYHY /10 KPUBOI

r:/ﬁ @-tdL,
M M,

ze ||ﬂ| = l-gorw4Ha OAMHAYHOI NOBXKUHK;, dL—audepeHIian T0BKUHA
JIYTH.

Teopema Taycca—Ocmpoepadcvrozo
JTa€ MOYKJIUBICTH 3HAXO/YKEHHSI IOTOKY BEKTOPHOTO TOJIA @ depes
3aMKHEHY TIOBEpXHIO A, ska 00MexXye mpocTopoBe Tio ob6’emom V, iH-
TerpyBaHHsAM 110 06’emy Tijia V' auBeprexiiii BEKTOPHOTO TI0JIst

:/A@mm://ﬁmmwz//ﬂvmm

me 'V =e¢y ai*Ha@Ha orteparop. AGo B KoopauHATHIN dopmi

//%Wm ///Vmw ///k@ww_
~ [ ] [ oav = [ [ [ sugesav = [ [ [ Getav -
= [ fentv= [ [ (G e G G v
:/A%sz//ﬁ%wm

Qopwmysa HaBe/ieHa y pizHux popmax 3aImcy, B SKUX BOHA BUKOPHUCTO-
BYETbHCH.

Teopema Cmoxkca
Jla€  MOYKJIWBICTH BUPA3WTH IHTErpaj 1o TOBepxHi S depe3 iH-
Terpasi mo rpanuni L, gxa oO0Mexkye TOBEpPXHIO. KIIO (byHKuiI
Py (x1,x9,23), Pa(r1,x2,23), P3(x1,22,23) 1 ixui noximmi g

B 00J1acTi BKJIOYaOUM rpanuiio S+ L, To
0P; 0P oP, 0Ps
//;{(81‘2 81‘3) +(8$3 3:171)” +

P P,
Oxy  Oxa L
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BpaxoByioun mouATTS poTOPA 1 MUPKYJISIii BEKTOPHOTO MOJIsT TEOPEMa
Crokca Ma€ BEKTOPHY 1HTEPIIPETAIIO

//ﬁ-rotf’dS://ﬁ-VxﬁdS:/ﬁ-ﬁdL
S S L
//ﬁ-rotﬁdS:/PmidL,
S L

sIKa [I0KA3YE, 1110 [I0TIK POTOPa BEKTOPHOIO 110/ 70l P 1yepe3 10BepxHIO
S, oOMekeHy 3aMKHEHUM KOHTYPOM L, TOPIBHIOE IUPKYJISIli BEKTOPA
P 1o KoHTypy.

V 3ajadax MexaHiKM BUHHKAE 337a4a AUQEpPEHIHIOBAHHA TeH30pA.
[Mosunii mudepentian kommonenTn Tensopa b = bij(z1,22,23) B ge-
KapToBi#f crCcTeMi KOOPAWHAT BU3HATAETHCS sIK TTOBHUI mudepeHiias
dyHKIIT 6araTbox 3MIHHAX

Ob;; Ob;; Ob;; Ob;;
db;; = 7]d3:'k = Ldr) + —Ldxg + —2 dxs
awk 8%1 8%2 83:3
Jle, SIK 3aBYK/M, MAIOTh HA YBa3l CyMy MO IHIEKCY, SIKUil TOBTOPIOETHCH,
TobTo 1o k Bix 1 10 3. [losuuit mudepentian KoMIoHeHTH Ten3opa db;;
TaKOK € TeH30poM. /171 Toro mob xapakTepu3yBaTH IPUPICT TEH30pa,
HeOOXiTHO 3HATH HOro YacTUHHI MOXiTHI, SIKi MOXKYTb ITO3HATATHIC
oxy,

= bjj k-

IIpu moBopoTi cucTeMu KOOpAMHAT MOXiAHi bi;,; 3a7ani B cTapiit cucre-
Mi x1,22,23 IEPETBOPIOIOTHCS IIPU MEPEXOJL 10 HOBOI CUCTEMH X ,T4,T4
3a MPaBHJIOM

/
by sl= QmiQnjourbij,k,

sIKE [MOKA3YE, 110 BOHU € TEH30POM, PAHI' sIKOO HA OJMHUIIO DI/IbIINUA,
HIK paHT TeHsopa b;;.

Ilomoxom men3opHoz20 nosA f)(:i“') uepe3 3aJIaHy TOBEpXHIO A, e
T € A, Ha3WBAETHCA B3ATHI TO Tl TOBEPXHI IHTErpaJ BiJl eJeMeHTa
TJIOTMHKN TOBepXHi dA, TIOMHOYKEHOTO Ha Pe3ysbTaT 3rOPTKH JIiHiii-
HOI'0 oreparopa abo TeH30pa b 3 BEKTOPOM OJMHUYHOI HOpMaJIl 7

= //BﬁdA://bijnjdA.
A A
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IMorik TenzopHoro nossi b(Z) vepes 3ajiaHy MOBEPXHIO € BEKTOPOM. Y
KOOpAMHATHIN dopMi Iie CITiBBIIHONIEHHST €KBiBAaJEHTHE TPHOM

pl://b”n]dA
A

®opwmyna Faycca—OcTporpaicbKOro aHaJIOTIYHO JTa€ MOXKJIWBICTH BU-
PaXKeHHsI TIOTOKY TEH30PHOI0 MOJIs Yepe3 3aMKHEeHY MOBepXHI0 A, dKa
obMeskye TpoCcTOpoBe Tijo 06’emoM V), depes iHTerpas mo ob’emy Tija.
B koopaunatHiit hopmi BoHA Mae BULISIT

Ob;1  Objz  Obj3
A p—
//szn]d /// (3561 Oz T 3w3)dv
%

(%il + (91)1‘2 4 abig —b
8901 Bxg 63:3 0
HA3MUBAETHCA ,ZI;I/IBepFeHL[iGIO TEH30pPa, BOHa € BEKTOPOM 1 MOXKe 6yTI/I

BUPaXKeHa yepe3 HabJj1a 0mepaTop

- 0 obi; 0b; Ob;y,
b= Gy = G o) = By ) = &
v k@mk Ci€i%iy = Gk 5€ amk ki Oxy, c oxy,

Bupas

Dopmyau I'pina IMIHEPOKO 3aCTOCOBYIOTHCA IIPH PO3B’SI3yBaHHI PiB-
H$Hb eJIIITUYHOIO THUILY, /IO IKUX HaJIe2KAaTh PIBHAHHA TEOPIl IpyKHO-
cri. dximo u=u(x1,x2,x3) i w=w(r1,r2,23)—~byHKIl, 3aani B 0bsacTi
V' 3 nmosepxuero I' i HenepepBHi pa3om 3 CBOIMU MEPIIMMHA TTOXITHUMHA B
V 4T i maroTs HEnepepsHi ApyTi moxigHi B 0bacti V, To cupaseaausi
dopmysu ['pina.

IHepwa popmynsa I'pina

///uv2wdv_ ///vu dev+//udp

pyea dpopmynsa I'pina

/// (uV*w —wV3u)dV = // u—— —)dl“,



21

0.6 OCHOBHI HOHSATTS TEH30PHOI'O AHAJIIZY

;[e @ *HOXI,ZLH& B HAIIPAMKY 30BHINTHBOT HOpMa,.Hl 7

ow ow ow ow
— =nj=—+no—+ng— =1n-Vw,
T 8 8%3

0 0 0%w
Vw=V -Vw=¢— €—w=_¢ 6—-——
v v ek@a:k ejaxjw Ck ej@a:jﬁa:k

s 0w B 0w B
— ki 8:6]83% N 8$j6$j N

Ow + Ow + Ow arracia
= — JIAIlJI H
ox? Oz} 023 ’
Vu—e’iu el u +é %—i—e Ou — rpagieHT u
0w T Vory T POy POz T ’
ou Ow ou Oow ou Ow
R e e o Sl I

Tpemas, abo ochoena, inmezpasvha dopmyira I'pina
BU3HAYAE (PYHKIIO y BHYTPIIIHIX TOYKaX 00J1acTi depe3 MOXiTHY IO

HOpMaJIi 0 TPAHUII 1 Janjaacian

1 P) 0 1
Q- u(Moy) — I—
u 0 // [RMOP on an(RMop>:|d

V7
/ / RMOP

47, gaxmo touka Mgy siexuTth Bcepeauni V)
Q=< 2r, gkmo Touka My JIeXKHUTH HA rpaHuni I,
JIEXKUTH 30BHI V.

0, gakmo Touka M)

Iy rapmoniunnx dynxniiit VZu = 0 i To4ok Beepeauni obaacti dop-

Mysia Habupae Bu
1 ou(P) 0 < 1 >]
4 -u(My) = - dr.
( O) //F |:RM0P on on RMoP

pO3B’A3Ky  Kpaiio-

3a jgomomororo  ¢dopmyn ['pina npwm
BOI 3agai JLIs eJIITUIHAX PIBHSIHD MOZKHa nepe-
IHTErpaJTbHIX PIBHAHD 1 Teopil MTOTeHIIaIa.

7UN| 10
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0.7 BapiamiiiHi TPUHIUON MeXaHIKN

B ocnoBy mexaniku moxkua noksactu 3aKkonu Heiorona abo Bapiariiii-
Hi mpuHIAUNU. MoXXHA TOKA3aTH IO BUXOIAYN 3 BapialllifHUX MTPUHITH-
B MOXKHa ojepKaTh 3akoHn HbioroHa i mapmaku. Bapiariitai mpuHIm-
M OCHOBAHI Ha, MTOCTYJIATi, 3a AKUM 3aTPaTH €Heprii Tph pycl cucTeMu
JIOBIJIBHOIO TPAEKTOPIEI0 3 MOYATKOBOI TOYKM 0 KiHIEBOI OyayTh MiHi-
MaJIbHUMU, KOJIU TPAECKTOPis PyXy 30iraerbcs 3 jilicaoo. Buxompsuan 3
IIHOTO TIOCTYJIATY, Bapialiiini MeTON Y BIATOBIIHICTD KOXKHIN MOYXKINBI
TPAEKTOPil, TOOTO TpaekTopil, sdAKa He MOPYIIYE 3B’¢A3KiB, HAKJIAJEHUX
Ha, CHCTEMY, CTaBJISITH BEIWUWHY, sIKa B 3arajbHOMY BUIIQJIKY HA3WBAE-
ThCS [II€10, 1, BUKOPUCTOBYIOYN METO/M MATEeMATHUIHOIO aHAJIZY, 3 yCix
MOXK/IMBUX TPAEKTOPIil PyXy IIYKAIOTH Ty, Ha SKiil Jisg HAOyBae MiHi-
MaJIbHOTO 3HAYEHHs. 3 MATEMATUIHOI TOUKHU 30Dy Jisd € (DYHKITIOHATIOM,
OCKLJIbKM BOHA € Bi/0OpaKeHHAM MHOXKWHU (DYHKIIIH, AKUMU BU3HAYA-
FOTHCsI TPAEKTOPIl PyXy CHCTEMW, HA MHOXKUHY YUCE], TKa BU3HAYAE Be-
smauny ail. Takum yuHOM, 33198 BU3HAYEHHS JIifICHOI TPAEKTOPIT PyXy
3BOJIUTHLCS 0 3a0a4i MiHiMizaril pyHKIoOHAgA. TOMY 10 MTyKAETHCS JI0-
KaJIbHUI MiHIMyM, TO PO3IJISIAI0ThCS TPAEKTOpIl, 6/IM3bKI 10 AificHOI.
Axmo mist U = U(q1,92,93,---,qn) € DYHKIIEIO y3araabHEHNX KOODAUHAT
q1,92,43,---,Gn, A€ N—KIIbKICTH CTENEeHIB CBOOOIM MEXaHIIHOI cucTemu, i
BCl KOOP/IMHATY HE3AJIEXKHI, TO HEOOXiTHOI0 yMOBOIO MiHiMaJILHOCTI Jiil €
PIBHICTH HYJIIO TIepIIOl Bapiarii

5U(q17Q27q37"'7qn) =0.

Ilepma Bapiaris Bu3HA49a€THCH TAK CcaMoO, 9K 1 audepeniians yHKIH
6araThoX 3MIHHIX

5U(q17QQ,Q3a-u7Qn) =

U U oU
= ——0q1 + ~—0qo + ~—0q3 + .. + E 5 :
90,01 T 95,0 54,00 Ok

Tomy HeobxijiHa ymoBa MiHiMyMYy /il Habupae By

oq1 " T 0" T 0gs "B T T By,

Heobxigna ymoBa MiniMymy Mae BEKTOPHY iHTepriperariito. Benuunnu

o ou o v
dq1” Oq2” dq3” " Oqn

ogn, = 0. (0.7.1)
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€ kommonentamu rpajienra i VU(q1,92,93,...,qn), BeINYMHU
6q1,042,0G3,...,0¢, € KOMIIOHEHTAMKU BEKTOPa MOXKJIMBUX IIEepeMi-
menb 0g, a Bupa3 (0.7.1)—ckangpuuii 700yTOKOM TpajieHTa il
VU(q1,92,93---,qn) HA BEKTOp MOXKJUBHUX IEPEMilieHb 0¢ i pPiBHIHHS
(0.7.1) mae Bug

U =VU-6¢6=0. (0.7.2)

PiBnicTb HY/MTO CKATIPHOTO TOOYTKY O3HAYAE, 110 TPAJIEHT il 1 BEKTOP
MOXKJIUBUX TIEPEMIIEHb B3a€EMHO OPTOTOHAJIBHI.

(ql+50“’q2+5q2’08+503""’q”+5q”) PiBuaunsa (0.7.1)

\ \4 / BU3HAYAE TIIBKU Te,
4 AU = 1 52U 10 Oy HKITist

H — 2 U= U({]laQ27Q37"'7Qn?.

HE  3MIHIOE  CBOEQ

(ql’qZ’OB""’qn) BeJINYMHH, TOOTO

Puc.10 Ma€ TOYKY ~CTaIio-

mapuocti. Hma Toro
mob  OlIbmI  TOYHO
JocaiuTu 1 TMOBemiHKY, HeoOxigHo 3HaiiTu mpupict dyukiii. Jlns
IIHOTO PO3KIATAEMO 11 B PAJ 1 YIPUMYEMO TIJIEHH JPYTOro MOPAIKY,
9JIEHW BWINOTO TOPSAAKY BiIKUIAIOTHCA YepPe3 MaJiCTh BEJIUYUH
6q175q275q31“'75%17
“~ 0U 1~ U

AU q1,92,435---s4n) = 75%4‘*
( ) — gy 2 4=, 0q:0q

5%5(]76 + ...

VY TouIi cTaIioHAPHOCTI IIepIITa Bapialid JOPIBHIOE HYIIO, TOMY IPUPICT
byHKIIT BUBHAYAETHCI APYTUM J0TaHKOM
1~ 09U

AU(q17q27q3a"'7Qn) -3 Z

1
———0q;0q, = ~5%U. 7.
~ D404 qidq), = 50°U (0.7.3)

Bejmuanna

) " U
FPU=> 3q~8qk5Qi5Qk (0.7.4)
ik=1_ 1"

Ha3MBAETHCA APYrofo Bapiamieo. g Toro mob dhyHKIioHAg MaB MiHi-
MyM, HeoOxiHo mob apyra Bapiarnis Oysaa gogaraoro (puc.10).



24

Samaga 3HAXOMKEHHS MIHIMyMYy MOXKe MaTH i iHmry dopmy, Ko
Ha CHCTEMY HAKJaJIEeH] JI0JATKOBI YMOBH, K1 BUPAKAIOTHCA Y TOMY, 110
KOOPANHATHA q1,42,(3,.--,(n, € 3aJEXKHUMU. B TakoMy BUMIAIKy 3agada
BUBHAYEHHS JIHICHOI TPAEKTOPII PyXYy 3BOJUTHCS J0 3a71a9i MiHIMI3aImii
dyuxmionana U = U(q1,G2,93,--+,qn) 3 JA0JATKOBUMU yMOBAMU

f(q17QZ>Q37“'7qn) =0. (075)

s po3B’sa3yBaHHs Takol 3a/1a4i MOXKHA BUKJIIOUATH OJIHY 31 3MIHHUX
3a, JJOTIOMOTOIO JI0JTATKOBUX YMOB, BUPAXKAI04M 11 Yepe3 OCTaHHI gy,
(k=1,2,3...,n—1) i nigcrasnsiroun y Bupas dynkuionana. Toxui oxep-
KyeMo yHKioHA

U/ = U/(QLQQ,qSu--qu—l)

y $Koro 3miHHi (q1,92,g3,...,qn—1) € HE3AJIEKHUMHU IOBEJIHKY SIKOTO
MOK- Ha JOC/II/?KyBaTH ONEPEIHIMU MeTO1aMu CBOOOHOT BapiatiitHol
zagaqi. Takmit migxim BumpaBaoBye cebe Ha mpocTux 3amadax. IIpore
YacTO BUKJ/IIOYEHHs 3afiBUX 3MiHHUX 1mOTpebye Gararo poboTu i, Kpim
TOr0, YaCTO J[0/IATKOBI yMOBHU OYBAIOTh CUMETPUYHUMHU BiJTHOCHO 3MiH-
HUX 1,G2,43,---,Gn 1 TOJ1 HEMAE CEHCY IITYYHO BUJLIATHA OJIHY 13 3MiH-
HOX, 9K 3JIE2KHY BiJI OCTAHHIX.
Jpyruit magx po3B’a3yBaHHs TaKUX 33/1a9 MiHIMi3aril 3a HasSBHOCTI
oOMeKeHb — 1€ METO/I HEBU3HAYEHUX MHOXKHUKIB, 3Hafigenuit Jlarpan-
xem. ko B3gTu Bapiamio mogatkosoi ymosu (0.7.5), To 0geprumMo
of = ﬁ5q1+ﬂ5q2+ﬁ5q3+-..+ﬁ5qn:0. (0.7.6)
oq g2 dq3 Iqn
Pisusinns (0.7.6) naxnasae 38’ si3ku Ha Bapianii 0gy, B TOM 2Ke 4ac B TO-
uri cranionapuocti Bapiamnist 60U = 6U(q1,92,G3,.-.,qn) TEPETBOPIOETHCS
Ha HYJIb

ou ou ou ou
0U=—0q1+—-—0q2+-—6q3+...+ =—0dqn =0. 0.7.7
oq dq2 dq3 qn (0.7.7)
Buksountu ogHy i3 3a/ie;KHUX Bapialiiii, HANPUKIALT 0¢,, MOXKHA, Yy
rakuii croci6: nomuoxkurn pisasins (0.7.6) Ha sikuiich HeBU3HAYEHUI

MHOXKHUK A 1 ckyactu 3 pisastaasy (0.7.7). V pesyabrari mboro ogep-

ZKHUMO
) q1 e q2 943 q3 ... YR dn
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of of of of >
+A =—0q1 + =g+ =—dg3+ ...+ =—0dq, | =0. 0.7.8
( g1 q1 9o q2 g3 q3 94 q ( )

Bupaz (0.7.8) mepenuremo y BUTIsAT
. 0
Z(“ / >5qk ~0. (0.7.9)
—\dq.  Oqp

Temep 3aMicTb BUKJIOUEHHS 0@, MOXKHA BHOPATH MHOXKHHUK A TaKWM,
100 Ha HYJIb MEPETBOPUBCI MHOKHUK

<+A8f>:0. (0.7.10)

Iqn, Oqn
[licng mporo y cymi 3aJuIIUThCA Jnlre n — 1 4IeHiB
n—1
0
Z( +A f)(qu—O (0.7.11)
—\9q O

Tenep 3amuUINCH TIABKY Ti 0q), SKi MOXKYTH OyTH BUOpaHi JOBIIBHO
i mebxizHow ymoBOW BHKOHaHHS piBHAHHA (0.7.11) € piBHiCTH HyITIO
ycix KoediieHTiB TP BCiX dqg

Oqr ~ Ogy
Toxi 3 (0.7.10) i (0.7.12) Bunumsae, mo Bei koedinientn B (0.7.9) me-
PETBOPIOIOTHCS Ha HyJIb, TaK HaueOTO BCi Bapialil dq; € BlibHEUMEU. B
pe3yIbTATI MHOTO ifled MEeTOMYy HeBM3HAUYEHWX MHOXKHWKIB Jlarpam:xa
Moxe OyTu chopMyIbOBaHA TAK: 3aAMICTh TOTO, MO0 PO3TIAIATA YMOBY
epeTBOPEHHS Ha Hy b Bapiarii 0U, 3 ypaxyBaunHaM 0O0MEKEHb, MOXKHA
PO3IJIAIaTA TIePEeTBOPEHHS HA HYJIb BUPa3y

SU +\3f, (0.7.13)

He 3BEpPTATH yBary Ha OOMEXKEeHH, ONepyodn yciMa 0y K He3aaex
auvu 3MmidEIMA. OCKiTbKE J00yTOK AJf MeperBOPIOETHCS HA HYJIb Yy
pesynbrari pogarkoBol ymosu f(q1,G2,43,---,qn) = 0, TO BUKOHYETHCH
PIBHICTH

<+Aaf> =0, k=1.23,...n—1. (0.7.12)

SU+NSf =6(U +Af). (0.7.14)

Pezynbprar monepesnix MipKyBaHb MOXKHA BUPA3UTH TAK: 3aMiCTh TOTO
100 TpUpiBHIOBATH 70 HyJisi Bapiamiio U 3 ypaxyBaHHSIM OOMEXKEHb,
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moxkHa 3amiantu dyskionan U = U(q1,92,q3,...,qn) HA
U= (U+\f) (0.7.15)
i mpupiBHATH 10 Hyaa Bapiamito 0U mpm J0BLIbHEMX Bapiamisx 0.

K10 KiIBKICTh JOJATKOBUX 0OMeEXKeHb m

fl (q17QZ>Q37“'aQn) = Oa

Im(q1,92,q3,-:qn) =0, (m <n),

TO MOYXKHA PO3MVIAAATH (DYHKITIOHAJT

m
U= (U(qlqu>Q3a“'7Qn) + Z)\ifi(q17Q27Q37"'aQn)> . (0716)
i=1
Takum gnHOM, MeTO/I HEBM3HAYEHUX MHOXKHWKIB Jlarpam»ka 3amiHioe
3a/la4y 3 n — M CTreleHsiMu CBOOOJM HA 3a/a4dy 3 1+ m CTreneHsMu
cB00OO/IM y #AKIlT HEBIJIOMUMU € T+ M BEJIMYUH
41,42:435-0n;  A1,A2,A3,.5 A,

ﬂ.)'[ﬂ BU3HAYCHHA IHUX BEJIMYUH MaeMO N piBHHHI) 3 YyMOBU

50 = 5 <U(Q17qQ7Q37"'7QH) + Z)\z‘fi(QMQ%QSr-an)) = O?

=1

Z(@qk Z)\ afl)éqk—i—Zfzé)\ 0,
1 =1
<6qk ZA 8f’> =0, k=123,...,n (0.7.17)

Oqy,

fi(q17qQaQ37"'aQTL) =0. 1= 172737"'7m

Ocranni m piBHIHB € MPOCTO JIOTATKOBUMHU OOMEXKEHHSIMU.
V 3amadax, mMoB’s3aHUX 3 CYNIJIBHUM CEPEIOBUINEM, CTAH Tija BU3HA-
9aE€THCA KOOPJIMHATAMU 1 9aCTUHHAME TOXigauMu. DyHKITIOHAIT

U:/F(xl7:E27-T3af7fxlafx2afz3)dv (0718)
v
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sasexuTh Big GyHkiil f(z1,re,r3) 3MiHHUX T1,T2,r3 1 1T YacTMHHUX
MOXITHUX TIEPIIOTO TOPAIKY

fﬂcl—if fa:2 fz3

JIJ1sl HeJIOKAJIbHIX O6Me}KeHb, HaKJIaJeHnX B 00’eMi i mOB’sI3aHUX 3 IIO-
XigHUMUT, HAROIIBIT 3PYIHUM € METOJ HEBU3HAUEHUX MHOXKHUKIB Jla-
rpamka. 3amada minimizamii dyrkmionasa U mpu 0OMeKeHHSIX TUITY

D:/u(xl7x27x3afafx17fx2af:c3)dv
\%

f of

8.%'3

[IepexoInTh y 3a1a9y MiHiMizarlil dpyHKIioHaIa
I1=U+\D
1 BIZIITOBIZTHO 7O YMOBH
0 =06(U+AD)=0.

Bamaua mimimizamnii gyrkiionana U mpu oOMeKeHHSIX, HAKIAJIEHUX Y
KOXKHUM TOYI THUITY

0
9k (le,il}Q,ilfg,U, - > = 07 k= 172737
8.’L'Z'

MEPeXOIUTh y 3a/ady MiHiMizaril pyHKITioHATA

19}
b = U+/ )\k(:xl,xg,afg)gk <x1,x2,x3,u,u )dV
v O0x;

Haitmpocrimmoro 3amavero BapiallifiHOTO YHCIEHHS € 3HaXOIKEeHHS
dbyukmnii y(z), axka Mae HemepepBHi YACTHHHI MOXiTHI IO BCIM 3MIHHAM
JI0 JIpYTOro MOPsAJIKY BKJIIOYHO 1 HAJIA€ MiHIMYMY (DPYHKIIOHAJTY

b
Ulyl = / F(zy,y')dx, (0.7.19)

z3aganoMy Ha a < x < b, 3a yMOB

dy
,:— :A :B
y= y(a) = A, y(b)

e Tumosa 3aja4a MexaHiKM y BUMAJIKY, KON POJIb KOODAWHATH T Bi-
Jirpae 4ac t, pyX Tijia TOBHICTIO BU3HAYAETHhCA TPACKTOPIEIO CUCTEMHA
y 1 meuakocramu y'. Heobxigua ymosa icayBanns Takol dynkmiil y(z)
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MOJISITA€ B TOMY, 110 BOHA, TIOBUHHA, 33 I0BOIbHATH piBHAHHIO Eitaepa
— ————=0. (0.7.20)

OueBnzHo, gKmMo x 3amirnTy Ha wac t, a F(x,y,y')-na Jlarpanxian
L =T -V, ne T-xineruuna eneprig, a V—-moTeHmiaabHa, TO PO3B’d-
30K judepentianbaoro pisugnua (0.7.19) mae piBusHHS pyXy. K0
GYHKITIOHA 3aJIEKUTh Bl MOXiAHUX BUIMUX MMOPSIKIB, TO HEOOXITHOO
YMOBOIO MIHIMYMY € BUKOHAHHA PiBHAHHS

OF dOF d?> OF n, db OF
oy  dx oy + dz?2 oy’ +(=1) dx™ Oy
sdKe HAa3UBAEThCs piBagrHaM Eitnepa — [lyaccona.
Bajia4i Teopil IPyKHOCTI HAJIEXKATH JI0 33/a9 TUIIOBUX JIJIsl CYIi/Ib-
HOTO CEpEeJIOBUINA, B IKUX KIJBbKICTh CTENeHIB CBOOOIU HECKiHUYeHHA,
a CTaH Tijla BU3HAYAECTbCA KOOPJAWHATAMH 1 YACTUHHUMH IOXITHUMHU.
Axmo dynkuionas

U:/F(1‘1,$2,l‘3,f,le,f;pQ,fzg)dV (0722)
v

=0, (0.7.21)

MOX1JTHUX TIEPIIOTO MOPSJIKY

fm f er

TO HEOOXiTHOI0 yMOBOIO EKCTPEMYMY € BUKOHAHHS piBHaHH:A Eitepa

OF 0 OF 0 OF 0 OF
—_——— e ——— ———=0. (0.7.23)
Of  0x10fr1 Ox20frs  Ox30fu3
D@opwmynu (0.7.20), (0.7.21) HaBemeHi 1j1st TPUBUMIPHOTO TIPOCTOPY, JJIsI
N-BAMIPHOTO DIBHIHHS EI‘/‘IJIepa

0 OF
=0. 7.24
Z&Ek Ofzk =0 (0.7.24)

f f3_ﬁa

8953



Pozmix 1

Teopisa HaIpy2KEeHOTO CTaHy

1.1 HampyKeHHd i X BU3HAYEHHH
Ha JOBIJIBHUX MJIOIIMHKAX

Posryisgremo Tijio, sike nmepedyBae B cTaHi piBHOBAru, TOOTO IOJIOBHU
BEKTOD 1 TOJTOBHUI MOMEHT 30BHIITHIX CHJI JOPIBHIOIOTH HYJTI0. Bizbme-
MO y Till JOBLIBHY TOYKY 1 IPOBEIEMO Uepe3 Hel JOBLILHO HAXWUJIEHY
wromueky (puc.1.1.1).

4

X3

A

Sl

X

Puc.1.1.1

ILmomy BmmieHOT MaJIOl ILIO-
mumEKr  mo3uaunMo AA. na
TOrO 100 BUBHAYUATH OPi€H-
TAII0 IJIOMIMHKY, IO0YIyEMO
OIUHUYHY HOPMAaJb i 10 Hel.
Oci koopmunar 6ymemMo 10-
3HAYATU I,Y,z abo BiAMOBiIHO
x1,x2,x3. 1106 3amaTn opienTa-
L0 IJIOLIMHKM, JIOCTATHbO 3a-
JaTU TPOEKIl OJUHUIHOI HOP-
MaJi Ng,My,n, abo BIAIIOBIIHO

n1,N2,n3 Ha oci KoopanHar. OCKiIbKU BUOMPAETHCS HOPMAaJIb OJUHUY
HOT joBxkuHU |77| = 1, To 1T npoekuii Ha 0Cl KOOPAMHAT JOPIBHIOIOTH
KOCWHYCaM KYTIiB MiXK HOPMaJLTIO i BigmoBimuumm ocamu. Kocumycn
KYTiB MiK HOPMAJLITIO JI0 TIJIOTIWHKY ¥ OCAMU HA3WBAIOTHCA HAIPSIMHU-
mu Kocuuaycamu. Ha Bumineniit mnomunmi AA pifors BHYTpimHI cuim,
MO3HAYMMO 1X 10JIoBHIIT BekTOp Ap. st BusHadeHHsT PO3MOILITY
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BHYTPIIITHIX CHJI Y KOXKHIN 3 TOYOK Tijla BUKOPUCTOBYETHCSI BEKTOD P,
3a BUBHAYEHHSIM

lim =2
AAS0AA’
KUl HA3WBAETHCA BEKTOPOM HAIPY2KeHb. 3ajIe2KHO Bl opieHTarii Bi/I-
HOCHO /10 TUIOIWHKHW, HATIPYKEeHHS TOILISI0THCA Ha HOPMAJbHI i J10-
tuyuni (puc.1.1.2). st Toro 1mo6 BU3HAYUTH BEJUYUHY HOD-

MaJIbHUX HAMPYZKEHb, JTOCTATHBO CITPOEKTY-
— BaTH BEKTOP HAINPYXKEHb P Ha OJUHUIHY

= (1.1.1)

P HOPMaJib JI0 IJIOIUHKK 72, TOJl 0, = PCOSCL.
OckispKn HOpMaJB OJUHMYHA |7i| = 1, TO B
T, ©, 3araJbHOMY BHNAJKy 3py4Hillle CKOPHCTA-
/ TUCH CKAJISIPHUM JI00YTKOM
n

Op =P 1= p1n1 + pang + p3ng = pin;.
(1.1.2)
JoTuvHi HaIpyXKeHHd MOYKHA 3HANTH 32 Te-
opemoro TTidharopa: ockinexu p? = 02 + 72,
Puc.1.1.2 TO T, = \/p? — 02. OueBnaHO, BEKTOP Ha-
NpYy’KeHb P 3aJIeXKUTh Bij OpieHTall MIONMHKA a0 BiAMOBIIHOT HOP-
MaJii j10 Hel, To6TO icHye 3ajeXKHICTh

p'=p(n). (1.1.3)
Hexaii 1z 3asiexknicTs Jiniitna, iHakIe KaXydn, iCHy€ JiiHITHWI onepa-
TOP, AKUI KO}KHOMY BEKTOPY 7 CTABUTh y BiJIIIOBIIHICTH BEKTOD HAIIPY-
JKeHb P, Tie Oy1e moBeaeHo Tpoxu mizHime. Biamosinno Bigomiit Teopemi
JIIHIHOT ajredpu KOXKHOMY JIHIHHOMY OMEpPATOpPY Y CKIHYEeHHOBUMIp-
HOMY IIPOCTOPi MOXKHA IIOCTABUTH y BIIMOBIIHICTE MaTpuIlio. [IpocTip,
y SKOMY POBIJISJAE€THCSA Ti0, TPUBUMIDHMI, TOMy 3aexnicts (1.1.3)
HalyBa€ BULVISILY

p=&ii. (1.1.4)
Y po3ropHyTOMY BUTJISII
011012013 ny
(p1.p2,p3) = 021022093 ny |- (1.1.5)
031032033 ns

[Topsin 3 BUKOpPUCTAHUMY MTO3HAMEHHSIME, XaPAKTEPHUMU I
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CydJacHOl JiiTeparypu 3 MexaHiku i JiiHiftHOI ajaredpu, HABOAUMO CHU-
CTeMY IMMO3HAYEHDb, KA IMUPOKO BUKOPUCTOBYETHCH B TEXHIUHIHN JiiTe-
parypi.

OxToyTrz Ny
(PwPysp2) = | TyuoyTys n, |- (1.1.6)
TzxTzy0z Ty

JliHiliHwii oneparop &, gKuii CTAaBUTH Yy BiAMOBIIHICTS momuHIL (260
HOpMaJIi J10 Hel) BEKTOD HANpPY>KeHb, HA3MBAETHCA TEH30POM HATPy-
JK€Hb 1 BiH y KOXKHIll CHCTEeM] KOOPAWHAT MOXKe OyTHu 33/1aHuii Bijmo-
BIJIHOIO MATPUIIEIO.

Posraguemo dizuuny cyTh KOMIIOHEHT T€H30pa HANpyKeHb. [l s
IIOT'O BHUPi2KEMO Ky0O INJIONIUHAME, HapajeJbHUMHU KOODIUHATHUM
TJIOMIMHAM, 1 PO3TJITHEMO HAINPYKEHHHA, AK1 JII0Th HA MOr0 TPAaHAX
(puc.1.1.3). [Tounemo 3 rpami, HOpMAaJbL 0 AKOT

A HalpsIMJIEHa B3J0BXK OCl X1, TOI
MIPOEKIIil OJIMHNYHOI HOPMaJIi Ha OCl
| KOOpMHAT (200 HANPSAMHI KOCHHY-
p;, =0y cu) Oynyts np =1, ng =n3 = 0.
BekTop HampyXeHb BU3HAYAETHCSI
P,l= 0, dopmynoo (1.1.4). Tlepemuoxyro-
P, =lo; 3 Y9d 33 NPABUIOM J00yTKY MaTPHUIIb
PAIOK Ha CTOBIEIDL, OJEPKUMO:
p1 =011, P2 =021, P3= 031. AHa-
Puc.1.1.3 JIOTI9HO 3HAXOINMO TTPOEKIIil BEKTO-
pa HampyKeHb Ha IJIOIIUHIIN 3 HOP-

MaJLII0, HAIPAMJIEHOIO B310BK oci X2, 11(0,1,0)

P1=012, P2 =022, P3 =032,

a B3J0BXK oci x3 abo z, 71(0,0,1) omepxyemo

p1 =013, P2 =023, P3 = 033.

011012013 1
(P1,p2:p3) = | 021022093 0
031032033 0

Opnepxkanuit pe3ysibTar MOKA3ye, IO KOMIIOHEHTH TEH30pa HAIpY-
JKeHb 3HAXOAATHCA Y BIAMOBITHOCTI 3 MPOEKITAMU BEKTOPA HAIpPY-
JKEHb Ha BIJIMOBITHUX TIJIONIMHKAX.
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IIpuvomy KOMIIOHEHTH TEH30PA HAIPYKEHb, PO3TAIIOBAHI HA TOJIOB-
Hi#l jiaroHaJii, 011, 022, 033—JA0PIBHIOIOTH HOPMAJIbHUM HAIIPYKEH-
HAM, a T033JlarOHaIbHI - JOTUIHUM HAMPYKEHHAM.

JloBememo, 110 3a1eKHICTh MiZK BEKTOPOM HATIPYKEHDb P 1 OHHI-
YHOIO HOPMAJLIIO 71 JiiHifiHA. /1151 IbOTO 3HAIEMO BEKTOD HAIPYKEHb
Ha JIOBLIbHO HaXWJIEHIH TJIOIIWHIN, BUPAYKAIOYH MOr0 KOMIIOHEHTH Ye-
pe3 KOMIIOHEHTH TeH30pa HAIPYKEHb 1 MPOEKIIil OTMHIIHOI HOPMAJTI.
3 1i€l0 METOI0 BHUPIXKEMO TeTpaejp 3a JOMOMOIrO0 KOODJAMHATHUX
nytonwH i Haxutenol monmakn (puc.1.1.4) i ckopucraemoch ymoBa-
mu piBaoBaru. [lo3znaanmo mIomty HaXuIeHOol IIOIUHKY 3 HOPMAJLITIO
77— dA, IOy IJIOIMHKYI 3 HOPMAJLII, HapaJsebHo oci 1 — dA1,
BIAmOBIAHO o — dAs, x3 — dAs. CyMma mpoekIiil ycix Cuia Ha oci mo-
BUHHA NOpiBHIOBATHU HY/I0. [IpoekTyemo cmin Ha Bich T

p1dA—o11dA1 — 012d Ay — 013d A3 =0,
dA1 dA2 dAS

p1=o011 dA +012 dA +013 dA
Bpaxoytoun, 1o
dAq
A= COSPz, = Ngy = N1,
dAs
A COSPzy = Ngy = N2,
dAs
A= COSPzy = Ngy = N3,

OJZIEP2KUMO
p1=011M1 +012N2 + 013N3.

Amajtoriuno, TPOEKTYBAHHS CUJI HA OCI To 1 T3 Hae:
D2 = 0211 + 022N2 + 023N3,
D3 = 031N1 +032N2 + 033N3

abo
Pz = OgaxNg + TayNy + TozNz,s

Py = TyaNg + OyyNy + Ty2Mz,
Pz = TagNg + TeyNy + 022Nz,

abo B TEH30PHOMY BUIVIS/II
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Di = 045Ny, (1.1.6(1)
zie injekc 4, HabyBatoTh 3HaveHHd 1,2,3. YV npasiii yacTuHi 3a npaBu-

siom Eitammreiina MaroTh Ha yBa3i CyMy MO iHIEKCY, 110 MOBTOPIOETHCS,

Big 1 j10 3
3

Tijng = E Tijng = 041N + 0i2Ng + 0i3N3.

j=1
X;
p >
n
(O2¥
dA_) dAl
Ox % aA
O On »)(2
(o8 O; dAS
4—%
O3
X Yo
Puc.1.1.4

Onepzkani CHIBBIIHOIIEHHS TAOTH MOXKIUBICTD, gK 1 (1.1.4),
3HAWTW BEKTOP HAINpYyKeHb Ha JOBLIHLHO HAXWUJIEHIN TJIOMIWHIN 1 TOBO-
JIsITh, 10 3aJIeXKHICTh MiK BEKTOPOM HAIPYKEHb P 1 OMUHWIHOIO HOP-
MaJLTIO 71 JTiHITHA.

Samadga 1.1.1. Bagano TeH30p HATPYKEHDb Y TOUII

3 0 2
o= 0 5 0
2 07
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BusnauuTu BeKTOp HANPYKEHDb HA IJIOMIUHIN 3 OJUHUIHOIO HOPMAJLIIO
i(2/3,—2/3,1/3).
Po3p’a30k
Brigno 3 (1.1.6a) p; = oyjn;, 3BiaKN
2 2 1 8
p1=o011n1+012n2+ 013N3, P1 23'5—0' §+2'§ =3
2 2 1 10
P2 = 02111 +022N2 +023N3, P2 = 0'§ -5 §+0' 3= 3
B _o 2 0 2 . 1 11
D3 = 031M1 +032N2 + 03313, P3 = '3 '3+ 373
Bagaua 1.1.2. [ljist BeKTOpa HAMPYKEHb, 3HAIIEHOTO B MMOTIEPE/THii
3a/1atl, BUBHAYUTH BEJININHI BEKTOPA HAIIPYKEHb P = |p|, HOpMaTbHIX
HAIMPYXKEHb Oy, JOTUIHUX HAMPYKEHDb T, 1 3HANTH KyT MiXK BEKTOPOM

HAIIPYKEeHb 1 HOPMAJLIIO J0 TIJIOIIUHKH.

Pozs’az0k

Besnumna BeKTOpa HANPYXkKeHb P = |p] BU3HAYAETHCS SIK JTOBIKI-
Ha JiiaroHa/ii IPAMOKYTHOTO MapaJiesieninesa, (pakTHIHO 3a TEOPEMOIO
Ilidparopa

p=\/p}+p3+p=1/(8/3)2+32+(11/3)2 ~ 5,44,

3a ¢opmysmomwo (1.1.2)

Op =P 1 = p1n1 +DPang + p3nz = pin;,
8 2 2 11 1

R R
n=grg oyt gy

i 3a bopmynow — 7, = \/p? — 02, T =/ (5,44)%? — 52 =~ 2,13. Kyt mix
BEKTOPOM HAIPYKEHb 1 HOPMAJLIIO 0 IJIOMWHKN MOXKHA 3HAUTHU KO-
PUCTYIOUHCH BIACTUBOCTSIMHA CKAJISPHOTO JTOOYTKY

Op =P 1T = pncose = pcoso,
cos¢ =0, /p="5/5,44=10,919, ¢~ 24°.
Bagaga 1.1.3. 3amaHo BEKTOPHW HAINPYKEHBb, sKi JIIOTH HA TPHOX
B3a€EMHO OPTOrOHAJBHUX ILIOMUHKAX. JloBecTu, 1mo cyma KBajpariB

BEKTOPIB IINX HAIMPYKEHb He 3aJIeKUTh BiJl OPIEHTAIll CHCTEMU KOOD-
JuHAT, TOOTO BOHA, € iHBAPiaHTOM.
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Poss’sa30k
OuuHuYHl HOpMaJl /10 KOOPJAMHATHUX IJIOIIMHOK MAlOTh LIPOEKILil
n(1,0,0), n(0,1,0), n(0,0,1), Tomy mpoeKIii BEKTOPiB Ha IUX ILJIOIINH-
Kax 01j, 025, 03;. Cyma ixHiX KBaJpaTiB 10piBHIOE S = 01,01 + 0202, +
03035 = 045045, a 1I€ iHBapiaHT.

Bajaqa 1.1.4. Hanpy:xenuii crad y To4Il 3aJaH0 TEH30POM HAIPY-
2KEHb:
o ao bo

6=\ ac o co |,
bo co o
e a,b,c—cTaji BeIWYWHM, 3 0 BEJWYWHA HANPYXKeHb. Bubparu crasi

a,b,c Tak, 1mob BEeKTOp HANPYKEHb P HA OKTAEJAPUIHIN TIJIOMIMHIN J10-
PIBHIOBAB HYJIIO.

Po3s’a30k

OxkraenpudHa IJIOMWHKA PIBHOHAXUIEHA /IO OCEHl KOOPIMHAT, TOMY
n1; = ng = n3. KpiM TOoro, HOpMaJIb Ma€ OAUHUYIHY JOBXKUHY
n% —i—n% —i—n% =1, ToMy n1 =ng =ng = 1/\/§ Brigno (1.1.6a) p; = oijn;
i 3 ymoBu p =0, BumiuBae p; = po = p3 = 0. Omepkyemo

1+a+b=0,
a+14+c=0,
b+c+1=0.
3 1nux piBHAHB 3HAXOMUMO @ = b= c = —1/2. Ten3op HAIPYKEHb Ma€

BUIJIA
o —0/2 —0/2
6=\ —-0/2 o —0/2

—0/2 —0/2 o

Bamgaua 1.1.5. 3agano Ten3op mamnpy:xkeus y Touri 0(0,0,0):
7 -5 0
o=| -5 3 1
0 1 2
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Busnauutu BEeKTOp HANpy’KeHb Ha IJIOIIMHIL, KA MPOXOJUTH Yepe3
rouky 0(0,0,0) napasiesbao miomuni, nokazauiii na puc.1.1.5, neperu-
HAIOYH OCi KOOpAWHAT B ToUKax a = 1/4, b=1/3, c=1/12.

Poss’a30k

PiBusinns mwinommuu Aixy + Aswo + Asrg = B, gKa neperuHae oci
KOODJIMHAT Y TOYKaX a,b,c Mae BUTIAN x1/a+ xa/b+x3/c = 1. Koedi-
IIEHTH PiBHIHHSA BU3HAYAIOTHCA JTOBXKUHAMU BiJIPI3KiB Ocell KOOpmHAT
TOYOK reperuHy 3 Humu tuiomman Ay =1/a, Ao =1/b, A3=1/c, B=1.
PiBusHHS 3aaH0T MJIOMMHN

4x1+ 320+ 1223 = 1.
BekTop, HOpMaJIbHUIT 0 TJIOIUHU MOYKHA, 33JaTh (hOPMYJIO0
N = Ae1 + Axés + Azés,

%3 ToMmy N = 4€1 + 3€5 + 12€5.
Y dopmynu s BU3HAYEH-
Hsl HAIlPYXKeHb Ha JIOBLJIb-
HUX TIJIONIUHKAX —BXOJATH
MTPOEKTIil OTUHUIHOT HOpPMa-
ai 7. Ix moxkHa 3HaiiTH, MO-
JIABINIA  BEKTOP Ha #OTO

'\?<V

' Puclls — 1\7/\1\7]. Tozi

‘1\7 = V21321122 =13,
i =(4/13)e1+ (3/13)ez + (12/13)é3,
ny =4/13, ng =3/13, ng =12/13.

TeHep BU3HAYA€EMO HpOQKHﬁ BEKTOPA HAIIDY?KEHb
Pi = 05N = 0j1N1 + 02N + 04i3N3,
p1=7-4/13—-5-3/1340-12/13 =1,
po=—5-4/134+3-3/13+1-12/13 =1/13,
p3=0-4/13+1-3/134+2-12/13 =27/13.
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1.2 IleperBopeHHS KOMIOHEHT TE€H30PA
HaNpy>KeHb ITPU ITOBOPOTi
CHUCTEMHU KOOPJMHAT

Posrngremo mactymay 3amady. Hexail icHye cmcrema KOOpIWHAT
x,y,2 abo x1,r2,T3, IKy OyaeMo Ha3uBaTH cTaporo. B miit crapiit cucre-
Mi 3ajlaHuil TeH30p HANPYy’KeHb, TOOTO BiOMi #OT0 KOMIOHEHTH 0.

Bazano cucremy koopaunar x’,y’ 2", abo x),x,x%, sIKy Ha3BEMO HOBOIO.
HalTU KOMIIOHEHTU TeH-

30pa HAIpyXKeHb 0;; B
HOBiit cucremi. B neprry
depry tpeba BuU3HAYUTH
TIOJIOYKEHHS HOBOI CHUCTe-
MU BigHOCHO cTapoi. Ilsa
3aJava BUPINIYETHCS 3a-
JAHHSIM TIPOEKINit OpTiB
HOBOI cucremu €}, &, €
Ha OPTU CTApOl CUCTEMU
€1, €9, €. s mporo Tpe-
6a 3ajaTh KyTH MiXK HO-
Bumu 1 crapumu ocsimu. OCKUIBKH OPTH é’;g, €m MAIOTh OJIMHUYHI JIOB-
KUHU, TO KOCHHYCH KYTIiB MiXK HUMHU JOPIBHIOIOTH MPOEKITiAM HOBUX
OpTiB Ha cTapi i MOXKYTh OyTH BU3HAUEH] K CKAJSIPHI H0OYTKM BijiIo-
Bizaux opris. To6To npoekuis €] Ha €], Ky MO3HAIUMO

Puc. 1.2.1

a1 = cos(é'l,é'l)

BU3HAYAETHCA K CKATAPHUN J00yTOK €] - €. AHaIOriTHO

—

cos (é’i,é'j) = = é'l- - €.

BukopucroByioun 11i Koedilli€HTr, MOKHA BU3HAYNTH HOBI OPTH depes
crapi
= aq1€] +o2e2 + aizes,

= (191 €1 + 122€2 + (12363,

= (3161 + 32€2 + 3363,

SLOL
|

abo €}, = ay,;€;. Busnaveni Taknm unHoM KoedimienTn oy, abo Bigmo-

BijHi HanpsiMui Kocunycu cos (€}, €5), CIBOPIOIOTH MATPULIO LEPETBO-
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PEHHS CUCTEMU KOOPJAUHAT

Q110120013
Hain = Q211220023
Q31(32(x33

OckiyibKu 6a31CHI BEKTOPY CUCTEMU KOOPJMHAT MAIOTh OJIUHUYHY JIOB-
JKUHY TXHI CKaJsgpHi J100yTKWU JOPIBHIOIOTH OJWHWIN, SIKIIO BEKTOPH
CITIIBIIAJAIOTH. YHACTIOK TOrO, 10 0A3UCHI BEKTOPU CHCTEMHU KOODIH-
HaT B3a€MHO OPTOTOHAJIbHI iXHI CKaIsAPHI JOOYTKHU TOPIBHIOIOTH HYJIIO,
SIKITIO0 BEKTOPW HE CHiBMa ai0Th. BHACTIIOK UX BIACTHUBOCTEH, SKIIO
MAaTPUIIO TTEPETBOPEHHST TTOMHOXKWUTH HAa TPAHCIOHOBAHY TO OJEp:KU-
ThCd ofuHUYHA MaTpuild. lle cBiqauTh mpo Te, 10 TpaHCIIOHOBaHA Ma-
TPHUIl OJHAKOBA 3 obepHeHO0. Bu3HAaUYHMK MaTpuili gOpiBHIOE 00’€-
My mapaJiesiernine/a modyI0BaHOr0 HA BEKTOPAX, MPOEKINl IKUX Ha OCi
KOOPJWHAT JIOPIBHIOIOTH €JIeMEHTaM Psaka ab0 CTOBIYMKA MaTPHII.
OckinbKu BeKTOpU OA3UCYy ONMHUYHI i B3A€EMHO OPTOTOHAJBHI TO TMa-
paJieJierire;1 IepeTBOPIOETHCA HA KyO OJIMHUYHOTO 00’eMy i BUBHAYHUK

MaTPUIIl JOPIBHIOE OJWHUILII. Taka warpuis, y  gKol
)2 o§epHeHa Marpung - J10-

X - PIBHIOE TpaHCIOHOBaHIN i

3 p BU3HAYHUK KOl TOPIBHIOE

X3/ P2 OIMHMUIT, HA3UBAETHCSI OPTO-

HOpMOBaHOI0. Posrisiremo
CIIOYATKY 3329y 3HAX0-
JIKEHsT TIPOEKIIi#l BeKTopa
X, CUJIA B HOBI CI/IC-’-I.‘eMi, AKIIO
3aJaHO TIPOEKIl CWIum B
cTapiit cucremi i MaTpPHUIIO
HepeTBOpeHHs cucreMu
koopauHaT. Hexait B crapiit
CHCTEMi KOOpJWHAT BUJIi-
Puc. 1.2.2 JIEHQ, TUIOIIMHKA 1 J0 Hel
OpUK/IaJeHa CUIa 3 TPOEKIUAME Dy ,py,p. ab0 p1,p2,p3. Cuimy MoxkHA
3aJaTN Yepe3 MPOEeKINii Ha OPTU CTAPOl CUCTEMU KOOPIUHAT

D = p1€1 + P22 + p3€3,

—

7= pics (12.1)
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AHnasoriyHO MOXKHA, 33/1aTU CUJLYy B HOBIili CHCTEMI KOOPAWHAT depes T1
POEKIIl HA HOBI OCi
— /- - /-
D = pi€1 +p2ey + p3es,
> ]
D= D€ (1.2.2)
Ockinpkn B jiBux gactuHax dopmya (1.2.1), (1.2.2) oxma i ta cama
CHJIa, TO TPaBl YaCTUHU TAKOXK PiBHI
= /
bi¢i = PrCy-
[TomHOXKMMO JiIBY 1 TPaBY YaCTUHU CKAJIIAPHO HA é’j
;o —
Prer - ej =Di€; - ej.
OcCKibKM OPTU CUCTEMHU KOOPUHAT B3AEMHOOPTOTOHAJBHI, TOMY CKa-
AgpHUil 100yTOK Ga3HCHUX BEKTOPIB €], - é;- JIOPIBHIOE OJIMHUIIL, AKIIO
k = j, i mymo, akio k % j :
o 1, (k =J )7
ek . ej = .
0, (k#J)

Taxa BeMUMHA HO3HAYAETHCA 0;; 1 HA3UBAETHCA cuMBOJIOM Kponekepa

_l .

€k

P
)

0, (k#7J
R A | a3
T(?m JIiBa YaCTUHA Ha61/1pa§ BUIVIANY Pj.€), - €; = P; 1pH k=7 i mymo
B iHmux Bunajkax. B npasiit actuni ckajisgpHuit 700y TOK—I€ KOMIIO-
HEHTH MATPWUIl TePETBOPEHHS
ey _l f— ..
€i - € = iy,
TOMY OJIEPZKYEMO

P = ipi, (1.2.3)
p; =p| = a11 p1 + 12 P2 + 13 p3,

Py = Py = Q21 1+ 2 P2 + a3 p3,

o ZPQ = (31 P1 + Q32 P2 + 33 P3.

Ananoriaao MoxkHa, 3HaNTH HOPMYJIH, sIKI BUPAKAIOTH TPOEKIIT BEKTO-
pa B crapiit cucremi yepe3 mpoekilii B HOBi cucremi
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pi = ozjip;-. Toi#t camwuit pe3ysbraT MOYXKHA OJEPXKATH, PO3IJISIAI0OYUN
(1.2.3) sk cucremy piBHSHB BIJHOCHO HEBIIOMEX D1, P2, P3 1 BPaxo-
ByIouH, 110 oOepHeHa MaTpuild 30ira€ThCsa 3 TPAHCIIOHOBAHOIO.

Tenep 3naiizemo hopmyin MEPEeTBOPEHHT KOMIIOHEHT TEH30Pa, Ha-
npyxkenb. Po3rjigHemMo IUIOMIMHKY, HA $Kiil /i€ BEKTOP HAIPYyKEHb
p. Hexait icmytors 18I cucremu koopamHat: crapa (x1,r2,r3) 1 HOBA
(x],25,2%), B3a€MHa Opi€HTAlis SIKUX BU3HATAETHCS MATPUIEIO IIepe-
TBOpeHHst ||cy;||. KommonenTn BekTOpa HampyrKeHb B cTapiit cmcremi
P; BU3HAYAIOTHCA Yepe3 KOMIIOHEHTH TE€H30pa B CTapiif cucTeMmi CIiB-
BIJIHOLIEHHAMU P; = 037, BIALOBIAHO B HOBIN cucremi pj = o), n;,.
KowmmnonenTn BeKTOpa HAIpy:KeHDb ITOB’I3aHi CIIiBBIIHOIECHHIMN

/

Py = QiPi-

3 oCTaHHIX TPHOX CIIIBBIIHOIIEHb MAEMO
/ [ T )
Ol = Qi O35
Bupaxkaemo mpoexIiil oquHITIHOT HOPpMaJIi B CTapiif cucremi KOOpauHAT
yepes 11 npoexkunil B HOBIA cucremi nj = amjn;n. [Tigcrasisiemo ix y

TIOTIePeTHE CITIBBITHOIIIEHHS 1 OJIEPAKYEMO

/ ! /
Ol = Ok - aij'ijnm,

3BIJIKU BUILIMBAE
/
Okm = akiamj Uij- (124:)

Opnepxkani GpopMy/n Ja0Th MOXKJIUBICTD 3HANTH KOMIIOHEHTU TEH-
30pa HaINpyKeHb B HOBIM cHCTeMi Yepe3 KOMIIOHEHTH TEeH30pa HaIpy-
JKeHb B CTapiifi crcTeMi KOOPAWHAT 1 OJHOTIACHO JOBOIATH, IO 00 €KT,
KU OYJI0 HA3BAHO TEH30POM HAIPYKEHbB, MiiICHO € TEH30POM, OCKiTh-
KU BiH IEPETBOPIOETHCA IPU MMOBOPOTAX CUCTEMU KOOPAMHAT 34 IPABU-
JIaM# TeH30pa.

1.3 T'osioBHiI HAIIPy>XEHHH i T'OJIOBHI MJIONIUHKN!

ILmomuHaKY HA3UBAIOTHCSA TOJJOBHUMU, SIKIIO HA HUX BiJICYTHI JOTUYIHI
HaIpyxKeHHs. B IIboMy BHIIAQJIKy BEKTOP HAIpPyKeHb p 30ira€Thcs 3a
HAIPIMKOM 3 OAMHUIHOI HOPMAJLIIO 10 miomuHkn 77 (puc.1.3.1)

—

p=on,
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e o—koedirienT TpomopIiitHOCTi, a00, TPOEKTYI0YHN HA OCi KOOD/INHAT,
OJIEPKUAMO
Di = ong,

b1 =o0ny, p2 =0n2, p3=o0ons.
3 apyroro 60Ky, IpoeKIiii BEKTOpa HAIPY-
KEHb B 3araJibHOMY BUIIQ/JIKY BU3HAYal0-
ThCH 9epe3 TeH30D HALDYXKeHb P; = 0N
OCKiJIBKY JIiBl YACTHHU OCTAHHIX JBOX CIIiB-
BiHOIIEHDL 306IiraroThCdg, TO 30iraroThbca i
paBi, TOMY

oijn;=on; abo oin;—on;=0.

Puc.1.3.1

Ockinpku n; = 0;jn;, TO
(Uij - 5ij0)nj =0.

TaxmM IUHOM, OIEPXKYEMO OJHOPIAHY CHCTEMY JIHINHWX PIBHAHD
JJIs BA3HAYEHHS [TPOEKIIiil OIMHNIHOT HopMadti 7(n,12,n3) 10 TOJOBHOT
IUIOIIUHKY. Y PO3TOPHYTOMY BUIJIS/II BOHA MAE BUI

(011 —0)n1 + 01212+ 013103 = 0,
021n1+(022—a)n2+023n3:0, (1.3.1)
0311 +032Nn92 + (033 — O‘)ng =0.

3 MareMaTUKH BiJOMO, IO OJHOPI/IHA CUCTEMa MAa€ HeTpuBiaibHi
(He HyJs1bOB1) PO3B’A3KHM, SIKINO 1 BUBHAYHUK JIOPIBHIOE HYJIIO:

|0ij —O'(Sij| = 0,
011—0 J12 013

021 op—0 o9 |=0. (1-3-2)

031 032 033—0

PoskpuBaroun BU3HATHUK, OJEPKYEMO XapaKTEPUCTUIHE PIBHIHHS
JIJI BU3HAYEHHS TOJIOBHUX HAIPYKEHb:

03 —Io? 4+ Lo — I3 =0. (1.3.3)
Koedimieatn nporo piBHAHHA

I = 011 + 0922 + 033,
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011012 011013 022023
I, = + + )
021022 031033 032033
13 = |Jij| (134:)

He 3aJIeKaTh Bi/T OPi€HTAIII] CHCTeMI KOOPANHAT, TOMY Ha3WBAIOTHCS 1H-
BapiaHTaMu TEH30pa HANPYKEHb, BiAmoBiano: [1—nepmmuii, [o—npyrwuii,
I3—rpetiit iuBapianT. OCKiibKYU piBHsIHHS KyOidHE, TO BOHO Ma€ TpHU
KOpeHi, 9Ki BU3HAYAIOTHL TPW TOJOBHI HANPYXKEHHHA 01,09,03. lHIEKCH
BUOMPAIOTH TaK, 1100

o1 > 09 > 03. (135)

Ilicna Bu3HadeHHS TOJOBHUX HAIPY2KEHb MOYXKHA, 3HANTH iX Opi-
€HTAIli{0, TOOTO MPOEKITii OAUHUIHOI HOPMAaJIl 0 TOJOBHOI IJIOMNHKH,
abo, 110 Te came, ii HanpaMHI Kocuuaycu. Hanpukiam, 1ig BU3HAUEHH
HaHpHMKy g1

(011 —01)n1 +0o19n2 + 01303 = 0,
o211 + (022 — 01)n2 + 02313 = 0, (1.3.6)
03111 +032n2 + (033 —01)nz = 0.
OCKiJIbKY BU3HAYHUK Ii€] CUCTEMU JIOPIBHIOE HYJIIO, TO BOHA BUPOJIZKE-
Ha, TOOTO 3 TPHOX PIBHSHB HE OLJIBINE HiXK JIBA € JIHITHO HE3AIEKHUMUA.
Towmy mist BU3HAUEHHS MPOEKIIiil HOPMAaJIi 3 IUX TPhOX PiBHAHL TpebHa
B34TH JIBa JIHINHO He3aJeXHUX, J0 HUX JOJaTH YMOBY, IO BEKTOP
HOpMaJIi HOPMOBAHUIL, TOOTO BiH Ma€ ONWMHUYHY JOBXKUHY
2 2 2
n1+n2+n3: 1 (137)
1 3 oJlepXKaHUX TPHOX PIBHAHBL 3HAUTH 11,Mn2,n3. TaK caMo 3HAXOIATH

opienTail o9 1 03.

Bajaua 1.3.1. 3a/aH0 KOMIIOHEHTH TEH30Pa HAIPYKEHb B CTapiil
cECTeMi KOOpJWHAT T'1,T9,T3. SHANTH KOMIIOHEHTH TEH30Da HAIIPYKEeHb
B HOBIil cucTeMi &) ,24,x%, MOJIOKEHHS KOl 33/[a€ThCs MATPUIIEIO IIepe-
TBOPEHHST

2 -2 0 0 1/vV2 1/V2
o= -2 +v2 0o | lagll=] 1/vV2 1/2 -1/2
0 0 —V2 -1/V2 172 —1/2
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Poss’azok

3a GopMyIIo0 0, = Qtkj - (0 3HAXOLMMO KOMIOHEHTH TeH30Da
HAIIPY?KEeHb B HOBIil cucremi o ,xh,25, HAIPUKIAT:

011 = (1104 = Q1101015 T Q1201 j025 + (13001035 =
= Q1011011 + Q11012012 + 11003013 + Q120011021+
+Fa20012022 + (120013023 + (13011031 + Q130012032+
+a13013033 = a11011011 + 201112012 + 201113013+
+a12012092 + 2012013093 + 13013033 = 0-0-2+2-0- (=2)+
+2-0-(1/v2)- 04 (1/V/2) - (1/V2) - V2+
+2-(1/V2)-(1/V2) -0+ (1/v2) - (1/V2) - (—V2) = 0.
AHasIoriyHO BU3HAYAIOTH 1HIN KOMIIOHEHTH. B pe3ysbraTi ogep:KumMo

0 0 2
0 1-v2 -1
2 —1  1+V2

3BUYANHO NP BUKOHAHHI TAKUX PO3PaXyHKIB Tpeba BUKOPHUCTOBYBATH
00YHCIIOBAJIbHI MAIIIUHNA,

Q>
I

Sagaua 1.3.2. 3ajaH0 KOMIIOHEHTH TEH30Pa HAINPYKEHb B CTapiii
cucremi (1,22,23) KOOPAUHAT

BHafiTn KOMIIOHEHTH TeH30pa HANpY’KeHb B HOBiil cucremi (2f,x5,2%),
MTOJIOYKEHHS SKOI MTOKa3aHo Ha, puc.1.3.2.

Poss’azok

CnouaTky HEOOXiTHO BU3HAYUTHU MATPUIO TepeTBoperHs. OCKiib-
KU BICh I yTBOPIOE OJIHAKOBI KYTH 3 OCAMHU X'],T2,L3, TO IPOEKIIT O/1H-
HUYHOrO 6a3MCHOTO BEKTOpa €] Ha BCL OCi 0JHAKOBI

a1 = agp = a3 = 1/V3.
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Puc.1.3.2

Kpim Toro, 3anano Kyt m/4 Mix 6asuCHUM BEKTODOM ij Ta BICCIO
T3, TOMYy (33 = 1/\/§ Y pesyibrari Marpulld neperBopeHHsi Habupae

BUTJIA:
1/v3 1/v/3 1/V3
[|evij|| = 21 22 Q23
azr azgy  1/V2

OcranHi HEBIJOMI KOMIIOHEHTH MATPUIIl IEPETBOPEHHS BUZHAYAIOTHCS 3
yMOBH 11 OPTOrOHAIBHOCTI ik, = 03 Ta HOpMoBanocTi. Hampuxayn,

az1/V3+asa/V3+(1/V2)(1/V3) =0,
ag+ad+1/2=1,
az1 =0, a32:—1/\/§,
i 7. 3 IUX YMOB OIEPKYEMO
1/vV3  1/V/3 1/V3
logsll = —2/v6 1/v6 1/V6
0 ~1/vV2 1/V2
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Terep moxkHa cCKOpHUCTATHCS (DOPMYJIOIO

/
Oij = Cim®inOmn,
’ - . )
e O'iijOMHOHeHTI/I TEeH30Pa Hapr)KeHb B HOBIMW CUCTEM1 KOOPpAWHAT,

Omn—KOMIIOHEHTH TEH30PA HAIPYKEHb B CTApiil cCUCTEeMI, HATPUKJIA/TL:
/
011 = 1mQ1nOmn = Q11Q1R01n + Q1201002 + Q1301503 =
= (110011011 + 120011021 + Q1311031 + Q1112012+
+a12012092 + (113012032 + 11 Q13013 + 12113093 + (113013033

[licg miACTAHOBKYU 0% = T 1 T.JI. OIEPKIMO
11

0 0
lloisl = 0
.

S O N

-
0

Bagaqa 1.3.3. 3a/1aH0 TEH30p HANPYKEHBb Y TOUIT

3 1 1
llogll=1 1 0 2
1 2 0

BusHaunTu TOJIOBHI HANpPYYKEHHsI, MMOJIOKEHHS T[OJOBHUX IIJIOMIUHOK
(roIoBHEX OCeil TeH30pa HALIPYKEHD).

Posp’s130k
3HAX0AMMO 1HBAPIaHTH TEH30Pa HAIPYKEHb

I =011 + 092+ 033 =3,

011 012 011 013 022 023
I, = + + =
021 022 031 033 032 033
3 1 3 1 0 2
= + + =—6

10 10 2 0

I3 = —8.

— =W

N O =

S N =
Il
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3anucyeMo XapaKTePUCTUIHE PIBHSIHHS
03— Lo+ ho—1I3=0,
0®—30* —60+8=0.

SHaxoAMMo Horo Kopesi, ki jgopiBaoTh 1,4, —2. Tomy o1 =4,

o2 =1, 03 = —2. B 3araapHOMY BUNA/IKy KOpPEHi 3HAXOJATH YUCETHHU-
MU MeToJaMu, Haltdacrime metomoMm HuioToma. dani BuzHawaeMo mo-
JIOYKEHHSI TOJIOBHUX TIIOMIMHOK (TOJIOBHUX OCEil TEeH30pa HANPYZKEHb)
pose’sizytoun cucremy (1.3.6). Hanpuknan, 3uaiijemMo 1moioxenns ro-
JIOBHOI IJIOIAHKH, HA AKifi i€ TOJIOBHE HANPYKEeHHs 01 = 4 (HAIPSIMOK

TOJIOBHOI OCI TE€H30pa HAIPY:KeHb, B3JI0BXK KOl HAIIPSAMJIEHO T'OJIOBHE
HAIpYkKeHHs 0] = 4):

(3—4)n1 +ngo+n3 =0,

n1+(0—4)n2+2n3 =0,

ny +2n2+ (0—4)ng = 0.
—n1+ng+n3 =0,
ni—4no+2n3 =0,
n1+2ns —4nz = 0.

Busnaunuk 1iel cucremu

-1 1 1
1 -4 2 |=0
1 2 -4

JIOPIBHIOE HYJTIO, TOMY 3 T1i€l cuctemu Tpeba B3ITH Oy/Ib-5Ki JBa JIHIIHO
He3aJeXKHIUX PIBHAHHS 1 10 HUX J0JaTH YMOBY HOPMYBAaHHS HOPMAaJIi
—n1+ng+n3 =0,
ni—4no+2n3 =0,

n% + n% =+ n§ =1.
I3 mx TpROX PiBHAHb BU3HAYAIOTH TPU HEBIIOMI 11,192,113 :

711:2/\/6, n2:1/\/6, 713:1/\/6.
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AHajOri9YHO BU3HAYAIOTH MMOJIOYKEHHS TOJOBHUX TIJIONMHOK, HA SIKUX
JHIOTH FOJIOBHI HAIPY2KeHHst 09 = 1, 03 = —2 (HanpsiMKu BiIOBLHMX
FOJIOBHUX OCeii TeH30pa HAMPYKEHb).

Samaga 1.3.4. Bagano TeH30p HATPYKEHDb Y TOUIL
loill=| a

BI/ISHan/ITI/I rOJIOBHI HANIPDY2KEHHHA, IMOJIO2KEHHA T'OJIOBHUX IIJIOITUHOK
(rosioBHUX OCel TeH30pa HanpyzKeHb). PO3B’s30K i€l 3324l aHAIO-
riYHmi pO3B’A3KY MOMEPeTHBOT:

11:30,, 12:0, 13:0,

o1=3a, o92=0, o03=0.

3HaiteM0 MOJIOXKEHHsT TOJIOBHOI TIJIONUHKY, Ha, sIKiif Jli€ TOJIOBHE Ha-
npyKenHst 01 = 3a (HAUPSIMOK T'OJIOBHOI OCI TEH30pa HAlpyKeHb,
B3JI0OBXK $KOI HAIPAMJIEHO TOJIOBHE HATDYXKEHHsS 01 = 3a):

(a —3a)ny 4+ ang +ang =0,
any + (a —3a)ng +anz =0,
any +ang + (a —3a)ns =0,
2 2 2
ny+ns+n3=1.
BBijgcu ny =ng =n3 =1//3.
s BU3HAUEHHS MOJI0OKEHHS TOJIOBHUX IJIOMUHOK, HA AKUX JIIOTh
TOJIOBHI HaNpyKeHHs 09 = 03 = 0, 0/IepKYyIOTh OJJHAKOBI CUCTEMU PiB-

HSTHD
any+ang +ansg =0,

any + ang +ansz =0,
any+ang +ans =0,
ni+n3 +n§ =1

[Mwux piBHAHB HETOCTATHBO /TSI OJHO3HAYHOTO BUSHAYEHHS MTOTOXKEHHS
e JBOX rojioBHUX oceil. Takum 9mHOM, JOBIIBHA Hapa B3aEMHOIED-
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MEeHIUKYIAPHUX OCEl, MEPIEeHNKYISPHUX 10 HANPSAMKY IepInoi oci,
MOKe OYyTH MOJIOBHUMU OCSMU. SBUYANHO, Iis JIOBLIBHO BUOpaHa mapa
Mage 33J0BOJIbHATH YMOBI OpTOroHAIBHOCTI. 1Ipoextii HopMaJteii 10 ro-
JIOBHUX IIJIOIWHOK CTBOPIOIOTH MATPHUITIO MEPEXOAY 0 TOJOBHUX IIIO-
IIIMHOK, 9Ka, 9K MaTPUIld TOBOPOTY, MOBUHHA OYyTH OPTOrOHAILHOIO i
HOPMOBAHOIO.

1/v/3 1/v/3 1/V3
[l = 21 21 23
31 32 33
Bubepemo, nampukia,
a1 =1/V2, ag=-1/V2, ay=0.
IIpu oMy BuOOPI 3a0BOJIBHIETHCH YMOBA OPTOTOHAIBHOCTI
Q1101 + 20 +aiggagg =0
1 ymM0OBa HOPMOBAHOCTI
gy +ajy + a3 =1,
1/vV3 1/vV3 1/V3
laijll =1 1/v2 -1/v2 0
asi Q32 Q33

IIle pa3 3Bepraemo yBary Ha Te, IO OCKIJIBKH B JEKAPTOBiil cucremi
KOOp/nHaT 0a3uCHI BEKTOPU B3a€EMHO OPTOIOHAJIbHI, TO TPETiil PA0K
MOBUHEH OyTU OPTOTOHAJBHUM JI0 MEPIIIOTO

ajiaz) +ajgasy +argasy =0
1 3a/10BOJIBHATH yYMOBY
2 2 2
agy +azy+azz =1,
3 $IKOI MICJI TiJICTAHOBKY TEPIIOT0 BEKTOPa BUILINBAE,
az1+azz+azz =0,
i TaKO>K IOBUHEH OYTH OPTOTOHAJILHUM 0 JPYLOTO

Q131 + Qo232 + ia3egz = 0,
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3 YOro MicJ/Isl MiJACTAaHOBKH JPYrOT0 BEKTOPA BUILIUBAE
agr —agy =0,
3Bi,Z[KI/I 3] = 1/\@, 39 = 1/\/6, Q33 = —2/\/6,

1/vV3 1/vV3  1/V3
lowsll =1 1/vV2 —1/v2 0
1/vV/6 1/vV6 —2/V6

Panku omep:kaHOl MaTpHIIl i € MPOEKIIMHU Ha 0Cl KOOPJAUHAT HOP-
MaJieit 0 TOJIOBHUX IIJIOIIWHOK.

1.4 MaxkcumajbHi HOpMaJIbHI HANIPYy2KEeHHSA

[lepmmm eraroM po3paxyHKIB Ha MIMHICTH € 3a/1a9a BU3HAYEH-
Hsl MaKCUMAJIbHUX HOPMAJIBHUX HANPYKEHb. P0o3B’sakeMo 1110 3aaTy.
g Toro 106 CopoCTUTH MEPETBOPEHHS, BUPIKEMO KyO ILJIOMIMHAMU,
SKi € TOJIOBHUMM TIOIMWHKAMH, 1 0Cl KOOP/IMHAT OPIEHTYEMO B HAITPAM-
Ky HOpMaJieil 10 rosioBHuUX IONMHOK. Ile mHe oOmexye ojeprkanwmii
pesyabrar. OCKiTbKM Ha TOJIOBHUX TLIOIIWHKAX JOTUYHI HAPY KEHHS
BifIcyTHi, TOOTO JOPIBHIOIOTH HYJIIO, TO IIPU TAKOMY BUOOPI KOOpDIUHAT
TEH30p HaIPYyKeHb J1arOHAi3yEeThCs

01 0 0
o= 0 oo 0 |- (1.4.1)
0 0 o3

KowmmonenTn BekTOpa HANpyKEHb HA, [TOBLIBHIN IJIOMIUHIN Bimmo-
BigHo 10 dopmys (1.1.5) gopiBHIOIOTH
b1 =o01Nn1, Pp2=02N2, pP3=O03N3,

Iie Ny, N, N3—TIPOEKIIii OMHUIHOT HOPMAJIL Ha, OCi KOOPAWHAT, TIOB’ sI3aH]
YMOBOIO
ni4+nitni=1 (1.4.2)

Benmunna BekTOpa HANPY2KeHb JOPIBHIOE

p=\/Pi+P3+D3,
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p= \/a%n%—i-cf%n%—kagn%. (1.4.3)

TaxkuM 9UHOM, TOCTAE 33Ja9a 3HAXOIKEHHS] MaKCUMyMy BEJTWYUHU
BEKTOpa Hanpyzxenb p npu obmexenni (1.4.1). Ilo6 mo36yTucs obme-
xkenb (1.4.1), BUBHAUUMO 3 HUX N3

ngzl—n%—n%

i nigcrasumo y (1.4.2), Toui p= \/(O’% — 03)n? + (03 — 03)n3 + o3. Te-
mnep p € QpyHKINE He3aaeKHUX N1 1 ny. HeobxigHo yMOBOIO eKcTpe-
MYMY € PiBHICTH HYJII0 YaCTUHHUX TTOX1THUX

0 d
P o, Lo
8711 8722
3 X yMOB MaEMO
L (o7 —o5)m —0 (1.4.4)
Om\J(o = oty + (03— oR)n3 + o
b _ (03 —03)ns .

Oz (02— o3)n + (03— oF)n3 + 3

OCKiJIBKY T'0JIOBHI HAIIPY2KEHHS JIOBLJIbHI, TOOTO B 3arajlbHOMY BUITA/I-
Ky
2_ 2 2_ 2
o1 —03#0, o05—03#0,
To pisasias (1.4.3) Bukonytorhes 3a ymosu np =0, ng =0, ane 3 (1.4.1)
BuijiuBae ng = 1, i Toji p = o3.

Awnanorivyno, sukiovaoun 3 ymosn (1.4.1) ny abo ng i npupisHio-
TOYM JI0 HYJIS MOX1JIHI, OJIEPKUMO II€e JIBA BUIIAIKT

n1:17 nQ:n3:0a pP=01,

no=1, ny=n3=0, p=os.
Ognepxkami pe3yabTaTH MOKA3yIOTh, IO BEKTOP HAIPYKEHL P JTOCATAE
€KCTPEeMaJIbHOI BeJIMYNHN Ha ILJIOMIUHKAX, SIKi 30irafloThCs 3 T'OJIOBHU-

Mu. BpaxoByiouu yMOBY 01 > 02 > 03, MAEMO MAKCHUMAJIbHY BeJIUINHY
p = 01, MiHIMaJIbHY P = 03.
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1.5 MakcumaJibHi JOTUYHI HANIPY2KEHHS

Horruani HanpykeHHs: Bu3Ha4a0Thca Teopemoro [lidaropa

T =/ p?>—02.
2 _ .2 2

SpyuHilIe JOCTIKYBATH Ha MAKCHUMYM BeIUUIUHY T, = p° — 0, dKa
JIOCATHE MAKCUMYMY OJTHOYACHO 3 Tp. YK i Ipu 3HAXOIKEHHI MaKCH-
MaJIbHOI BEJIMYMHUA HOPMAJbHUX HAIPY2KEHb, JIjisd CIPOIIEHHS 3334l
0Ci KOOPAWMHAT OPIEHTYEMO IO HOPMAaJI S0 TOJIOBHUX ILJIOMIMHOK, TOI
BeJINYMHA HAIPYKEeHb BU3HAYAECTHCA (POPMYJIOI0
2 2.2, 2.2 2 2
p- =o1n] +o3n5+o3n3,
a BeJIMYINHA HOPMAJTBHUX -
2 2 2
Op =01N7 +02N5 +03n3.
Toxi kBagpaT JOTUIHUX HAIPYKEHBb JOPIBHIOE

2 2.2, 2.2, 2 2 2 2 2\ 2
Ak i B monepesHbOMy BUIIAJIKY, MAEMO 33124y BU3BHAYEHHS MAKCHU-
MYMY BEJIUYHHN, KA 3aJ€KUTDH BiJl OMUHUIHOI HOPMAJI 7 38 YMOBH
n% + n% +n§ = 1. 1106 mepeiiTn /0 3a/1a4i BU3HAYIEHHA MAKCHMYMY T,
6e3 0OMerKeHb, BUK/IIOYaEMO N3 3 YMOBH HOPMyBaHHS n3 = 1 —n? —n3

1 o1epPXKYyEMO
72 = (03— o3)0i + (03 — )0 03
— [(01 — Ug)n% + (o9 — ag)ng + 03]
Bepemo mnoxigni 072/0ny, 072/0ns, mpupismHioemMo iX 10 Hyms i
OJIEPXKYEMO CUCTEMY PIBHAHB
(0’% — 0'32))77,1 — 2[(0’1 — 0’3)71% -+ (0’2 — 0'3)77,% —|-0'3] (0'1 — 0'3)711 =0,
(ag — og)ng -2 [(01 —03)n? + (02 — 03)n3 -|—O'3] (o9 —03)ngy = 0.
{(0'1 +0'3) - 2[(01 —0'3)’!1% + (0'2 - 0'3)71% —|—O'3] }nl = 0,
{(02 +03) — 2[(0’1 — 03)7@% + (02 — 0’3)77,% +U3] }TLQ =0.

[Ipoananizyemo po3p’s3ku ojepkanoi cucremu. Bapiant n; = 0,
no = 0 Beze 710 TOro, 110 N3 = 1 1 TOI MJIOIINHKA € NOJIOBHOIO, Ha, IKii
3a BU3HAYEHHSIM Tg = (. IIpore mac 1eit po3B’dA30K HE IIKABUTH, TOMY
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O BiH Jla€ MiHIMAJILHY BeJMYHHY T2,

Hpyruit po3s’s30k no =0, ny # 0, Toxi

a HaM ToTpiOHA MaKCHMaJsbHA.

o1+ 03—2[(01—01)ni+03] =0,

spimkm 1—2n? =0, ny = 1/v/2. 3 ymosu n? +n3 +n?2 = 1 maemo poss’a-
30K

ni=1/v2, ny =0, ng=1/v2.
Tomi
2 2
T, =(01—03)"/4, T =(01—03)/2.

AHaJIorivHO 3HAXOAUMO TPEeTiit MOKJUBUI po3B’s130K 11 = 0, no # 0
mo gae: ng = 0, ng = 1/v2, n3 = 1/v2, 7, = (02—03)/2.
ﬂk Aximo 3 ymosu nf +n3+n3 =1su-
X BHAYNTH HE N3, a N1 abo Ng, TO
/ OJIEPKUMO III€ OJUH PO3B’SI30K

X, nlzl/\@, ngzl/\/i n3z =0,

T = (01— 02)/2.

v

X
/ Bpaxosyioun, mo o1 > 09 > 03,
Puc. 1.5.1 ORCpARYERIO
TmaX:(Ul_US)/2 (151)

1 Il MAKCUMaJIbHI Halpy2KeHHs JUI0Th Ha, TJIONIUHII 3 HOPMAaJLIIIO
ni=1/vV2, ny=0, nz=1/v2. (1.5.2)

OCKIJIBKY TTPOEKIT OAMHUIHOT HOPMaJIi JOPIBHIOIOTH HAMPSIMHUM KO-
CUHYCAMH, TO

cospe = 1/V/2, @, =n/4,
cosp, = 1/V2, ¢, =m/4,
TOOTO T IIOIUHKA PIBHOHAXUIEHA J10 oceii x 1 x3 abo x, z (puc.1.5.1).

Tami excTpeManbHi JOTUYH]I HAIPYKEHHS IIOTH HA IJIOMMHKAX, OHA-
KOBO HAXWJIEHUX JI0 OCell 1,T2 abo T2,T3 1 JOCATAIOTH BEJINYNH

01— 02
7—72 s
_02—03
2
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Samaga 1.5.1 3agano T€H30p HAMPYKEHDb Y TOUII

5 0 0
loill=1 0 -6 -—12
0 —-12 1
Busnauurn MakcumMasibHi JOTUYH] HALPYKEHHS.
Pozp’a30k
CrouaTky BU3HAYAEMO TOJOBHI HANPYy:KeHHs. 71 1MOro 3HaX0u-
Mo iuBapiantu I; =0, [, = —175, I3 = —750. 3anucyemo xapaxre-

pUCTUYHE PIBHAHHSI

0% — 1500 + 750 = 0,

tioro kopeni 01 = 10, 07 =15, o03= —15. Makcumasibui gorwdni Ha-
Py KEeHHS

(01— 03)/2 = (10+15)/2 = 12,5.

1.6 JIundepeHmnianbHi piBHAHHA PIBHOBAru,
CHUMETPUYHICTh TEH30pa HAIIPYy2KE€Hb

Pozrnsmaernes Tisto, obmekene mosepxueio A 3 ob’emom V', gxe
nepebyBae B crani pisHoBaru (puc.1.6.1).

O060B’sI3KOBUMEI yMOBAMU CTaHY PIBHOBAIU € PIBHICTH HYJIIO TOJIOB-
HOT'O0 BEKTOPA R =01 ronosroro momenta M = 0 CUJI, TPUKJIQJIEHUX JI0
Tija. CKOPUCTAEMOCS TIEPIITOI0 YMOBOIO R=0.Bci CHJIU, TIPUKJIA/IEH] J10
Tija, TOMIIAIOTHECA HA ABI TPYNN: TePINa IPyNa—CUId TPUKJIAIEeH] 0
TIOBEPXHI Tifa, fAKi BU3HAYAIOTHCI CBOEIO 1HTEHCUBHICTIO—CHUJIOI0 TIPU-
KJIAJeHOIO JI0 OIWHUIN TLIOII MOBEPXHI P Apyra rpyna—o0’eMHi Cuu,
SIKi TTPUKJIAIEH] 10 OMWHUIT 00’eMy 1 BU3HAYAIOTHCS IHTEHCUBHICTIO X-
CIJIOIO IPUKJIAIEHOIO 10 ofuuuIli 00’emy. Ha mMasry mionumuKy miomeio
dA nie mana cuna pdA. 11106 3uafiTn cury, NpUKIAIEHY /10 TTOBEPXHI
Tija, Tpeba 3HANTHU CyMy BCIiX ITUX MAJIUX CUJI, TOOTO B3STH IHTErpaJI 1Mo
nosepxHi Tina. Ilepexongun 10 rparuni oxepxmumo [ 4PdA. Ha manmaii
o6’em dV nie mana cuta XdV. g roro mob 3HaiTH cuity, NpUKJIa-
JIeHy JI0 BCHOTO Tijia, Tpeba 3HAWTH CyMy BCiX IMX MaJIUX CHUJ, TOOTO
B3dTH iHTErpas mo ob’emy Tina. Ilepexogsaun 10 rpaHuUIl 0JepPHKUMO

JyXav.
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XA b
Vv
2 F dA
. 7 A
=x2
X, Puc. 1.6.1

TonoBuuit BeKTOp CmJi, NPUK/IAJLEHUX JI0 Tijia, JOPIBHIOE CyMi I10-
BepxHEBUX 1 00’eMHUX cuj. 3 yMOBU DIiBHOBaru BiH JOPIBHIOE HYJIIO,
TOMY OJEPKUMO

/ﬁdAJr/X’dV—o. (1.6.1)
A 14
[Tpoekryroun Ha oci koopaunar (1.6.1), ogepxyemo
/ﬁidA+/X'idV:0. (1.6.2)
A \%4

Bupaxxaemo B mepmiomy iHTerpaJsii iHTEHCHBHICTH TTOBEPXHEBUX
CIJI 9€pe3 HAIPYKEHHsI, CKOPUCTABIINACH 3B’SI3KOM MiK BEKTOPOM Ha
JIOBLIBHO HAXWJIEHIA IJIOMMHIL 1 T€H30POM HALPYXKEeHb p; = 05N, 1
3aMIiHIOEMO IHTerpaJI Mo MOBepXHi iHTerpajaoM mo 06’eMmy 3a JOMOMOTOI0
dopmysu [aycca—OcrporpaicbKoro

/ﬁidA—i—/)?idV—/JijnjdA—i—/)?idV—/(Uij,j—i—Xi)dV.
A 14 A %4 14

B cuny Bumoru (1.6.1) maemo

/ (Uij,j -f-Xl)dV =0.
\%4
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Ockinbku 00’eM JOBLIBHUI, TO I TOrO 100 OjeprKaHuii iHTerpall
JIOPIBHIOBAB HYJII0 HEOOXiJIHOIO 1 JOCTATHHOIO yMOBOIO € BUMOIA $Ka
[OJIATA€ BTOMY IO TiiHTerpajibHa (DyHKIisS TOPIBHIOE HYJIIO, TOMY

0ij.j +X;=0, ¢7=1,23. (1.6.3)

Ile i € mudepenmiaabHi PIBHIHHS PIBHOBAI'H.
Ckopucraemocst JIpyro0 yMOBOIO PIBHOBArW-TOJIOBHUN MOMEHT
M = 0. MomenT cujiu JOpPiBHIOE BEKTOPHOMY J00YTKY paJiiyca-BeKTopa

Ha cuiay. Tomy ejleMeHTapHUiIT MOMEHT BiJHOCHO IleHTpa MOMeHTiB O
MOXKHA 3HaiTH 33 GopMyII0I0

dM =7 x pdA+7x XdV.

Axmo ckopucraruca cumponamu Jlepi-HiBiTa €k, 9KI BUZHAYAIOTHCH
HACTYITHUM YUHOM!:

1) 4,5,k = 1,2,3, Tobro iHmekcu i,j,k nHabyBaoTs 3Hauenus 1,2,3;

2) gKIMO J1Ba 3 HUX OJHAKOBI, TO €ijk=10;

3) sikmio ingekcu 4,5,k CTBOPIOIOTH mapHy nepecTaHoBKy 3 1,2.3, To
€ijk=1;

4) gKmmo iHgeKcH 4,5,k CTBOPIOIOTH HEMapHy IMEepPecTaHoOBKY 3 1,2,3,
TO €jk= —1.

Estementapauii MOMeHT BiIHOCHO 1eHTpa MOMeHTiB O MOXKHA 3a-
TMUCATH Y BUTJISAII

dM =€y, &xjprd A+ €ijy, € XpdV,

Je €;-0a3sucHi BEKTOPH CHCTeMH KOOpJMHAT; ;- TIPOeKIli paiyca-
BEKTOpa Ha KOOp/MHATHI OCl

—

T=€;T; = €171+ €222 + €373;
P, X—IPOEKIIl IHTeHCUBHOCTI CIJI ), IPUKJIAIEHUX 0 OJUHHUII ILIO-
11, MOBepxHi i BiamoBigHO X, IpHUKJIAIEHOI 0 OMMHUIN 00’ €MYy.

[MTo6 3maiiTt BeCh MOMEHT, HepemMo iHTerpaJ 1Mo MOBEepPxHi i Bimmo-
BiIHO 110 00’eMy

—

MZ/ €ijk 5i$jpkdz4+/ €ijk €1 XpdV.
A v
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IIpoekTyroun Ha 0Ci KOOpAMHAT, MAEMO
M; :/ Cijk xjpde—{—/ Cijk .TijdV.
A \%4

TloBepxueBi cuin BuparkaeMo 4epe3 KOMIIOHEHTH TEH30Pa HAIMPYKEHb
Dk = OkmNm 1 BUKOPUCTOBYEMO yMOBY M =0

/ Cijk wjakmnmdAJr/ €ijr ©; XpdV =0.
A 1%

Ilepminii inTerpas mo moBepxHi 3aMiHIOEMO iHTErpaJjioM 1o ob’emy 3a
dopmysoro Faycca—OcrporpaicbKoro
fv(eijk xjakm),mdv + fV Sijk .TijdV =0,
Iy €ijk TjmOkmdV + [ €ijk TjOkmmdV + [i, €iji ©; XpdV =0,
fV €ijk :ch,makdeJer €ijk J}j(Ukm,m—i-Xk)dV =0.

Bracainok nudepentiajibaux piBHAHL PIBHOBArW HiJiHTErpaJIbHA
dyHKIig B IpyroMy iHTerpaJsii J0piBHIOE HYJIIO, TOMY

/ Cijk l’j,makmdv =0.
\%4

Hacninkom He3amexkKHOCTI KOOPJUHAT € Te, M0 MOXIJIHI T,y JOPIBHIO-
IOTh OJMHUIIL, TKIO KOOPAWHATH 30irafoThCd i HYJII0, AKIIO—He 30ira-
FOThCSI:

%:{1 (j=m)
Orm L0 (j#m)

ae djm—cumBon Kponexepa. Bpaxosytoun, mo 0y, 0km = 0k, MaeMO

/ Cijk O'kjdV =0,
v

Tjym= gm

fv(€123 o324 €132 023)dV =0,
fV(O'gg — Uzg)dv = 0,
(032 —023) =0,

032 = 023.
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Ockinbku 06’eM JIOBLIBHMI, TO 3 OCTaHHIX CIIBBIJIHOIIEHL BUILINBAE,
1110
012 =021, 023 =032, 031 =013, (1.6.4)
Uij = Uji-
ITe moBoOAUTE, IIT0 TEH30P HANPYKEHb CHMETPUIHUI i MA€ TIIBKA MIiCTH
He3aIeXKHUX KOMIOHEHT. Kpim TOro, ojep:kanuil pesy/ibTar MOKa3ye,
IO OJHUX PIBHAHL PIBHOBAIM HEJOCTATHHO JJIsi BU3HAUEHHS HAIPY-

JKe€Hb TOMY, 10 TEH30D HaAIIpPyKeHb Mae IIiCTh He3aIeKHNX KOMIIOHEHT,
a piBHAHb PIBHOBAru TiIHKW TPH.

Bajada 1.6.1 Bupectu piBHSHHS PiBHOBAr# i JIOBECTH, IO TEH30P
HAIPYKEHb CUMETPUYHUN, NUIAXOM O0€3[0CepPeHbOI0 MPOEKTYBAHHS
CIJI 1 MOMEHTIB Ha OCi KOOD/IMHAT.

Po3s’a30k

Posriisinemo enementapuuit kyd posmipavu dx,dy,dz, Bupizanuit 3
rina. Ha rpani x = 0 AiloTh HaNpy>KeHHA Oy, Tgy, Tzz. Ha mpoTH-
JIEXKHIN TpaHi, KOOPAUHATA SIKOI & OTPUMYE TPUPICT dx, HATPYKEHHS
OJIEPXKYIOTH BiJITIOBITHUI MTPUPICT i JOPIBHIOIOTH

Op+doy =05+ 88‘? dx,
0
Txy—l—dey = Twy—i- g;yd.flf,

85? dz.

Toz +dATp = Tpz +

Bignosimmai HAmpyKeHHS, IO JiIOTH HA TPaHIX, HOPMaJl 10 IKUX IIa-
pajenbHi ocam xo abo y i x3 abo z, mokazani na puc.1.6.2. Yuacigox
YMOB PIBHOBaru CyMa MPOEKIiif cuj Ha OCl 1 cyMa MOMEHTIB BIJTHOCHO
oceil TOBWHHA JOpiBHIOBATH HYJI0. [IpoekTyemo cmim Ha Bich T

Ou dm) dydz — oxdydz + <Tyz + 8;” dy> dxdz — Tyzdzdx+
T Yy

0'+8
)

or
+ | Tez +

= dz> drdy — Typdxdy + Xdxdydz =0,

0z

e X-TpoeKilida IHTeHCUBHOCTL 00’€MHUX CHJI HA BICH .
pi 11
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do, aﬂd
zA Ot 0z dz 7, + 0z z
(% A
5 7z & Tyz d
i T +
ﬁ’—' / y
- (?ayd
T +8_1de
X OX \ > Y
7 \ 51’ d
X dx rxy+—;yd)< ryx+_ y

Puc. 1.6.2

Ilicna 3Bemennst momiOHWX [IOMAHKIB 1 JijeHHs Ha 00’em Kyba
o .
drdydz opep>xyemo aa" + T-W + % + X = 0. Anmanoriano, mpoekTy-
FOUM HA OCTaHHI OCi, o;LepH(HMO IIe JIBa PIBHSIHHSI.

Osepkana cucreMa 3 TPbOX JiudepeHIiaIbHuX PIBHAHD
8‘% _|_8Ty93 +®+X:0
a”y +5 a"y + ‘9sz +Y =0, (1.6.5)
8Tzz _l_aTyz _’_80'z 1+ 7= 0

“+Xi=0, oy +Xi=0
Ha3UBAETHCA QUPEPEHUIANOHUMY DIBHAHHAMY PIBHOBG2U.

CkopucTaeMoch yMOBOIO - CyMa MOMEHTIB Bi/THOCHO JIOBiJIbHOI OCi
JopiBaIoE HyJ110. PO3TisiHeMO CyMy MOMEHTIB BiJfHOCHO oci 3, abo z.
Tlounemo 3 rpameit, HOpMaJb 10 AKUX TapaJjeabHa OCl Ty :

O dydzd2—y — <Jx %Uz daz) dydz dy (Txy + ag;y dx) dydzdzx.
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[ToTim po3sriistHEMO TpPaHb, HOPMAJIb 0 AKOI MapaJjelbHa OCl I3 :

dz do dx or,
—oydrdz— —Ydy |dedz— — Y dy | dedzdy.
Uyzz2+<0y—i—ay y)sz (Tym—i—ayy razay
[Ticast HOTO PO3TIAIAEMO TPAHb, HOPMAJIh A0 STKOI TTapaaeabHa OCi r3:

<sz + agzy dz) dxdy%x — Toydedy %x + Ton da:dy% —

- (Tzz + 85? dz) dmdy%.

Cywma 1ux TphOoX JOMAHKIB IMiC/Id 3BE€I€HHA HOMIOHNX, BiAKI/TaHHS qIe-
HIB 9€TBEPTOTO MOPSAAKY (MAIMX MOPIBHSHO 3 YJE€HAMH TPETHOTO TI0-
paaKy) 1 ginenns wa o6’em jae Try — Tye = 0. AHajioriuni pesyabrarn
JIal0Th YMOBU CyMH MOMEHTIB BIJJHOCHO oceit x1 i x2. B pe3yabrari ma-
€MO

Tey = Tyzs Tyz = Tays Tex = Taz- (1.6.6)

IIi coiBBigHOIIEHHS TTOKA3YIOThH, IO JOTUYHI HAIIPY2KEHHS HA B3a-
€MHOOPTOTOHAJTBHUX TLIOMIMHKAX OHAKOBI 3a BequunHoio. lle sBuiie
Ha3UBAETHCA 34KOHOM NAPHOCTE JOMudHULT Hanpysrcers. OCTaTouHO 3
YMOB piBHOBarul BUILIUBAE, 1110 KOMIIOHEHTH TEH30DAa HAIIPYZKEHDb 3310~
BOJIBHAIOTH TPH Judepentianbai piBuannsg 0;;,;+X; = 0. 3i crissigHo-
HIeHb 0jj = 0j; BUILIMBAE, 110 TEH30D HAIIPY’KEeHb M€ IIICTh HE3a/1exK
HUX KOMIIOHEHT, IKi 33/[0BOJILHSIOTH TPU PIBHSHHS. 3 TPHOX DiBHSIHB
piBHOBaru abo CTATHKYU BU3HAYUTH OJHO3HAYHO IMICTH BEJTUYUH HEMO-
JKJIMBO, TOMY 33/a9a BU3HAYEHHsT HATPYKEHb € CTATUIHO HEBU3HAUE-
HOIO.

Bajaua 1.6.2 Sanucaru piBHSIHHS PIBHOBArU JIjisl MaJIOr0 33 pO3Mi-
pamu Tina, sike mepebysae Ha nmosepxHi 3emi (puc.1.6.3).

Po3s’a30k

OCKIJIBKY POBTIATAETHCS MaJIe

X1 TiJI0, TO BBAXKAETHCH, IO CUJIA
MPUTSITAHHST Tijla 3eMJIer0 Ha-
MpsMJIeHa TMapaJje/ibHO OCl T3,

Xo AKA  TMPOXOJUTD  HE€PE3  HEeHTP

Bemni, tomy X =Y =0,

Z = pg, e ¢-TPUCKOPEHHS
X3 v Puc. 1.6.3 BITBHOTO TAIHHS; P-TYCTHHA.
R Toxi piBHAHHSA PiBHOBArU HAOW-
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ParoTh BUTJIALY

0oy OTye N OT s

Ox oy 9z 0
OTpy 0oy  OTsy
=0
Ox + oy 0Oz ’
0Ty 01y, 0o, B
Ox Oy + 0z +pg=0.

Bagaua 1.6.3 3amucatu piBHAHHS pIBHOBArW I Tija,
dke 1epebyBae y moJsii rpasitamii  3ocepekenol  wmacu M,
posramosanoi y rounmi 3 koopgunaramu (€,1,() (puc.1.6.4).

X

M (&.n.C)

Cuna rpasitamii € meHTpasib-

HOIO CHJIOIO, ToMy JiHisg ii

- mil 3’eaHye IEHTPpW Barm Ma-

X XZ' cu M i enemenra dV. Beiu-

Puc.1.6.4 IMHA CHIM BH3HAMAETLCA 32

KOHOM BCECBITHBOTO TSKIHHS

F = k™32 Jle k-rpasitarnifina

crana, my = p, mg = M, ne p-rycruna, M — Bequawaa 30CEPezKEHOL

MacH, r—BifcTaHb Mixk TeHTpamu Mac M i erementapuoro ob’emy dV
r? = (E—z1)" + (n—22)* + (( —w3)”.

s Toro 106 3HAWTH TPOEKIl Cuan F ma oci KOOPJWHAT, Tpe-
06a 3HATU KOCUHYCH KYTiB MiK HAMPIMKOM CHJIM 1 OCSIMHU KOODIUHAT.
OCKIIbKY HAPSIMOK CHUJIM CIIBIA/IAE 3 HAIPAMKOM BijIpi3Ka, SKuii 3’€1-
HY€ [EeHTPHU Baru, KOCUHYCH KYTIB MIXK BIJIDI3KOM 1 OCSIMU KOOPJAMHAT
JIOPIBHIOIOTH BIJIHOIIEHHSIM [TPOEKIIH BIJ[PI3Ka HA OC1 JI0 MOI'0 JIOB2KUHU

cosqbz:g_ix, COS¢y:u, cosqﬁzzc_z.
r r r

(9, X9, X3)

PiBuauuga piBHOBaru HaOyBalOTh BUTISITY

doy n OTya n 0T,z

pPM
oxr Oy 0z * r3 (=2)=0,
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OTpy 0oy  OTy n pM
ox Oy 0z r3
or. or, do M
Tz Yy Z—}—%(C—Z):O.
ox oy 0z r
Bagaqa 1.6.4 Ilokazaru, 1m0 3a BificyTHOCTI 00’€MHUX CHUJI PiBHSIH-
Hsl PIBHOBArW MOXKHA 33 0BOJIHHUTHU, BUPAYKAIOUN HAMPYKEHHS depes
cucremy OyHKIII:
a) Maxcsenna ¢1(71,72,23), ¢2(x1,22,73), ¢3(71,72,23)

(n—y)=0,

82¢3 a (;52 __ 9%
o1 = 072 + ) 012 = " 9z,0z,°

82 (9 02
022 = ¢1 + ¢3’ 023 = _amgg;37

(92 (92 02
733 = a;f - ¢1’ 031 = _ax?,gi«l-

6) Mopepa 1 (z1,22,23), Y2 (r1,22,23), V3(x1,22,23)

2

__ 0% _ 1 9 (0Y1 |, Oy _ O3
011 = 0x,0xy 012 = =3 Ox3 \ Ox1 + Oxo Oxs3

_ 0% 1.8 (_ oY1 | Oy awg
022 = O0x,0xy’ 023 =73 Ox1 \ Oz + oxo + oxs

023 _ 1 9 (o 0Ya O3
033 = Ox,0x,’ 031 = T 20xo \ Oy~ Oxs  Oz3 )°

1.7 KyaboBuii TeH30p, AeBiaTOp HAIIPY>KEeHb

Tenzop HANIPYKEHb MOXKHA IIPEJICTABUTHA Y BUIJIAML CYMH JBOX TEH-
30piB 6 =P+ 8§, me

pij =0ijp, p=(on+oxn+os3)/3=1/3, (1.7.1)
p 00
p=| 0poO (1.7.2)
00p
TEH30D P HABUBAETHCI KYJIbOBUM TEH30POM, TEH30P § =G — P

o1n—p 012
o21 022D (1.7.3)

031 032 033 —

>
I



62 Pozain 1. Teopisa Hanpy>KeHOro CTaHy

Ha3UBAETHCA JIEBIaTOPOM HANPYyKeHb. BjlacTuBiCTh Ky/JIBBOTO TEH30PA
[OJISITAE B TOMY, 1110 [IPU BCIX IIOBOPOTAX CUCTEMU KOODIMHAT BiH 30epi-
ra€ JiaroHaJbHUM BUTJIS 1 070 KOMIIOHEHTH He 3MIHIOIOTHCS, OCKi/Thb-
KU BOHU JIOpiBHIOIOTE [1/3, a imBapianTu He 3MiHIOIOTHCA. 3 (Di3udHOT
TOYKHW 30Dy Ile 03HAYAE, IO AKINO B AKINCH CHCTEMI KOOPAWHAT Ha, I'pa-
HX €JIEMEHTAPHOTO Ky0a iI0Th OJHAKOBI HOPMAJIbHI HAIIPYKEHHS, &
JOTHYHI BiJICYyTHI, TO 9K 61 He BuUpi3aBcsd Ky0 y BubpaHiil To4rti, Ha fioro
IpaHgX JIIOTH OTHAKOBI Hanpy:KeHHs. [le MoXKHA MOKa3aTH, CKOPUCTAB-
much (OpMyIaMu TIEPETBOPEHHS KOMIIOHEHT TEH30pa HAMPYKEHb [TpH
TTOBOPOTI CUCTEMU KOOPJAUHAT

/
0ij = QikXimOkm.-

OCKIJTBKY [IJIsT KYIBBOTO TEH30PA Pk = POk, TOMY
o i Qi DO = QLD = O
Pij = QinQjimPOgm = Qg Q5EP = 0i5P,
, —_— ..
bi; = dijp-
Ile moBoauTH, MO KOMIOHEHTH KY/JIBOBOTO TE€H30PA HE 3MIHIOIOTHCS.
OCHOBHOIO BJIACTHBICTIO JeBiaTOpa HAMPYKEHb € Te, II0 HOro Mmepriwii
inBapiant I1(s) = 0;
I(s) =s11+82+s33 =011 —p+0o22—p+oz3—p=0.
Posrisiremo mampyKenss, siki JI0Th Ha OKTAEIPUIHUX TLIOIIAH-
kax. Haramaemo, 1110 OKTaepUIHUMHA TIJIOMMHKAMY HA3UBAIOTHCS I1JI0-
IIMHKHY, K1 yTBOPIOIOTH I'PAH] IPABUJILHOI'O OKTAE/Pa 1 BOHU OJIHAKOBO
HaxXWJeHl 10 KoOpamHATHUX oceit. Tomy mpoekIrii OAuHIIHOI HOpMAJT
JI0 OKTaePUIHOI TIJIONUHKHN, ab0 HANPAMHI KOCUHYCH € OJHAKOBUMU,
n1 = ng = n3. Ockinabkn
2,2, .2
TO Ny =ng=ng=1/ /3. JIj1s1 CIIpOIIEHHS IePeTBOPEHb 0Ci KOOP/IHHAT
HAMPAMJIIAIOTHCS TI0 HOPMAaJIsIM JI0 TOJIOBHUX TIIOIMIAJIOK, TOJl TEH30D
HAIpPYy’KeHb /T1arOHAII3YEThCS
o110 0 oo 0 O
0 = 0 o099 0 = 0 oo O
0 0 033 0 0 o3
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3HaX0 MO KOMIIOHEHTH BEKTOPa HAIPYKEeHb D; = 0N :
01 (o] g3
b1 = , D2= y D3 = .
V3 V3 V3

Hopwmaspai mHampyxeHHs BU3HAYAEMO, MTPOEKTYIOYM BEKTOD HAIPY-
JKE€Hb Ha, HOPMaJlb 0 = P+ 1l = p;n;

o1 1 092 1 o3 1 01+09+03 1

V3 V3 V3 V3 V3 V3 3 3
Onep:kannii pe3yibTaT MOKa3ye, 10 HOPMAJIbHI HAIPYKeHHsT Ha OKTa-
e,ZLpI/IqHI/IX TILJIOIIMUHKAX ,Z[OpiBHIOIOTB KOMIIOHEHTaM KyﬂbOBOFO TeHSOpa.

Horruani HanpykeHHs 3Hax0A4Th 33 Teopemoio Ilidbaropa:

T= p2_027

\/U%‘*‘U%‘*‘Ug _ (01to2t03)®
3 9

_ 2 2 2 _
T=\/DPi+p3+pi—o’=
_ V2 2 2 2
—‘3[\/01+02+03—J1U2—0203—0301 .

Buaiigemo apyruii iHBapiaHT JeBiaTopa HAIPYKEHb

o1—p 0 0
5= 0 o9 —p 0 )
0 0 g3 —p

Iy(s) = (01 —p)(02 —p) + (02 —p)(03 —p) + (01 —p) (03 —p) =
= 0109 + 0903+ 0301 — 2p(01 + 09+ 03) +3p* =

= 0109+ 0203 + 0301 — 6p* + 3p? = 0102 + 0203+ 0301 — 3p? =

2
— 0109 + 0903+ 0307 — (01+0++03) —

= —% (U% + 0'% —I—cr§ — 0109 — 0903 — 030'1).
[TopiBusinHs KBaJIpaTa BEJIUYUHU JOTUIHAX HAPYKEHb HA OKTACIPU-
YHUX TIOMIMHKAX 3 JIPYTUM IHBapiaHTOM JeBiaTopa HANPYKeHb TOKa-
3ye€, 0 BOHU BiIPI3HAIOTHCS TiIbKUA KOEMIiEHTOM.
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Bajaqa 1.7.1 Poskyactu TeH30p HANPYKEHB

12 4 0
0= 4 9 =2
0 -2 3

Ha, KyJIbOBUIl TeH30p 1 ueBiarop nanpyxkenb. [lokazaru, mo nepwmii
iHBapiaHT AeBiaTOpa MTOPIBHIOE HYJIIO.

Poss’a3ok

3HAX0AMMO KOMIIOHEHTHU KYJIHOBOT'O TEH30pA

p=(12+9+43)/3 =8,

8 0 0
p=10 8 0 [,
0 0 8
BHAXO/UMO JIEeBIaTOP HAIPYXKEHb 0 =P+ S5, =06 —D
12 4 0 8 0 0 4 4 0
§= 4 9 -2 |- 028 0|= ( 4 1 -2,
0o -2 3 0 0 8 0 -2 -5

BU3HAYAEMO TIEPIINI iHBapiaHT JeBiaTopa
11(8) =511+ S29+533=44+1—-5=0.

Bamaua 1.7.2 Ilokazarm, 110 PO3KJIACTH TEH30P HAIPYKEHb

6 = ||oyj|| ma KyaBOBHIL TeH30p 1 AeBiaTOp HAIPYKEHb MOMKHA Tilb-
KW €IUHUM CITOCODOM.
Po3p’a30k

Hexait icHye mBa Ky/Jab0BUX TeH30pa P i p*. 3a BU3HAUEHHSIM KOM-
MTOHEHT KYJIHOBOTO TEH30DA

p=(o11+022+033)/3,
px = (011 + 022 +033)/3,

ToMy Pp=p* i KyJib0OBI TeH30pU P i P* 30iraroTHCsI.

Ockifibku § =6 —p , §% = 6 — P TO § = §* 1 geBiaTopu TakoxXK 30i-
ralOThCs, TOMY PO3KJIACTH TEH30p HampysKeHb & = ||0y;|| Ha KymboBwmii
i meBiaTOp MOXKHA TIIBKWA €IWHUM CIIOCOOOM.
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1.8 Kpyru samnpyxeHb

3pyuHe JBOBUMipHE 300pakKeHHs TPUBUMIPHOI'O HAMIPYKEHOT'O CTAHY
mators Kpyru Mopa. 1106 ix mobymyBaTu, 3a 0Ci KOOpAUHAT BUOMPAIOTH
rosioBHi 0Ci Tenzopa manpyxenb (puc.1.8.1). Braxkaerbcs, mo Bci ro-
JIOBHI HAIIPY2KEHHsI Pi3Hi 1 yHOpsiJIKOBaHi: 01 > 09 > 03. 3a TaKUX yMOB
BEKTOP HAMPYKEHb Ha MIOMUHIN dA Mae HOPpMAIbHY 0y 1 JOTHYHY Ty
KOMIIOHEHTH, BEJIMYINHN 1X BU3HAYAIOTH 33 CIiBBITHOIIEHHIMNA

Op = 0'177,% + Jgng + Ugn%,

p2 = a,% + Tg = J%n% + a%n% + 0%71%

3a yMOBHU

2, .2, .2
ny+ny+nz=1.

BukopucroByioun 1i CrHiBBiJIHOIIEHHSI, MOXKHA BUPA3UTH KBaJpaTh
TIPOEKIIiil OMMHUYIHOT HOPMAJIL depe3 HalpyKeHHs

2 (Un_‘72)(‘7n_03)+71%
1

o1—on(o1—03) (1.8.1a)

n

(op—03)(op—01)+72

(02—0s)(oa—o1) (1.8.1b)

S
NS
|



66 Pozain 1. Teopisa Hanpy>KeHOro CTaHy

n2— (on —01) (00 —02) + 7'7%
3=

(03 —01)(03—02)
Ha Bukopucranui 1ux piBaocreit Oyayiorbcsa kpyru Mopa na miomumsi

HaIpy:KeHb, Ha SKiil BiCCIO 0, € BiCh abCIC, & BiCCIO T,,—BiCh OpaANHAT
(puc.1.8.2).

(1.8.1¢)

4

v

Puc.1.8.2

Ockinpku Bemaunu (o1 —o2) > 01 (01 —03) > 0, a Takox n? > 0,
To yncenbHuK (1.8.1.a) 3a10BOJIbHSE YMOBY

(on—02)(0n —03) —1—7‘3 > 0.
Liit ymoBi B maomuHi HAIPYKeHDb (07p,,T,) BIAMOBIIAIOTE TOYKH, AKi
JIEZKATH 11033 KOJIOM
o0 — (02 +03) /2> + 72 = (02— 03) /2]

i Ha iforo rpanuiii, 9Ky Ha pucyHky nozuadeno C. Tak camo, 3 Toro,
mo n3 >0, (02 —03) >0 i (02 —01) < 0, BUMIEBaAE, MO YUCETHHEK
(1.8.1b) 3a710BOJIbHSIE YMOBY

(0 —03) (00 —01) —1—7’3 <0,

AKa BKa3y€ HA Te, IO TOYKU 3 KOOPAUHATAMH (0, , Ty, ) JIEZKATH BCEPETAH]
KOJIa
(00— (034 01)/2]* + 77 =[(03—01) /2]
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i Ha floro rpanwuIl, siky mo3HadeHo Jirepo Cs.

Amanoriuno, 3 Toro, mo n3 >0, (03 —01) <01 (03 —09) <0, BU-
mBae, mo uncenbauk (1.8.1¢) 3a/10B0/bHSIE yMOBY

(Jn - 01)(0n - 0'2) +7‘3 >0,
sIKa BKa3ye Ha Te, M0 TOYKU (0p,,Ty) J€KATH 30BHI KOJIA
[on — (014 02) /2] + 77 = [(01 —02) /2]

i Ha fioro rpanwuti, siky mo3HadeHo jirepow Cj.

X34 O3

2
o) Puc.1.8.3

X O

Koxwniit mapi semunuus (0,,7,) BIANOBITA€ BEKTOP HAIMPYKEHD
P, a HAIpyXKeHWil CTaH BU3HAYAETHLCA TOJOBHUMHU HANPYKEHHIME
(01,02,03). BekTopy Hanpy»keHb Bi/IIOBIjae 3aTeMHeHa 061aCTh, 0OMe-
xera Kogamu C1,C%,Cs. OCKibKY 3HAK JOTUIHUX HANPYKEHb HE MAE
IPUHIUIIOBOI'O 3HAYECHHA, TO MO2KHaQ O6Me}KI/ITI/ICH Ti.)'H)KI/I BEPXHbBOIO Ya-
CTUHOIO CUMETPUYHOI JiarpaMu. 3B’S30K MiXK JiarpaMor0 HampyKeHb
Mopa i ¢izuyHuM HaIPyKEHUM CTAHOM MOXKEe OYTH BCTAHOBJIEHO 3a
mormomoroio puc.1.8.3, Ha gKOMy 300paskeHo mepinuii OKTauT chepu 3
[IEHTPOM Y Tiif TOYI CepejloBUIla Ha ejleMeHTi dA 3 HOpMa/Io 7, B
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SIKIft aHA/I3yeThCsl HampyxKeHuit crad. Hopmass 7 10 cdepuanoi mo-
Bepxui ABC B n1oBinbHI#A TOUni () OAHOYACHO € HOPMAJLIIO JI0 €JIEMEHTa
moBepxHi dA. BHacimok cumeTpil TeH30pa HAPYKeHb i BUKOPUCTAHHS
TOJIOBHUX HAIIPSAMKIB T€H30pa HAIPYKEHDb K OCell KOOPAMHAT, HAIIPY-
JKeHWi CTaH y TOYIl MOBHICTIO BU3HAYAETHCS CYKYMHICTIO THUX IT0JIO-
JKEeHb, STKi MOXKe 3aiiMaru Touka () Ha noepxui ABC.

Ha puc.1.8.3 kpyrosi fyru BU3HAYAIOTH TaKe TOJI0KEHHS TOYKHU (),
Ha SIKOMY OJHa TPOEKIlist OMWHWIHOT HOPMaJIi 71 10 eJIeMeHTa TTOBepXHi
dA ab0, eKBIBAJIEHTHO, OJIUH 3 HAIPSIMHUX KOCUHYCIB CTaJIHii

N1 = COSPY1, Ny = COSYy, N3 = COSYs3.

Ha rparmannx qyrax o1 =5 =0, g2 =5 =0, p3=5=0

)
n1 = cosp) = cosy =0, ng = cosyps =cosg =0,

_ J— i —
ng = cosp3 = cosy = 0.

vS

\

\
205 202 203 20,
Puc.1.8.4

Bignosigno 1o nepmoi 3 nux piBrocreit i pisasinas (1.8.1a) sexro-
PY HAIpYKeHb Jjist TOY0K (), ki Jjiexkarh Ha Jy3i BC' i BiAmoOBi1a0Th
YMOBI n] = cosgq, n1 = cos(m/2) =0, MaroTh KOMIOHEHTH HAIIPYZKEHb,
SKAM BimoBimaoTs Touku Ha Ay3i Cp (mus. puc.1.8.2). Anasmoriumo,
nyra C A wa puc.1.8.3 Bignosigae ny3i Co, a AB—C5. KomnonenTu Bex-
TOpaA HANIPYKEHb Oy, Tp JJIs JOBLIBHOTO MOJIOKEHHS TOUKN () MOXKHA
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BU3HAYUTHU OOYI0BOIO, BUKOHAHO Ha puc.1.8.4. Touky e Ha C3 MoxKkHaA
oJiepKaTu, IpoBiBiIu pajiyc i3 nerarpa C3 mijg KyTom 2po. Kyru nosus-
Hi TIOJIBOIOBATHUCS, TOMY 10 Ha uBepTi cepu ayra AB mictuts /2,
a Ha ILIOMIKHI BigmosigHa gayra Cg MICTHTBH 7. AHAJIOLIYHO OYIYIOTHCS
Toukd ¢, h, f 1 BiAMOBigHI Hapw 3’€THYIOTHCS KPYTOBUMU JyTaMu 3
nenTpamu Ha oci abciue. Touka meperuny KpyroBux Jayr ge i hf mae
BEJIUYINHU HOPMAJTBHUX Op 1 TOTUIHUX T, HAIPYXKEeHb HA TIOIIMHII
dS 3 BiAMOBITHOIO OMUHUYHOI HOPMAJLIIO, KiHElb STKOI 3HAXOINTHCI B
rouni @ (ams. puc.1.8.3).

Bagaqua 1.8.1. Hanpy»kenunit crad B TOUIl BU3HAYACTHCA TEH30POM
HaNIPDy2KEHb. 3HaﬁTH aHa.JIiTI/IqHO KOMIIOHEHTH BEKTOPaA HAIIPY2KE€Hb Ha
IJIONIWHIY 3 OJUHUYIHOI HOpMaJLTio 7(2/3,1/3,2/3). Ilepesipuru pe-
3yJIBTATU 32 JOTOMOroio KpyriB Mopa.

5 0 0
lloill=1 0 -6 -—12
0 —12 1

Po3s’a30k

3a (bOpMy.HOIO BU3SHAYCHHA BEKTODA HAIIPDY?KEHb Ha JOBLIBHO HAXMU-
JIEHUX IJIOIMUHKAX P; = 04575, MAEMO

+ + 5 2+0 1+0 2 10

=o011n 012N 013N3 = —9+* = - = - =

b1 1111 1212 1313 3 3 3 3
2 1 2

p2 = 021n1 +022n2 +093n3 =0- - —6- - —12- - = —10,
3 3 3

+ + 0 12 1+1 2 10

P3 = 03111 T 032N2 T 033N3 3 3 3 3

Buznagaemo BenunHy HOPMaIbHOTO HAMPYKEHHS

Op =P 1= p1ni + pang +pans,
102 1 102 70
3 3

Op = - = ——.
" 3 3 3 9
Benuunny morwamoro H&Hpg)KeHHSI BU3HAYAEMO 33 (POPMYJIO0
_ __ 10 ~ 10,
Tn = \/DP?—02 =5 V50~ 5.
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Suaxoaumo iHBapiantun [ = =5 —6+ 1= —10,
I = -5 0 n -5 0 -6 —12 _ 195,
0 -6 0 1 —12
-5 0 0
Is=] 0 -6 —12|=T750.
0 -12 1

CkJIa/1a€MO XapaKTEpUCTHIHE PIBHIAHHS
03—11024-[20—[3 =0,
0®+100% — 1250 — 750 = 0,
PO3B’SI3yeMO HOT0 1 3HAXOAUMO BEJIMYWHY NOJIOBHUX HAIPYKEHb
01 =10, o9 = —5, 03 = —15. Ha 3naiijenux rojoBHUX HAIPYKEHHIX
Oyaytorbes kpyru Mopa. s Toro mob BU3HAYUTHA KYTH ¢1—KYyT MixK
HOPMAJITIO 71 T HAIIPSIMKOM 01, Po—KYT MiK HOPMAJLIIO 77 Ta HATPSIM-

KOM 0’3 HEOOXiTHO CIIOYATKY BU3HAYUTH OPIE€HTAII0 TOJIOBHUX OCel TeH-
30pa HAIPYKEHb 3 CUCTEMU PIBHAHD

(011 —0)n1 +o12n2 + 01313 = 0,
02111 + (022 — 0)nag + oa3ng =0,
03111 + 03212+ (033 —0)nz =0
1 yMOBU HOpMYBaHHS n% —l—n% —l—n% = 1. Kpim Toro marpurisg mepersBo-
penns noBwHHA OyTH gomarHo0. s o = o1 = 10
—15n7 40-ny 4+0-n3 =0,
0-ny —16ng —12n3 =0,
0'711 —12712 —9713 :0,
3Bk ny = 0, 4ny + 3ng = 0. 3 yMOBU HOpMYyBaHHS n% + n% =1, 3Ha-

XOauMO
ni :0’ ng :3/5, nsg = —4/5.

Amnajioriuno g 0 = 09 = —5

nm=1, ny=0, n3=0,
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and o =03 = —15
ny =0, ne=4/5 n3=3/5.
3Buuaitio, mpu 100yBaHHI KOPiHE MOYKe OYTH sIK JOJATHUIA, Tak i

Bi eMHMIT, ajie B KiHIl JeTEPMIHAHT MATPWUIl MePeTBOPEHHS TOBUHEH
Oyru gogarHuM i [oy;| = 1, MaTpuIls HOBOPOTY MA€ BUIVIS

0 3/5 —4/5
llagll=1 1 0 0
0 4/5 3/5

Temep MokHaA 3HANTH OPIEHTAIIO 33aHOT TIIOIIMHKU B CHCTEMI KO-

OpAMHAT, KOJIM 11 OCl € T'OJIOBHUMU HAIIPIMKAMU TEH30Pa HAIPYKEHb
, — .. ..

n; = Qn;:

n + + 0 23 1+4 2_1
=oa11n1 +agne +aigny =0- - — - - - - ==
1 117¢1 12762 1373 3 5 3 5 3 37
2 1 2 2

g =1.240-Z240-2=2

N9 = 21N + (92N + (ia3ng 3+ 3+ 33
nly = g1 + sama + 03N = 00 2+ 22 D2 = 2
3 — Q3171 32762 33713 — 3 5 3 5 3—3-

A Tn

P/

Tn

| 26, 9640 ¢1\<\g¢1:141 O
T

o Puc.1.8.5
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Busnauusiim HapsAMHI KOCMHYCH, MOYXKHA 3HAWTH KYTH
¢1 = arccos(2/3) = 70,5rpax., ¢o = arccos(1/3) =48, 2rpa..

ITo6ymoBy Touku (0,,7,) nMokasaxo Ha puc.1.8.5.

1.9 Ilaockwuit Hanpy>KeHuii cTaH

4_7‘ ,<_>°'y «— | ooy

\*
ﬂz/%
@‘
XV
<
v

01 M

X xy
Puc. 19.1

Hanpy:xenwnit ctan Ha3UBAETHCA TIOCKUM, SKIIO OJHE 3 TOJTOBHUX
HAIpPYyKEHb BiICYTHE, a00 MOXKHA TAKOXK CKA3aTH, IO BCl HAIPYKEH-
HY B HANPSAMKY OJHIET 3 oceil mopiBHIOIOTH Hymo (puc.1.9.1), Gymzemo
BBaXKaTU B HANIPSIMKY OcCi z. TeH30p HAIpPYyKeHb B IIbOMY BUIAJIKY MAa€
TITBKYW YOTUPHU BIAMIHHIL BiJ Hy/IsI KOMIIOHEHTH

Tyz Oy 021 022
Suaitjilemo GopMyJin it BUBHAYEHHS] HAIIPY2KEHb IIPU MIOBOPOTI OCei

KOOPAMHAT AJd TIJIOCKOTO HAMPYXKEHOTO cTamy. MaTpuig moBOPOTY
oceil B IJIOMWHI Ma€ BUTVIA

cosa  sina

[lovij || = (1.9.2)

—sina  cosa

CKOPHUCTABIINCH 3araJibHUMU (DOPMYIaMU Ugj = Q| Ojm Ok , OJIEPIKIMO

/ 2
011 = (11011 + Q1212022+

+aq1012012 + Q12011021 =
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2 2
= Q711011 + 19022 + 20(110612012.

A AHaJIOrYHO 3HAXOSATH KOMIIOHEH-
% X TH TEH30pa HANPYIKEHb O, Oho.
Ilicna 3amMiH KOMIIOHEHT MaTPHITL
TIepeTBOPEHHS Ha BIIMOBITHI TpH-
roHoMeTpudHi (PyHKIHT 071epKUMO

X a; = axcosza + crysin2a + Trysin2a,

O', =
Puc.1.9.2 . Y

Toy = §(oy — 0,)sin2a + 7,y co820x. (1.9.3)

amsin2a + aycos?oz — TeySin2a,

Aximmo crapi oci € rosioBEMMEI, TO (DOPMYJIH CIPOILYIOTHCA BHACJIITOK
TOrO 1O Ty =0, 0p =01 , 02 = 0y,

= g1cos?a + O'QSiIl2Oé,

e
o, = o1sin*a+ oycos’a, (1.9.4)
Thy = —572sin2a.
A
T 0,
D o
A el
9) 20,
03 \ B o
| > >
A C K o, ’ 0y
T12
Puc.1.9.3

®opwmymnn (1.9.4) moxkua inTepnperyBaT TpadivHO 32 JOTOMOTOI0
KpyriB Hanpyzxenb (kpyris Mopa). Iis mporo B mexaprosiit cucremi
KOOp/JMHAT Ha OCl abcuucC BiKIAMAI0THCs HOPMAJIbHI HAIPYKEHHS, a
Ha oci opauHaT—a0TnYHi. Ha oci & BiAKJ/Iamal0Th 01 1 02, OIePKYIOTh
Bipisok oci AB i Ha HBOMY K Ha giamerpi O6yayoTs Koo (puc.1.9.3).
3 meHTpa KoJia MPOBOISATE PAJILYC T KyTOM 2¢r JI0 TEPETUHY 3 KOJIOM y
Tourti D. KoopamaaTn Touku DD HaroTh BETUYNHU HOPMAJIBHUX 1 TOTH-
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YHUX HalpPyKeHb Ha MJIOIIUHIN, HAXUJIEHIH i1 KyTOM < JI0 TOJOBHUX

oceii. 3 reoMerpudHOl I0OY/J0BU BUILIUBAE
01— 02

D=
C 5

02

KD =CDsin2a = Ul%sin%z,

OK = 0OC +CDcos2a =
__o01+02  01—02
2 2
Taxum wnnom, OK = 0., a KD = 7,y,. JIng m10cKOro HAIPY»KEHOTO
CTaHy CHPOULYETHCA TAKOZK BU3HAYCHHHA I'OJIOBHUX HAIIPY2KEHb 1 I10J10-
JKEHHSI TOJIOBHUX TIJIOMIAIO0K. 3HAXOIUMO IHBApiaHTH

I = (011 4+ 022) = (02 +0y),

cos2a = oy cos’a+ O'QSiIleé.

2
Txy )

Iy = 011092 — 012021 = 0,0y —
XapaKTEePUCTUUHE PIBHSIHHS HAOWPAE BUTJISILY
O‘2 —lLio+1,=0,

KOpeHi AKOI'O JTai0OTh BEJIUYIHUHHA I'OJIOBHUX HAIIPDY2KEHDb

1
7175 [(Uﬂc"‘ay)"‘ \/(U:v_ay>2+47'x2y]

1 2
_ 2
02= 5 (0x +o0y) — \/(ax —oy)” +475, |
OpHopifgHa cucTeMa pIBHAHL IS BH3HAYEHHS OPIEHTAINl TOJTOBHUX
ILJIOTIUHOK MA€ BUTJIA
(Uij - J(5Z-j)nj =0.
3 ypaxyBaHHSIM TOTO, 10 OOEPTAaHHS BiIOYBAETHCSA B ILIOMIMHI LY
i mpu n3 =n, =0, BoHA HADUPAE BUTIAILY
(02 —0)ng + Tayny =0,

TayNa + (0y —0)ny =0,
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3 AKUX TIIbKW OJHE PiBHAHHS He3asexue. /ljig Bu3Havennsa KyTa Haii-
[IPOCTIIIEe CKOPUCTATUCH TUM, 110

% Sio

= = tga,
Ng  COS
1 TOJIl 3 IPYTOro PiBHSAHHS BUILJINBAE
Tx
tga = —
01— 0y

Bamaga 1.9.1. AnamitTuano i rpadgivno 3a momomMoron Kpyris Mopa
3HAWTH TOJIOBHI HAIpPY2KEHHsI 1 OPI€HTAITI0 TOJIOBHUX ILIOIIAIOK JIJIS
TaKUX BUTAIKIB:

a) 011 = 092 = 100M1la, 012 = 100M1la, (puc.1.9.4)
6) 011 = 100MHG, 099 = —IOOMHCL, 012 = 100MHCL,
B) 011 = 022 = —100MTla, 012 = —100MIla.

Bajaua 1.9.2. Tlobyaysaru kpyru Mopa [ijisi TPhOX BUIIAJIKIB ILI0-
CKOTO HAIPYXKEHOr0 CTaHy BiJIMOBITHO JO HANPYXKEHb IO JTiI0Th Ha
ejleMeHTapHuil Ky0, pebpa AKOTro mapaJiebHi 0CAM KOOPJIUHAT, sIK II0-
Kazano Ha pnc.1.9.5, 1.9.6, 1.9.7, Bu3HaumTN MakCHMaIbHI JOTUYIHI Ha-
NPY2KEHHA B KOXKHOMY BUIIAIKY.

B otk ‘
o1 T_n X Xo U 0y
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7 P Tmax = P Toa = P12




Poznin 2

Anami3 gedbopMoOBaHOTO

CTaHy

2.1 Ilepeminienns i gecdpopmarliisa Tija

[lix mieto piznomaniTHUX (haKTOpiB TijI0, JTedOPMyETHCS TOOTO 3Mi-

uroe dhopmy i po3mipu.

X

A

\Y
P

i)

=

v

v

%
Puc.2.1.1

[Ipu nedopMyBaHHI
3MIHIOIOTHCSI  BIJICTaHb
MK~ TOYKaMu  Tija
1 KyTm MK MaJuMu
BiZpi3KaMmu, gKi  TIe-
PETUHAIOTHCI B  OJTHIN
TOUIi. 3ajada aHaji3y
1ecdbOpMOBAHOTO  CTAHY
noJATa€ y  BUBYEHHI
JIOKQJIBHUX 3MiH 1 BU-
3HAYEHH]I 3MiHH GopMH
Tija B miomy. Po3sris-
HEMO TIPY2KHE TiJI0, SIKe
B MOMEHT d4acy t = g
mepebyBa€ B IOYATKO-

BoMy cTaHi i 3aiimae B mpocropi objacte V. llojioxenus KOxKHOT
TOYKN 1€l 06/1aCTI BU3HAYAETHCS PAJIlyCOM-BEKTOPOM T = 1(X1,22,23)
B IeKapTOBiit cucremi KoopawHAT. BHACTIJOK 30BHIIHIX HABAHTAXKEHD
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BOHO B JIedKUl MOMEHT 9Yacy 3aiiMe B €BKJIJOBOMY IPOCTOPi 00/1acTh
V'. Topni Touka P nepemicturbes y Touky P (puc.2.1.1). Tonoxenns
roukn P’ B Tiii camiii cmCcTeMi KOODAMHAT BH3HAYAETLCS PaJiyCOM-
BEKTOPOM Rs koopamHaTamu &1, &z, €3, IKi 3a/I€’KaTh BiJl MOYATKOBUAX
KOOD/IMHAT:

& = &i(x1,20,23). (2.1.1)

@yukiii (2.1.1) moBuuHI 6yTH B3a€MHO OJHO3HAYHI 1 HemepepBHi. 3a
X yMOBaX sAKOOiaH

I=10¢&/0x;| >0 (2.1.2)

noBwHeH OyTu BiAMIHHUM Bij Hy/d 1 JIOZATHUM, 1100 CUCTEMA KOOD/IH-
HAT 3ajummiIachk mpaBoio. Lls ymosa 3abe3nedye icHyBaHHS CIiBBiHO-
1reb, obepuennx 1o (2.1.1):

Z; :mi(glag%&ﬂ)' (213)

T'eomerpuuno, 3rigHo 3 prc.2.1.1, BUSHAYAETHCS BEKTOD MTePEMIlleHb
-
PP =R-7=1, (2.1.4)

ne d—sexkrop nepemimennsi. Cnissijnontennst (2.1.4) MoxkHa 3anucarn
Yy KOODJIMHATHOMY BUIJISIJI1

u; =& — x4, (2.1.5)
& = u; + ;. (2.1.6)

®opwmyity (2.1.6) MoK HA PO3IVIAIATH SIK IEPETBOPEHHS CHCTEME KO-
OPJWHAT X;, AKA y TOYATKOBOMY CTaHi 3B’s13aHa 3 KOOPIUHATAMHI TOIOK
tiza. B ganroMy Bumaiky BuOMpPAEMO JIEKapPTOBY CHCTEMY KOOD/IMHAT.
Koopaunatu Touok B jgedbopmoBanomy crai & (x1,22,23) MOXKHA PO3-
TIIJaTH 9K KPUWBOJIHINHI KOOPAWHATH, IO BU3HAYAIOTH ITOJIOKEHHS
TOYOK JedopMoBaHOro Tija. Take BuzHadeHHs AepOPMOBAHOTO CTAHY
zarpononysas Jlarpanxk. 3 gpyroro 60Ky, Hapishi i3 ciocobom Jlarpas-
JKa, 9K HE3AJIEKHI 1mapaMerpu, sgKi BU3HAYAIOTH J1edOpMOBaHUI CTaH,
MOXKHA BUKOPUCTOBYBATU KOOD/IMHATU TOYOK B /1e(pOPMOBAHOMY CTaHi
&, @ KOOD/IMHATH TOYOK B TIOYATKOBOMY CTaHI PO3IVISIATH K (DYHKINT

xi(£1,£2,63)
ri =& —ui(€1,£2,63). (2.1.7)
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[eit crioci6 BusHavueHHS 7ePOPMOBAHOTO CTAHY Tijla HAJIEKUTH Eiliepy.
Yacruani noxigni 0§;/0x; crBOpIOIOTH T€H30P APYroro panry F, axuii
Ha3UBAETHCA MAMEPIGADHUM 2PAOIEHTOM JephoPManit:

96 064 o0&

. 85 o1 Oxrs  Oxs
o9 | v e o | (2.1.8)
817] o1 0o Oxs

98 0& 0%
811 awg 8373

ko, ckopucTaBmuch (2.1.5), mepeminieHHs BUPa3uTu depe3 KOOp/Ii-
HaTH u; = &; — X; 1 B3ATHU JYACTUHHI ITOXiTHI

Ou;/0xj = 0&; /0 — 645,

TO OJIEPKYEMO TEH30p JAPYTOr0 PAHTY, AKWl Ma€ MaTpudHy (opmy

(2.1.9)

08 _ (3% (3%
Ous o1 0z oxs3
=] e 0.’y o (2.1.9a)
Or: 0x1 0o oxs
J s 06 0% _
8(21 81’2 6%3

1 HABUBAETHC MAMEPIAALHUM 2PAdIERTOM Nepemiwetd. Ko cKopu-
crarucs EitnepoBuM crocob0oM, TO BiIMTIOBITHO OJEPKUMO TEH30D, TKUil
Ha3UBAETHCA NPOCOPOSuUM 2padienmom depopmaii J

dz1  Oz1 Oz

) 061 0&  0O&s
A:Hawl | om om u
. 01 0&  I&3

9 Oxs  Odrz Oy

061 0&  0&s

1 BIJIIIOBIZHO TEH30P, AKWil HA3UBAETHCA NPOCMOPOSUM 2PAOIEHITOM
nepemiuLeHd

2.2 Teuzopu nedopmaririit

i TeH30pU CKiHYeHHUX AedopMariiii

Posrnsguemo aBi TouKu HecKiHUEeHHO OJIM3BKI B HATYPaAJbHOMY CTaHI
tiza. Touky P 3 KoopauHaTamMu x; i TOUKy () 3 KOOpAUHATAMEA T; + dX;.
ITics HaBaHTaXKEHHs] BOHW 3afiMyTh mosioskenHst P’ 3 KoopuHaTaMm
& 1 Q' 3 xoopuunaramu & +d§; (puc.2.2.1).
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Ksagpar sigcrani mi>k Toukamu P 1 Q):

A
% V
Q I
e ~U+dd
r+(dr dr —_ Q'
R+dR
P/ .
. > IR
—
= P’
R .
X
X
" Puc.2.2.1

Axmo Bupazutu gudepeHIia i KOOPANHAT B TMOYATKOBOMY CTaHI
dx; gepe3 nudepeniaam KoopauHaT B geopMoBaHOMy craHi dfy, TO
npoekiii Bekropa dif = €pdxy, OyayTh

a.’L'Z'
dr; = ——d§;.
= e 06
Ksagpar mosxwunnu Biapizka PQ = ds = |dFf] MoxkHa BUpasuTH depe3
CKAJIAPHUN 100y TOK

ds? = dF- dF = dz;dx;,
Oz; . Ox; Ox; Ox;

ds® = € Egag dgy = 8@ 26, adEdEy = Cipd§;dEy,.
Benmuunnn 5 8
X; OX;
Cip = ——" 2.2.1
= 0 9%, 221

CTBOPIOIOTH TEH30D APYroro paHry—mensop dedopmauiti Kows. Ana-
JIOTTYHO 3HAXOATH KBa/IpaT Bi;LCTaHi mixk Toukamu P’ i Q' B nedop-

MoBaHoMYy crami dS? = dR-dR = d&;d§;.
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Bukopucraemo croci6 Jlarpamxka, TOOTO K He3aseXKHI 3MiH-
HI BI3bBMEMO a?Z—KOOp,zLI/IHaTI/I TOYOK B I[IOYATKOBOMY CTaHI, TO;Li

& = &i(xr,xe,w3) 1 dé; = dmj, Yy BEKTOPHOMY BHTJISI dR = Fdr
OJIePIKIMO
& 0&;
= dfzdfl = ailjal'k dﬂjjd.’)?k = G]kd$3d$k
Beanmunnn ot, ot
= 2.2.2
ik 6$j 81‘k ( )

CTBOPIOIOTH TE€H30D JAPYTOTO PAaHTY, IKW HA3UBAETHCSI TEH30POM Jie-
dopmariit I'pina. 3miny KBaapara JOBKUHU MOXKHA BUPA3UTH y BU-
TSI

dSZ - d82 = ( 852 % - 6]k> dxjda:k = 26jkdﬂ}jd$k,

833j 8$k
sIKQ BUKOPUCTOBYETHCS K Mipa gedopmariil B okosti Toukn. Beanannan
98 08
eik = —4; 2.2.3
ik = <8333 ozrp 7 F ( )

BU3HAYAIOTH 1eOPMAINIO Tija B MOYATKOBHX KOOpPAMHATAX ;. BUKO-
PHUCTOBYIOUN 3aJEXKHICTE £ = X; + U;, 3 AKOI BUILIUBAE,

0&; ou;
_ 67,
Oz it on; oxj’
omepxuMo dS? —ds? = 2ejdxjdxy,
1/0ur Ouj Ou; Ouy
= — ) 2.2.4
Cik 2 <a$] + axk * 69% (9.TJ> ( )

Benmunnn e, CTBOPIOIOTH CHMETPUYHMIT TEH30D JIPyToro pamry,
KUt Ha3WBAETHCA TEH30POM CKiHUeHHUX medopmarriit ['pina abo Ja-
PPAHKEBUM TEH30POM CKiHYeHHUX Jedopmaliiii. 3MiHy JOBXKWHYM aHA-
JIOTIYHO MOYKHA BUPA3UTHU Yepe3 KOOPAUHATH B 1epOPMOBAHOMY CTaHi

dS? — ds® = 2A;pdxjdwy,

1 0 OTm
Ajk = 5 <(5]k - 7853 afk > 5 (225)
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Jie Ajp—TeH30p JPYTOro PaHry, aKuil HA3MBAETHCH TEH30POM CKiHUeH-
Hux jiepopmariit Anbmanci abo EitjiepoBuM T€H30pOM CKIHUEHHUX Jie-
dopmarriii.

Buparkarouu KooOpauHATH T, Y€PE3 KOOPAUHATH &)y 1 TIEPEMITIIEHHS
Uyp, OJLEPIKUMO

o5 08 08 O
g Toro mob goBecTH, M0 BeJUYUHE €;; CTBOPIOIOTH TE€H30D JPYIoro
paury, Tpeba pPO3IJIHYTH, K I1elf TEH30P NEePETBOPIOETHCS TPU MTOBO-
poOTi CUCTEMU KOOPUHAT.

= 1(31“c+3“j Ot a“’“), (2.2.6)

Bamadga 2.2.1. esgknit 06’eM CyIiJIbHOTO CEPEIOBUINA, OIEPKYE IIe-
pemimiennst & = x1, & = xo+ Axs, 3= w3+ Axo, ne A—craa. 3Ha-
iiru Tersop gedopmariiit I'pina G. BusHauuTu TeH30p CKiHUYEHHUX Jie-
dopmariit I'pina abo jarpankiB TeH30p CKiHUYeHHUX Jgedopmariii €.

Pozr’s30k

Ileprmmii masgsx—3a g0moMorow GopmyJ

o 1 Ou, ~ Ouy n Ouy, Ou,
ik~ a.Tj 8l‘k aﬂjk 8$]’ ’

Hpyruit misax.
3HAX0INMO T'paJieHT aedopMarriii

1 0 0
=0 1 A
0 A 1

Bnaxoumo rensop jedopmaniii [pina G = FF’

1 0 0 1 0 0
G=FF'=[01 4 01 A |=
0 4 1 0 A 1
1 0
=| 0 1442 )
0 24 1+A2

ne F'—wmarpuns, rpancnonosana BijgHocno marpuni F.
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3HAX0AMMO TeH30p CKindeHHUX Jgedopmariii ['pirna abo srarpanxis
TEH30p CKindeHHux jgedopmariii é.

Bupaskaemo Tenzop ckindennnx medopmariiit wepes Terzop medop-
Mariit ['pina G

1
e=—-(G—F
e 2 ( )’
ne F—opuawaunit Ten3op,
0 0 O
.1
€= 3 0 A% 24
0 24 A2

2.3 IleperBopeHHsS KOMIIOHEHT T€H30pa
aedopmaliiii Ipu MOBOPOTI CUCTEMU

KoopamHaT
Cxopucraemocst TuM, M0 Ppi-
i dS? —ds?
X | SHUIA KBAIPaTIB J0BAKNAH S
X5 - X, He 3aJIeKUTh BiJi BUOOPY CHCTEMU
koopauHatr. Hexail 3agaHo MarTpu-
. mio eperBopennst A = ||ay;|| crapoi
Ny . ) /
g & & cuCTEeMi KOOPAMHAT Z; HAa HOBY X
g (pmc.2.3.1).
éi \'\AXZ' 11 Q12 Q13
a' A= Qg1 Qigg (23
X G ,
Puc. 231 X Q31 (32 (33
uc. 2.3.

Pizuntig 1oB>KWH BiJ] CHCTEMHU KOOP-
IUHAT He 3aJ€KUTh, TOMY
/ / /
eijdr;dr; = ey, dx)dx,,.

Tomi, BuKOpuUCTOBYIOUHN (HOPMY/IN TIEPETBOPEHHS s JOBLIHHOTO BEK-
TOpa, MaEMO
/ /
dz), = apidx;, dz; = agidzy,

dz,, = amjdr;,  dvj= pmjdz,,.
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IliscTanoBKa HaBeJeHHX BUPA3iB y pisHuimio dS? —ds? mae
€ij0kiQmdaydar, = ey, dxyd),
eijdxid:cj = e;makiamjdxida:j,
3BIJIKW OJIEPAKYEMO
eﬁcm == akiamieij, eij = Oékiamjeggm- (2.3.1)

Onepzxani hopMyIH JOBOAATE, IO €;; € TEH30POM JIPYTOTO PAHTY.

2.4 BusHaveHHd BiTHOCHOTO BU/IOB2KE€HHH
Ta 3MiHU KYTiB

Buznauumo dizuunuii i reomerpudHuil 3MiCT KOMIIOHEHT TEH30Pa
Hanpykenb ['pina. I1g mporo 3uaiieMo BiTHOCHE BUIOBXKEHHT MAJTIX
BiJIpi3KiB, OPIEHTOBAHUX y HAIPSIMKY KOODJUHATHUX OCel, dKi ITO3Ha-
9UMO A1, A2, As3. BigHOCHEe BUIOBXKEHHS Bipiska—Iie BiAHOIIEHHS
3MiHU TOr0 JIOBXKHUHU JI0 HOT0 1OYaTKOBOI BEJIMYUHU

A= (dS —ds)/ds.
CKopHCTAaEMOCS CITIBBIIHOIIIEHHSIM
dS? — ds? ~dS—ds dS—ds+2ds

o - - A+2). (2.4.1)

ko  posrisHyTH  BiIpizok  dxy
OPI€EHTOBAHWI y HaIpPIMKy OCI X
(puc.2.4.1), to ds = dr; i xKBajgpar
ifioro mopxkuEn ds’ = dxidxi, piz-
HUIlY KBaJpaTiB JIOBXKUH BlJpi3Ka
B IOYATKOBOMY 1 1e(pOpPMOBAHOMY
CTaHaX

dS2 — d82 = 2611d$1d$’1.
Briguo 3 (2.4.1) A11(A11+2) = 2eq1,

3BIIKHT

)\%1+2/\11—2611 =0, A1 =vV1+2e1 —1.
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Amnajorigao

)\22 = \/m— 1, )\33 = m_ 1. (242)

Tobro miaroHaJbHI KOMIOHEHTH TeH30pa AedOopMarliii Jaf0Th MOKJIA-
BICTH 3HAMTH BiTHOCHE BUIOBXKEHH eJIeMeHTapHUX BiAPi3KiB, OPi€HTO-
BAaHWX B3/I0BXK BiAmoBimamx oceit. Po3ryigremo, sik 3MiHIOIOTHCA KyTH
MIXK JIBOMA BiIpI3KaMH, sIKi y HATYPAJIbHOMY CTaHI HAIPSIMJIEH] B3JOBXK
oceli KOOpAUHAT.

JIs TIHOT0 PO3TITHEMO CIOYATKY OyIb-sIKWil MaJnuil Biapi3ok dr,
AKAHM y TOYATKOBOMY CTaHI BUXOAUTH 3 MOYATKY KOOPAWHAT 1 Ma€ Mpo-
exiil dr; (puc.2.4.2). O uanaanii BEKTOD, COPIMOBAHUI B3/I0BK IIHOTO
BiJIpi3Ka, Ma€ MPOEKIil Ha OCl KOOpAMHAT

n, = 4%,
ds
Bracaimox medopmyBanHS 1eit Masuit Biipi3oK dif MepexoauTh y KiH-
1eBuii dR' 3 KoopauHaTaMu d&;, BiIMOBITHUM OJMHAYHEM BEKTOPOM 71/
1 IpoeKIiaMu
46

A CKOpHCTABIIUCH 3B I3KOM MiK HO-
BUMM 1 CTapUMU KOOPJMHATAMU 1
nepemitenasamu & = T; +u;, 0J€p-
JKUAMO

96

8ui
d¢&; = aixkdibk = <5zk + a$k>d$k

OCKIIbKYM  BIJIHOCHE BUJIOBXKEHHS
3a BUBHAYEHHSM
dS —ds

A:
ds

TO O/IePKYEMO

—/ €; ou;
S S
" (1+/\)ds< k+8xk> Tk

3HailleM0 KOCHHYC KyTa MiXK JBOMAa MajUMHU BiJpi3KaMu y Jie-
¢dopMOBaHOMY CTaHi, 9Ki BUXOIATH 3 MOYATKYy KOOpamHAaT. Bin mopie-
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HIOE CKaJIPHOMY JI00YTKY OJMHUYHUX BEKTOpiB 7’ 1 71, HalpsMIeHnX
B3JIOBXK BIJIPI3KiB
-~ / "
COSQY =My - My =

1 8u,~ 8ui
= 0 0 — |dx)dx!) =
(1+N)(L+N")ds'ds" < ik &ck) < im 8wm> TrEPm
1 Ou,  Ou Ou;Ou; \ dz), dx!!
= / " Okm + k+ =+ . 75: T/T/L’
(L+ M) (1+ A7) 0ty  Oxp  O0rk0xy, ) ds' ds
2ekm nzn;/n_i_ n;ng )
(LT+XN)(1+ A7) (L+XN)(1+ A7)
Ao Temep B3ATH MEPINii MAJIWH BiAPI30K, CIPAMOBAHWI B3IOBXK OCi
x1, To 7’ (1,0,0), i apyruit B3H0BK OCi T2, TO 71”(0,1,0), TOMI

cosp =

2e12 _ 2e12
L+N)(14+N) T+ + A

Cnouarky KyT Mixk HuME OyB 7 /2. 3Hali1eM0, Ha CKIJIbKM BiH 3MIHUBCS.

COsp12 = (

[Mosnaunmo BemuuHy HOTO 3MiHM Y = § — @, TOJI CUHYC KyTa Mi>K HUMU
Oy/e JOpiBHIOBATH

: _ _ 2e12
Sim-yi,2= COS(,OLQ = \/1 - )\11\/1 - )\22 .
AmnajioriyHo MOXKHA 3HANTH
. _ 2e93
ST VI+X2vV1+ N33
. 2e13
SImYy1,3= NS ES v (2.4.3)

Takum unnOM, Ten30p jgedopmariiil gae 3MOry MOBHICTIO OIMUCATH
nedopmoBaHuit cran, TOOTO BU3HAYNTH, siK 3MIHIOIOTHCH BijicTaHi 1 Ky-
T TIpu JedopMyBaHHI Tijla. 3BEpHEMO YBary Ha Take SABUIIE: AKINO YCi
KOMIIOHEHTHU TeH30pa JiedopMaliiil JOpiBHIOIOTH HYJII0, TO BijicTaH] Mixk
iforo Toukamu i KyTn MixK Oy/ib-sIKHMHU BiJpi3KaMu HE 3MIHIOIOTHCS, TO-
Jii T1710 MO2KE TI€PEMIIIyBaTUCh TiIbKH K a0COIFOTHO TBepe. Kpim pos-
DJISTHYTOTO CTIOCO0Y BU3HAUEHHS AedopMaliiil, TOB’sI3aHOTO 3 BEKTOPOM
nepeMilleHb, BUKOPUCTOBYEThCs Mipa jedopMariil HeCKiHIeHHO MaJIoTo
eJIEMEHTA, KA BU3HAYAETHCA BliHOmeHHAM noBxKuH dS/ds 1 Bigoma sk
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koedimient moBxuan A. OCKiTbKI
(dS)* = Gyjdwd;,
TO
A% = (dS/ds)? = Gyj(dx;/ds)(dx;/ds).
AR pO3TIAHYTH MaJnil BiAPI30K, IKUH B TOYATKOBOMY CTaHI TTa-
pajenbHuit oci x1, y aKoro dxy = ds, dry = drs =0, TO omep:KIMO
A}y =G
3 ypaxyBanusiM cuissijguomnenns (2.2.4)
dS? — ds? = 2e;jdx;dz;,
3 IKOI'0 BUILIUBAE, IO
dS? = 2e;;dv;dzj + ds?,
BHAXOJATH 3B’sI30K MiK KoedillieHTaMu JTOBXKHUHU Ta TEH30POM CKiH-
qenaux jredopmariit
Afy =G =1+2e1.
Amnagoriumo

Afy) = Gag =1+ 2e99, Ay = Gaz=1+2e3;. (2.4.4)

2.5 TosoBHI HanpsiMKU i T0JI0BHI aedopmarrii

3 mornepeHbOTO BUHO, IO JTOBIIHHO OPIEHTOBAHUI TPAMOKYTHUM
mnapaJiesienine ] B 3arajJbHOMY BUIIQJKy B pe3y/braTi jedopMyBaHHS
MIePEXOINTh Y KOCOKYTHUI i 3MiHI0€ po3mipu. ['ooBHNME HAapaAMKaMK
HA3WBAIOTHCA TaKl HATPAMKH OPI€HTAIl TPAMOKYTHOTO TIapaJieJiernimne-
la, 33 JKUX BiH BaJIUIIAETHCI TPIMOKYTHUM, TITBKU 3MIHIOE PO3Mi-
pu. Ile o3navae, Mo cuMeTpuUYIHUN TeH30p JAedoMmaliiil Ipyroro paHry
B TFOJIOBHUX OCIX MAaTHMe JiarOHAJIbHY CTPYKTYPY Uepe3 BiICYTHICTH
3cyBiB, TOOTO 3MiHu KyTiB. Hampsamok ToJIOBHEX OCell BU3HAIAETHCSI
BEKTOPaMU, gKi BHACILIOK /il Ha HUX TEH30Pa 3MIHIOIOTH T1JIbKK CBOIO
JIOBXKWHY, a HATPAMOK He 3MIHIOIOTH. BUX0oaaun 3 mMporo, MaeMo

€ijNg = €Ny,
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(6ij — e5ij)nj =0.
VMOBOIO icHYBaHHS HETPUBIAJIHLHOTO PO3B’ A3KY OHOPITHOT CUCTEMHU, AK
BiZIOMO, € YMOBA, III0 JAETEPMIHAHT CUCTEMU TOPIBHIOE HYJIIO:
]eij - 6(5@" =0.
3 i€l yMOBU OJIEPKYEMO XAPAKTEPUCTUIHE PIBHSIHHSI
e’ —Te*+ Ihe—I3=0.
Koeditienramn xapakTepUCTUIHOTO PIBHSHHS € iHBAPIaHTU TEH30Pa

medopmarriii
I1 = e;; = e11 +e22 +e33,

€11 €12 €11 €13 €22 €23
I, = + + )

€21 €22 €31 €33 €32 €33
I3:‘€ij‘-

Kopeni 1mporo piBHAHHS JalOTh BEJUYUHN TOJOBHUX jedopMariiit
€1 > eg > es. HanpsiM rojIoBHUX BEKTOPIB 3HAXO/IATH, PO3B’A3yI0UH CH-
CTeMy DIBHSIHBb

(€ij — e dij)n; =0,
3 ypaxyBaHHSIM YMOBH, III0 F'OJIOBHI BEKTOPH MAIOTh OJNHUYIHY TOBXKH-
Hy
2,2, .2

n]_ + n2 + ng = 1,
abo n;n; = 1. BHailjieMo HANPSIMOK, y ssKOMY JedopMaliil BUIOBXKEHHS
MaloTh HaibLIbITy Bequunny. OCKiTbKY

2 2

dS*—ds :2eijdxidacj,

Jie dS—0BXKUHA MaJoro Biapizka y jgedopMOBaHOMY CTaHi, a ds—y
[IOYATKOBOMY, TO HaMOIIbINE BiJHOCHE BUIOBXKEHHs Oyae y TOMY Ha-
OPSIMKY, B SIKOMY BeJIMYUIHA,

(dS? — ds?)/ds*
Oy/e HaibIIBINO0, ae OCKITbKY

d.%'i
ds

:n’i
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Ta€ HAIIPSIMOK OJMHUYHOI'O BEKTOPA, CIPIMOBAHOIO B3I0BXK BiIpi3Ka
dx;, To Tpeba 3HAWTH MAKCHMAJbHI 3HAYEHHT KBaAPATUIHOI (hopmu
€i;ninj. OCKLIbKI PO3IIAaeThCd Bapialliiina 3a/[a4a 3 00MeXKeHHAME,
sIKI Ma€MO BHACJIIIOK YMOBH M;n; = 1, TOMY JIJI TOTO 100 mepeiTn 10
3agadi 6e3 0OMeKeHb, BEKOPHCTAEMO METO T HEBU3HAUEHNX MHOXKHUKIB
Jlarpamxa. o dpyakmionany mogaemMo obMexenus n;n; = 1, TOMHOKe-
He Ha JOBLIBHUN MHOXKHUK A. 3HailgeMo ekcTpeMyMu (DyHKI[OHAIA!

F = eijnmj - )\nml
3 yMOBH, III0 HOXi,B;Ha II0 N; IIOBHHHA ,ZLOpiBHIOBaTI/I HYJIIO, Ma€EMO
(eij - Aéij)nj =0.

s cucTema MOBHICTIO 36Ira€ThCa 3 CHCTEMOIO, STKOI0 BU3HAYAETHCS 10~
JIO2KEHHS T'OJIOBHUX BEKTODPIB TeH30pa jedopmarliiii Ta #oro rojioBHUX
3HAYEHb, 3BiJIKM MOYKHA, 3POONTH BUCHOBOK, I110 Ha#OiIbI qedopmartii
JIOPIBHIOIOTH 3a BEJIMYUHOIO TOJOBHUM, a 1X HAITPAMOK TAaKWil CaMUil K
HaMPSIMOK TOJIOBHUX BEKTODIB TeH30pa JedopMalriii.

2.6 0O06’emua BigHOCHA JaedopMallis

Hutst Toro mob cupocTuTu PO3B 30K MOCTABJ/IEHOI 3a/1a4i, 0Ci KOOpP-
JMHAT HAMPAaBUMO B3JI0BXK TOJOBHUX OCeil TeH3opa gedopmariii, ski
B3aEMHO OPTOTOHAJIbHI. Po3ryisggaeTbest Maauil NpsaMOKYTHII TapaJie-
Jiertines;, pedbpa sIKOTO HAIPSMJIEHI B30BXK OCEHl KOOPAWHAT, TOMY BiH
BaJIUIIAETHCI TPAMOKYTHUM 1 B iedbopmoBanomy crani. Ternzop gedop-
MAIli#f B TOJIOBHUX OCSIX MA€ BUTJISI

€1 0 0
é= 0 €2 0
0 0 €3

Ak B HATYPAJIBHOMY CTaHI JOBXKWUHEU pedep MaJjioro kyda, sKi
CyMiIleHi 3 rOJIOBHUMHE OCAMU, JTOPIBHIOIOTH dT1,dT9,dTs3, TO MOYATKO-
BHil 00’eM Kyba HOpPIBHIOBATHME

dV = dmldl’gdxg.
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Y nedopmoBanoMy cTaHi T0BXKUHU pebep
dé1 = (14 A\p)dxy,
dés = (14 A2)dzo,
déz = (14 X3)dxs3
1 BIJIIIOBIJIHO
dé&1 = V1+42erdzy, déo = V1+2exdzs, dés =/1+ 2esdxs,

a 00’em

dV' = dé;déadéEs,
dV' = \/(1+2e1)(1 + 2e9)(1 + 2e3)dx1dxodzs.
3 1bOro BUILINBAE, [0 BIAHOCHA 3MiHA 00’€My JTOPiBHIOE
dv'—adv
dV

Ileperpynysasiiu Bupa3s mi/i KOpeHeM, BiIHOCHY 3MiHY 00’€My MOXKHA
BUPA3WUTH Uepe3 iHBapianTn TeHzopa gedopMarrii

V(14 2e1)(142e2)(1+2e3) — 1. (2.6.1)

€y =

ey = \/1 +2(e1+ea+e3)+4(erea+eses+eser) +8ereges — 1,
eo=+/14+2I +41, + 813 — 1. (2.6.2)

2.7 Mami nedopmarrii

Ha mpakrumni y geraisax mamus jgedopmariii € ayzxKe MaJuMu, TOMY
3 MATEMATUYHOI TOYKH 30pPY IX MOXKHA PO3TJIAMATU SIK HECKIHIEHHO
mauti. Tomi y Ten3opi gedopmarriit
xj Ox; Ox; Oz
MOYKHQ 3HEXTYBATHU HEJIHITHUMU “IJIeHaMW, OCKLIBKH CaMi IMOXiJTHI €

MaJIMMU BEJIUIUHAME. TaKUM 9UHOM, OJIEPXKUMO CITiBBITHOIITEHHS MiZXK
MEePEeMIIeHHIMA Ta, TEH30POM MaJinX JedopMariiii:

. 1 Ouz 8u]'
&ij =3 (axj + a@), (2.7.1)
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AK1 HasMBalOThCA chiBBiaHOmenHsaMu Koii.

KowmmnonenTu ter3opa jgedopmaliii B 1bOMY BUIIAJIKY TAKOXK € J1y2KE
MaJIIMHE [OPIBHAHO 3 OJWHUIEIO. 32 M€l YMOBU BUPA3H /I BiJHOCHIX
O3I0BKHIX JedOopMariiil B3JOBK 0Celi KOOPANHAT CIIPOILYIOThCH:

M =V1+2e1—1=14¢e11—1=¢€11, (272)
a BiamoBimHa BimHOCHA 00’€MHA medopMartis
ev=0=c¢c11+en+ess (2.7.3)

30iraeThCs 3 MEPIIUM 1HBapiaHTOM Ten30pa Jedopmairiiit. Croporryio-
ThCA TAKOXK (DOPMYJIHM I BU3HAUEHHHA 3MiHU KyTiB. OCKIIbKE TpH
MaJImX KyTax siny =+ i MOXKHA 3HEXTYBaTHU MO3/I0OBXKHUMHE JedopmMa-
IisIMU TTIOPIBHSIHO 3 OJMHUIIEIO, TO

2612 9
= pry 6 s
e V1+2e11v/1+2e9 2
M2 = 2€12, Y23 = 2€23, Y13 = 2€13. (2.7.4)

Takum guHOM, B TEH30pi Majux gedopMmariiit JiaroHaJ bHI KOMIIO-
HEHTHU JOPIBHIOIOTH BiIHOCHUM JedOpMalligaM B3I0BXK OCeil, a Hemgiaro-
HaJbHI eJIeMeHTH BU3HAYAIOTH 3MIHY KYTiB MiXK MaJUMU BiAPI3KaMH,
K1 BUXOJSTH 3 OJIHIEl TOYKM 1 CIIPIMOBAHI B3/I0BXK OCEll KOODIMHAT.

2.8 TI'pagieHT BEeKTOpa IEPEMIIIEHb,
TeH30p aedopmarliiii 1 TeH30p 00epTaHHHA

Haramaemo, mo rpajient ckauspuoi dbyHkiil f(x1,x2,23) BU3HA-
4aEThCA TaK:

L 0
gradf =V =& 0 = f =
T
0 0 0
2517f -I-ngf +537f»

6.%'1 81’2 81‘3
zie €,—0a3MCHI BEKTOPU CUCTEMHU KOOPIUHAT.
3 HaBEIEHOIO CINBBIIHOIIEHHS BHUILINBAE, 10 MPATIEHT CKATIIPHOL

GYHKIIT € BEKTOPOM, IIPOEKINl AKOTO JOPIBHIOIOTH YACTHHHUM IIOXi-
JIHUM.
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AHayTOTiuHO BU3HAYAETHCA TPAJIEHT BEKTOPA TIEPEMITeHDb 4
z Ou,
m—-
Oxy,
3 HaBeIEHOrO CIIiBBiTHOIIEHHS BUAILIUBAE, 110 IPAIEHT BEKTOPA € TeH-
30pOM JIPYTOTO PAHTY, KOMIIOHEHTH $IKOTO CTBOPIOIOTH MATPWHITIO 1 JT0-

PIBHIOIOTH YAaCTUHHUM IOXIJIHUM BiJI IIPOEKIiil BEKTOPA 110 KOOP/UHA-
Tax

gradi = Vi = Vel = € ——Emlm = €k
oxy,

8’u1 811,1 Bul

. dr, Ozy Oxs
Oui — | Qua Ouz Ouw
81’3 ox1 Oxo oxs

Quz  OQuz  Oug
o0x1 Oz oxs

Woro moxkHa, g9K Oy/ib-skuil JTHITHWI OmepaTop, PO3/IINTH HA CUMe-
TpudHUi 1 KococuMmerpuuHmii. CUMeTpUIHUil 36Ira€ThCst 3 TEH30POM

Manx JgedopMariii
1 Bul 8Uj
i = = —_— 2.8.1
©ij 2 (830] + 3271)7 ( )

a KOCOCUMETPUYHUN HAZWBAETHCS JIATPAHKEBUM TEH30POM JIHIHHOTO
obepTaHHsd i Ma€ BULJIS

o 1 8UZ 8uj
WU_2<&g_8m>' (2.8.2)

Posrismemo disuuny cyTh KOCOCMMETPUYHOIO TEH30pa wij. ZK
BIZIOMO 3 TEOPETUYHOI MEXAHIKW, TOBLILHUI MaJWil pyX TBEPAOrO Tima
MOYKHA OIUCATH y BUTISII

i=a"+&x7,
ne @0 —pusnauae mocTymanTbHII PyX, a &—06epTaTbHEl PyX TiTa fK
abCOJTIOTHO TBEPJIOTO BiTHOCHO CUCTEMU KOOPIAUHAT. Y KOOD/IUHATHOMY
BUTJISIII BEKTOP TIEPEMIITIEHD

0
uy = ug ) +LU2.CL‘3 — w39,
(0)

U = Uy ' +W3T] — W13,

ug = ugo) + w1 —wox1.
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Jlerko mepesipurm, AKIMO 3HAHTH TeH30p JedopMariit €;; IpH Ta-
KHUX TePeMilIeHHsAX, TO BUABUTHLCA, 0 BCl fioro Komnonentn &;; = 0,
& KOCOCMMETPUYIHUI TEH30D Wj; MAE BUTJIsA/L

0 —ws wo
lwijll = ws 0 —w |- (2.8.2a)
—Ww?2 w1 0

TobT0 KOMIOHEHTH KOCOCUMETPUIHOTO TEH30Pa BUPAYKAIOTHCS 33 JI0-
ITIOMOI'0I0 KOMITOHEHT BEKTOpa 0bepTaHHs

W12 = —W3, W13 =w2, W23 = —Wi, (283)

TOMY BiH HA3WBAETHCSI MEH30POM 0OEPMAHHA.
2.9 BwusnHaveHHd nepeMillleHb
Ilepewmimmenns 6yab-gKOI TOYKY Tijia Tpu JeOpMyBaHHI MOKHA 3HA~

WTH 9K CyMy TIOCTYMAJILHOTO TIEPEMIMIEHHS JeAKOl TOYaTKOBOI TOUKH
Ta BIIHOCHOTO MEePEeMiIeHHsT BUOPaHOT TOYKY BiTHOCHO MOYATKOBOT

Ml
u; = uz(-o) + /dui.
MO

Ockinbru du; = %‘;dz‘j = u;,;dx;, TO, BUpasKalo4n TPajieHT IepeMi-
IMEeHb Yepe3 TeH30p jgedopMarliiit 1 TeH30p obepTaHHsg
du; = (g4 + wij)dx;, omepKuMO

M’ M’
U; :ugo)—i- /Eijd:nj—l—/wijdxj.
MO MO

Ockinbku TeH30p gedopMmaliiit Bigomuii, Apyruii iHTerpas rpeba Bupa-
3UTH Uepe3 HbOTO. BUKOPUCTOBYIOUN IHTErPYBAHHS IO YaCTUHAX, MAE-
MO

M’ M’

U; = uz(O) + (:p; - x§0)>wz(;)) + /5ijd33j + / (I; —ﬂfj)wij’kdiﬂk.
MO MO
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Bupasusmn moxigHi Ten3opa obepTaHHA depe3 MOXiIHI TeH30pa Jie-
dopwmarriit

1
Wij k= i(ui,j—uj,z‘),kZ i(uiajk_ujaik) =

1 .
= 5(quk—uj,z’k-l-uk,ij—ukn’j) = €ik>J — Cjksiy
OJIePIKIMO
M/
0 1 (O, 0 , i\ (9= Ok
= (mj Y >wij - /MO [Em *la5—a) < dzj  Ox; ik

(2.9.1)
o bopmyry Brepiie ogepxas Hezapo, ToMmy 11 HA3UBAIOTH (HOPMYJIOI0
Yezapo.

2.10 PiBHgaHHA cyMmicHOCTI medopMarriit

OckinbKU pIBHSHHS CyMiCHOCTI JAedopmaliiii MaloTh JOCUTH CYTTEBE
3HAYEHHsI, TOMY, 1100 Kpailre 3’saCyBaTH iX CyTb, OJEPXKHUMO IX TBOMA
PI3HUMHY TIi X0 IAMU.

Ilepmmit migxin. Ckopucraemocs criBsigHomenasgymu Ko, Jyist
IIHOTO BATUIIEMO X V PO3TOPHYTOMY BUTJISII

aul 611,2 8U3
11 =47 €22= 45—, €&€33= 5
(9.%1 ’ &%2 ’ 8a53 ’

g L(Ou  Ou2 _L(Ou, Oug 10w Ouy
12_2 8$2 61’1 ’ 23_2 61’3 81‘2 ’ 13_2 81‘3 8.1‘1 '

ITi coiBBigHOUTEHHST MOXKHA PO3TVISIIATHA K CACTEMY PIBHSIHB, 110 BU-
PakaloTh IMICTh KOMIIOHEHT TeH30pa gedopMmaliiii 4epe3 Tpu KOMITO-
HEHTU BeKTOpa nepewmimienb. g Toro mob 1o cucremy obepHyTH,
TOOTO BU3HAYUTH TPU KOMIIOHEHTU BEKTOpA TEPEMiIleHb Yepe3 IiCTh
KOMIIOHEHT TeH30pa JedopMaliiii, 11i HIicTh PiBHIHb MOBUHHI 33/10BOJIb-
HATU JOJATKOBI yMOBHU, 100 IIg MMEPEBU3HAYEHA, CHCTEMA, MAJIa OJHO-
suagHuil po3s’a30k. Taki 101aTKOBI yMOBHU, HaKJIa/AeH]l HaA, HedopMariii,
MOXKHAa 3HAWTHU BUKJIIOUEHHSIM IepeMileHb i3 ciBBigHomenHs Korri.
Hanpukam, BisbMeMO ApyTy TOXiTHY B IEPIIOTO CIiBBIHOIIEHHS IO
T9 1 CKJIaJIeMO 3 ITOXITHOIO BiJl JPyTroro CIIBBIHOINEHHS IO X1, & BiJ
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YeTBEPTOrO—3MIiIIaHy 10 1 1 9. 3iCTABUBIIN PE3YIBTATH, OJAEPKUMO

82611 82622 . 82612
Ox2 Ox? - T 0x10x9
Amnajiorigno
82811 82633 o 82613
o0x3 ox? " Ox10x3’
82622 82633 _ 82623 (2 10 1)
ox? Ox2 Ox20x3 o

[TTo6 omepxxkaTwu 11€ OOHY IPYIy YMOB, Bi3bMEMO 3MIITaHy TOXiAHY Bis
€11 1O T2 1 T3, NOTIM Bij CyMM NMOXiJIHUX %‘%’2 i %’5—;23 BigHiMEMO ;;f, a

BiZl pe3yaIbTaTy BizbMeMo moximHy mo x1. Lle gae

%e1n 0 ([ Oegs 3512+3€13
896283:3_8951 83;1 8:63 8952 '

AmasoriuHo o7ep:KUMO

0%e99 _ 0 [ Oes a€z3+5512
8%18:63_&%2 81172 8331 8%3 ’

D%es3 _ 0 [ Oer 3623+3€13
8x18x2_8x3 8.%3 8351 8%2 '

i mricThs piBHSHD 1 HA3WBAIOTHCA YMOBAMHU CYMICHOCTI medopMariiii,
abo pisugnusaymu Cen-Benana.

Hpyruit migxig. 3 dizugHOT cyTi 3a/4at4i Teopil NPy>KHOCT] BUILINBAE,
110 TIEPEeMITIeHHST € OTHO3HAYHOK (DYHKINE, TOOTO TiJIO 3AJIUIIAETHCS
cynibHuM. Beumauna mepemirenns BU3HAYAETHC 3a hopMmysioin He-
3apo

(2.10.2)

U = ugo) + (m; — x§0))w%+

M’ / e OCjk
+fM0 |:€Zk+<xj_xﬂ)<6zj ~ B dxk.
[Teprti ABa MOJAHKYW € OOAHOBHAMHWMM, OCKIIHKNA BU3HAYAIOTH TTepeMi-
menna Touku MO —mnouarky Biaiky i obeprannsa Tiga HABKOJIO Hel AK
abcosttorao TBEp/oro. Tomy 3a/umraeTbest 3HafTH yMOBU OJHO3HAYHO-

CTi TepeMileHb BiTHOCHO IeHTpa BiTKYy Toukm M 0. gxi BE3HAYAIO-
ThCS IHTErpagoM
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M/

8Ei Oe;
/ |:5ik: + (33; —CC]') (a’L‘f — (91]7:€>:| dSUk,

MO

. oM
AKUN MOYXKHA 3aIIUCATH Y BUIJISIL f a0 Pikdxy, ne
Oe ik Oe ik )
al’j 8xi
Bimowmo, 1o ymoBa 0HO3HAYHOCTI iHTErpasia, TOOTO HE3AIEKHOCTI HO0-
T0 BiJ] JIAXY iHTErPYBaHHS, TIOJISITAE B TOMY, 110 TiJiHTerpajbHa ByH-

Kiig Py, € moanM maudepenmiaiom. HeobximHOO i OCTATHROIO YMOBOTO
€ 3as1eKHICTDb P ym= Pim,k, CKOPICTAEMOCS TKOIO

Oe; Ok
o+ (=) (228
Oe; Oe;
- (- )
/ 667; 85'k: / 867; ,m 65'167777, _
[Eikam+<$jam_l'j>m) (3335 - 8:;1' ) + (.Clﬁj —.’L'j)< a’;j — ijl >} =
/ 0 im Oe jm / 88,',,,“ ae'm’k
~ o) o 52+ (52 (5

/
7

Pu=cact (& -a;)

3 / _ : /
OckinbKn Tjm= 0 BHACTIOK TOTO, IO BEIUIUHH X, T),, € HE3AJIEIKHNA-

MU, TO
1 (j=m),
0 (j#m)

Og; Oz, Ocik,m O€ ik,
|:5ikam_(6jm)(8ip; - &,jf) + (x; —:L"j>( 66;]." - 5;’;m)} =
_ cim  OEjm / O€im, Ogjm k
= [Eim,k_(éjk)( e fre )+ (azj—a:j)< é;njk — )}7
) [ Ogir, Qe ! Oiksm __ € jkym —

_ . _ Oe; _ Oeg, I O€im sk _ 8Ejmvk
- [81m7k < 83;;: ax:”) + (mj mJ) ( O ox; ’

85mk I _ . _ j i
[( e )+ 7 .
_ O km r OCimsk OC jm sk
= [(%tm) + (o5 =) (% - %) ]
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I 85ikvm_85jkam _ o 85im7k_85jm7k
[(mj x])< Ox; ox; N (xj xj) Ox;j Oz; ’

5kzam]+5jm7kz_5jk7mz_51mak]: 0. (2103)

Onepxxane cruisiguonienns exksisasentie (2.10.1) i (2.10.2). Bracai-
JTOK He3aJIe’KHOCTI TIOXiTHUX BiJ MOPAAKY IrdEPEHIIOBAHHS 1 CuMe-
Tpil Ten3opa medopmariiii BOHO MICTUTH TiJbKHU IICTh HE3AJIEKHUX
PiBHSIHb.

2.11 3agaui

Bagaua 2.11.1. Bajgano ren3op gedopmariiii

0,001  —0,0003 0,0004
e=1 -0,0003 0,0015 0,0005
0,0004 0,0005 0,002
3HaiTH BiAHOCHY J1edOpMAIIiio BUIOBXKEHHS BiIpi3Ka B 33, 1aHOMY Ha-
OPAMKY Ol = Qy = (1.
Bagaua 2.11.2. Bagano KOMIOHEHTH TeH30pa aedopMaliiii B cu-
cTeMi KOOPAWHAT T1,T2,T3

0,001 —0,0003 0,0004
—0,0003 0 0,0005
0,0004  0,0005 0,002

SHaifiT KOMIIOHEHTH TeH30pa Jedopmaliiii B cucTeMi KOOPAMHAT
x| T, xh, SKINO 3ajaHa MATPUIIS IIePETBOPEHHST &

>
I

BV R
a={ 5 5 0
o 0 -1

Bajaua 2.11.3. 3uaitru rosioBHi gedopmaliii Ta IXHI HAIPSIMKU,
SKIIO 33IaH0 TeH30p aedOpMartiii.
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98
0,001  —0,0003 0,0004 rz €xy O
a) €= -0,0003 0 0,0005 [.6) €= ey ey O
0,0004  0,0005 0,002 0 0 0

Bagaua 2.11.4. st 3amaroro a1edOpMOBAHOTO CTaHY 3HANTH Ky-
JHOBUH TEeH30D, AeBiaTop medopmaliiii Ta foro iHBapiaHTH.
0,001  —0,0003 0,0004
a) €= -0,0003 0 0,0005 |
0,0004 0,0005 0,002

€rz €zy 0

\
~—

E=| eyr €y O
0 0 0

Bamaga 2.11.5. 3a 3a7aHuMN IEpEMINIEHHAMI 3HAUTH TEH30pP Ma-

Jux gedopmariiii.

1
2) u= =[P 4u(ed =), o=, w=-2,
vy vy Yor2 2,2 2
6) U= —paz, V=g, w:ﬁ[ +v(z®+y?) - 17],
a® —b?
B) u=—-ayz, UV=0oxrz, w:—amxy

Bamaqa 2.11.6. 3ualitu Ten3op ckinuenuux gedopmariii I'pina 3a
IepeMIMeHHsIMH, 3 JaHUME Y TOTIEePEe/THIN 3a/1ad4i, 1 TOPIBHATH 3 TeH-
30pOM MaJInX AedOopMaIriii.

Bajaqa 2.11.7. 3a BiJOMUM TEH30POM HAIPYKEHb 3HAWTU HEpeMi-

IeHHS.

E
a) 011 =02 =033 =033 =031 =0, o33=—71,

6) 011 =092 =033 =012 =0,

3z 3
013 = —aG(y—i—y), 093 = aG(x— (;1:2—1—@/2)),
a 2a
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B) 011 =092 =033 =012 =0,
a? b2

g13 = a2Gmy, 093 = Oész.T

Samaqa 2.11.8. 3agaHo JlarpaHkeBe OMUCAHHS PYXy Tijaa
& =z1, &=mwo+ans, & =x3+axs,
Jle a—CTaJjia BeJInunHa,. BuszHaunTu moJjie mepeMinietb, HOBE TOJI0XKEHHST
MaTepiaTbHUX JACTUHOK, dKi B TTOYATKOBOMY CTaHi YTBOPIOBAJIN:
a) KpyT 3 TpaHuIeio 3+ 3 = 1/(1 — a2) B momnmHi £1 = 0,
0) meckimueHHOMAMIT Ky0, pedpa sSKOro JiexkaTh Ha 0CAX KOODJMHAT i
MaIOTh HOBKUHU dr1 = dro = dr3 = dx.
Po3s’sa30k
Busnauaem BEKTOpP MEPEMIIeHb B JIATPAHKEBUX KOOPAHHATAX 328 (HOpP-
Mysoto ui(z1,x2,x3) = &i(r1,r2,23) — ; = 0, 0JIepKUMO
uy (w1,22,23) = &1(21,72,73) — 21 =0,
uz(z2,73) = §2(21,72,23) — T2 = axs,
uz(r2,23) = §3(71,02,73) — 3 = axs.

[Tepexomumo 0 eitmepoBoro omumcanus pyxy rtina. g mporo Bupa-
JKAEMO KOOPJUHATH TOYOK B MOYATKOBOMY CTaHI Uepe3 KOOPIMHATH B
1ebOpMOBAHOMY CTaHi

B & —a&3 _ &3—alo
r =&, fUQ—ﬁ, 563—1_7a2~

Buznagaemo mosie nepemiiiens B €i1IepOBUX KOOPAMHATAX

ul (51752563) = 51 - $1(§17€2)§3) = 07

u2(&1,€2,83) = &2 — 12(£1,62,63) = a(&l’:(;?) ;
u3(€17§2)£3) = 53 - 1"3(51752753) = a’(gi_zgg)’

Tpeba 3BepHYTH yBAry Ha Te€, IO /I 33IaHOT0 1eDOPMOBAHOTO CTAHY
npsMa

§1=0, &+& =1
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Bi10OparkaeThCsd HA IPAMY

r1 =0, (iL'Q—I-xg):l/(l—i-a).

Ile BuHO 3 MEPETBOPEHD

&+ E3 =294 ax3+x3+axre = (1+a)(x2+1‘3) =1.

HpHMa r1 = 0, Tro = XT3

Bimobpaxkaerhed Ha mpamy &1 =0, & =

§a—aly &3 a§2
1—a? 1—
JK IIOKa3aHO Ha pHc.Q.ll.l.

A
&-’3 n3

Sl

0

i

n2
Puc.2.11.1

&3, TIe BUIHO 3

, §a—a3=E§—a&, §3=~E2,

Busnawaemo moste mepemirieHnb
B J1epOPMOBAHOMY CTaHI MaTe-
plaTbHUX YACTUHOK, dIKi B IO-
YaTKOBOMY CTaHi yTBOPIOBAJIH
KPYT 3 TPAHUIIEIO

25 +a5=1/(1—a*)
B miomuHl x7 = 0. Iag 1mpo-
r0 3HAXOIMMO KPUBY, B Ky TIe-
petinia rpanuisi. Bupaxkaemo
crapi KOOp/iMHATU 4Yepe3 HOBI 1
MiICTABAIEMO Y PIBHIHHS T'pa-
HUIT]

x1 =&, wp =298 gy =705

—a2 1—a2

§2 —ads 2+ &G-a&\? 1
1—a? 1—a2 )  (1-a2)

Bukonapiu mepeTBOpeHHs, OIEePKUMO

1+a

1+ a?

252 25253—’_ 253_1

Ile piBusinHS KPUBOI APYroro CreneHs

TUILY

a11€5 +2a126263 + agéi = 1,

st Toro mob BusHauuTH i1 dpopmy, Tpeba 3uaiiTu i1 BacHI ducaa 3

YMOBH
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1+a? 2a
an—-A ez || A TTa |
- 9 2 1 2 - 9
az  azp—A —ar =

3 SIKOT OJIepXKYEMO KBaJIpaTHE PIBHSIHHS

1+a?
N 22—\ 4+1=0,
1—a? +
kopeHi sikoro A\; = (1+a)/(1—a), A= (1—a)/(1+a).
3HAXOAUMO OpIE€HTAINI0 BJACHUX BEKTOPIB, AKa BU3IHAYAETHCS
POBB’SI3KOM CHCTEMT

(a11 — )\)ng +ajong =0,
ajang + (a2 —A)nz =0,

Jie Mo 1 N3—TPOEKIlil OJUHUIHOTO BEKTOPA B HANPSIMKY TOJIOBHEUX OCEit
33 YMOBU n% —|—n§ =1. Y BunmajKy JBOBUMIPHOI 33/1ati pO3B’sI30K MOXKHA
CIIPOCTUTH, OCKITBKH M1 = COS, N2 =Sinq, TO tga = —%. IIpn
A=A Maemo tgag = —1, pu A = Ay maemo tgas = 1. 3 ymoBH
a<1, A1 >0, Ag>0 mocrmimKyBaHa KPUBA € €JIIC 3 MBOCIAME

Va=V(1+a)/(1-a), Vde=V(1-a)/(1+a).

Enxinc, ma sxuit mepeTBopioe-

ThCsT KOJIO BHACIIIOK 1edop-

Mailii, mokazano Ha pwuc.2.11.2.

1 BusravaemMo HOBe IMOJIOKEHHS

MaTepiaJbHAX YaCTUHOK, SKi B

}\‘2 TMO9aTKOBOMY CTa,Hi yTBODPIOBa-

A JIn HeCKiHYeHHoMamit Ky6, pe-

Opa $KOTO JIeXKaTh Ha OCIX

KOOPJMHAT 1 MalOTh JOBXKHUHMU

dri1 = dxo = dxg = dx. Posrua-

maemo pebpo dri, KoopawHa-

TU HOI0 TOYOK BU3HAYAIOTHCA

ymoBamu xg = x3 = 0. Cropu-

CTaEMOCS BUPA3aMU sl IIepe-

Puc.2.11.2 MiIleEHb B JIAaTPAHYKEBUX KOOP-
JUHaTaX

v
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Ulzgl—xlzo, ’11,2252—322:(11'37 U3:€3—$3:CL$2,

A
X, dx,
!
!
%y
dX ' puc2113

X

3 gakux JAas pebpa dz;
MaeMO U] = ug = ug = 0,
TOOTO Or0 MOJIOXKEHHS
B 1eOPMOBAHOMY CTaHi
CHLIBIIQ/IA€ 3 IIOYATKOBLM.
Posrnggaemo pebpo dxo,
KOOpAMHATUA HOro TO4YOK
BU3HAYAIOTHCA YyMOBaMU
r1 = x3 = 0, y HBOTO
ur = ug =0, uz = axs.
Posrnggaemo pebpo dxs,
KOOpAMHATUA HOro TO4YOK

BU3HAYAIOTHCSA yMOBaMu 1 = T9 = 0, y HhOTO U1 = 0, ug = axs, ug = 0.
Tlosioxkenns pebep dry = dre = drs = dx B nouarkoBomy i mgedopmo-
BAHOMY CTaHaX TMOKa3aHo Ha puc.2.11.3. AHAIOTIYHO 3HAXOAATH MOJIO-
JKeHHd 1 Bcix inmmx pebep kyb6a. Ilosoxkenns kyba B mo4aTkoBOMY i
medopMoBaHOMY CTaHaxX MOKa3aHo Ha puc.2.11.4.

A

v

Puc.2.11.4
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Bagaua 2.11.9. Bamano BeKTOp MEpeMilleHb B JIArPAHKEBUX (I10-
YATKOBHMX, MaTePiaIbHUX) KOOPAMHATAX U = 46’1:6% + é'gxgxg + 53.%1:17%.
Buznaunty nosioxkenns Touku B 71epOPMOBAHOMY CTaHi, KOOPAUHATH
KOl B movaTKoBOMy cTaHi (1,0, 2).

Pozp’s30k

Paniyc-BekTop TOYKH B TIOYaTKOBOMY CTaHI 7' = €] + 2€3, BEKTOp T1
epeMiieHHs

iU = 4€1 + 4eé3.

—

Paniyc-exkTop Touku B medpopmoBaHoMy cTani R =7+,
Tomy R = 5é] + 6¢é3.

Y
X,
eS
ér
X
X
Puc.2.11.5

Bagaua 2.11.10. 3a7aH0 BEeKTOp IepeMilieHb B JarpaHkKeBux (Io-
YATKOBUX, MATEPIATLHNX) JEKAPTOBUX KOOPJANHATAX

U= —a€1$2$3 + a€2x1m3,

Jle a—CTajia BeJuYnHA. SHANTU KOMIIOHEHTH BEKTODA IMEepPeMINIeHb B
MWIHHIPAIHIX KOODINHATAX.

Posp’s130k

Bazwncni BekTOpPM B MUIIHAPUIHUX KOOPAMHATAX TTOBEPHYTI HA KYT
¥ HABKOJIO oci x3, (z). st TOro mob 3HalTH KOMIIOHEHTH BEKTOPA Iie-
peMileHpb B IMUJIHIPUYHAX KOOP/INHATAX, Tpeda CKOPUCTATUCS 3arajib-
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HuMu (popMyJIaMHU [EPETBOPEHHS KOMIIOHEHT BEKTOPA I[PU IIOBOPOTI
CHCTEMU KOOPJIWHAT

u; = Oéiju]'.
Tyt Benuumum 3i IMITPUXOM HAJIEXKATh JO HOBOI cucremu, a be3
mTpUXa—/10 cTapol. Benuunnu «;; € KOMIOHeHTaMy MaTPHIIL IepeTBO-
PeHHd, siKi JTOPIBHIOIOTH MPOEKITisiM 0A3MCHUX BEKTOPIB HOBOI CHCTEMMU
Ha crapi. 3 puc.2.11.5 cyTo reOMETPUYHO BUILIUBAE, 110

costy sind 0
l|lovijll = | —sind cos® 0 |,
0 0 1
u) = uycost + ugsind,
u) = —uysing 4 ugcosd,
uly = usg.

YpaxoByoun, 1110
x1 =rcosl, xo=rsinfd, r3=1x5==2
0JIEPKUMO

u, = u} = (—axsrsind)cosd + (axsrcosh)sing = 0,

up = uh = —(—awsrsing)sing + (axgrcosf)cosd = azr,
Ul = .

Bagaga 2.11.11. 3SagaHo 3ajeXKHICTh  MiXK  [I0YaTKOBUMU
(JlarpaHzKeBUMHU—MaTepiabHUMK)  JIEKADTOBUMM  KOODJMHATAMM 1
KOOpJAUHATAMHA B 7ebOPMOBAHOMY CTaHI

§1=x1, & =1x2+ax3, {3=1r3+any,

Jle a—CTaJjia BeJimanHa,. 3HaiTu TeH30p CKinueHHux jgedopmaiiiit I'pina.
Posp’azok
Busnavaemo mepemitiennsa u; = & — x;,
u1 =0, us =axsz, uz=axrs.
SHAXOAMMO KOMIIOHEHTH TEH30pa CKiHYeHHUX Jedopmaliiii 3a ¢popmy-
JIaMuU
1
€k = §(Uiaj+ujai+uk>iuk7j)v
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1
e = 5(ul,1+u1,1+U1,1u1,1+U2,1u2,1+u3,1u3,1) =0,

€22 = %(U272+u2,2+u172u172+u2,2u2,2+u372u372) =
2
—3(0+0+0+0+a?) = 5.

e1o = %(ul,2—|—u2,1+u1,1U1,2~|—u2,1U2,2+U3>1U3,2) =0,
€93 = §<u2,3—|—U3,2+U1,2’U,1,3+U2,2U2,3 +U3,2U3,3) -
=3(a+a+0+0+0) =a,

€33 = %(U3,3 +u3,3+u13u1 3+ U2 3u2 3+ U3 3U33) =
=2(0+0+0+a%+0) =2

—_

0 0 0
leill=1 0 a?/2 a
0 a a?/2

Bamaua 2.11.12. Jdosectu, 1o mpu gedopmaiiii 3cyBy
&1=x1, fa=x2+V2r3, E3=1x3+V 219,

rOJIOBHI HAIIPAMKH TEH30DIB €;; Ta A;j onni i Tix cami.

Brinmo 3 (2.2.3) e;; = %(gi’j %’; —51-]-), TOMY

_1<3§13€1+3§23§2 93 0&3 1):

e =g A A
2

87331(%1 87:183:1 axl 81’1

1

T2

(0 a6 0 06
2\ 0x1 Oxo Ox1 0xo Ox1 Oxo

(14040—1) =0,

€12

1
e (200, 008 J06 )

6952 (9%‘2 6$2 8.1‘2 61’2 81‘2

:%(0+1+\/§-\/§—1) =1,
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3= 5 (97:132 83:3 871'2 8{[}3 871‘2 81’3

1
= 5(0+\/§+\/§) =V2.
AHanoriyHO BU3HAYAIOTH 1HIN KOMITOHEHTH

0 0 O
legll={ 0 1 2
0 v2 1
[IT06 3maitTn rosoBHI Hedopmarliiil, 3HAXOANMO BJIACHI UMCJIa 3 Xa-
pakTepucTuynoro pisasuus e’ — I1e? + Iye — I3 = 0. KoedirienTn 1po-
ro piBHAHHA € iHBaplaHTaMK TeH30pa €;j. Kopeni XapakTepuCTuaHOro
piBusmEsT €1 =0, ey =1—1/2, e3 =1++/2. Ileii TeH30p B roOJIOBHEX
0CSIX 3BOJUTHCA 10 BUTTISITY
0 0 0
lesll=1 0 1-v2 0
0 0 1++/2

Boacui  BekTOopu  BusHawaiorh  rosiopui  Hanpamkum  71(1,0,0),

1<3€15§1 96 0% 053%) _

(01 1 >0 1 1
n(0’7277ﬁ)’ n(o’ﬁ’ﬁ)' Matpunga neperBopenHs

1 0 0
loll=| 0 1/v2 1/V2
0 —1/vV2 1/V2

Amnasoriuno, 3rinHo 3 (2.2.5), A;j = %(&j — %%%), TOMY

0O O 0
[Aijll=1 0 -1 V2
0 V2 -1
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IIpu meperBOpeHH] 3 Ti€l caMoO0 MaTpUIeo |a; ;|| et Tenzop 3Boau-
ThCS 10 JarOHAJIBHOTO BUTISITY

0 0 0
fi-( o - o
0 0 —14++2

IlepesipKy 11ux 004YNC/IEHb TIPOIIOHYETHCH BUKOHATH YNTAYY.

Bagaua 2.11.13. BukopucroByoun BusHadeHHs (2.2.3), 10BeCTH, ITI0
TP TlepeTBOpenHi KoopymHar & = ;) Ta o] = a2 TeH30p CKiHYeH-
Hux Jedopmartiit Jlarpanxa e;; IepeTBOPIOETLCA AK TEH30D JPyToro
panry. 3a dhopmyoio (2.2.3)

e-‘zl 8@%_6”
*J 2 8:6,8:]3] KA

[IPU BKA3aHOMY II€PETBOPEHHI KOOPAMHAT OJEPKYEMO

o 1 (a(apkggl)) 81';71 8(O‘qk§(,1q) 895;1 B 0&;

“= 9\ ox), Or; o0z, 0x; agj> -

9€, & A ami&n) 96,

(amianj(qu ax;n (9.%';1 85& 8€]> =

1 aé-/ 85/
= QO j [2 <83’3;; (91:21 - 5,/nn>] = amianje;nn.

IIpu nepeTBOpeHHAX BPAXOBAHO Qlpklgk = Opg-

DN | =

Bajaua 2.11.14. Bajgane moje o HOPIIHOT HedopMaliil, sKe BU3HA-
JaETHhCA TEH30POM CKiHUYeHHHX JTedopMartii

1 3 =2
leill=1 3 1 =2
-2 -2 6

BusnauuTtu rosoBni gedopmariii Ta HAIPIMKN TOJJOBHUX OCEIi.

lonoBui medopmariii € KOpeHsMH XapPaKTEPUCTUIHOTO PiBHIHHS
e3 — I1e% + Ire — I3 = 0, xoedinienramu sKOro € iHBapianTn crmer-
PUYHOTO TE€H30pa JIPYTOro paHry:

I =e;;=e11+extess =38,
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I, = €11 €12 I €22 €23 4 €11 €13 | _
€21 €22 €23 €33 €31 €33
1 3 1 -2 1 -2
= + + =—4,
31 -2 6 -2 6
e|r ez ei1s 1 3 -2
I3s=| ey exp e3|=| 3 1 =-2|=-32
es1 €32 €33 -2 -2 6

e3 —8e? —4e+32=0.
3Bijcu

Hanpsviu rooaux medopmariiit CiBia aioTh 3 TOJTOBHUMEA
BEKTOPAMU 1 BU3HAYAIOTLCA 3 CUCTEMU JIHIMHUX OTHOPITHUX PiBHIHD

(6,']‘ — 5ije(k))nj = O,

(e11 —e(y)n1 + e1ana +e1zng = 0,

ea1n + (g2 — e()) 2 + ez3nz =0,

es1n1 +esang + (€33 — () )n3 =0,
Jle m;—HpoeKIii oguHuYIHOI HOpMasi /0 Kk-i TOJI0OBHOI IJIOIMIMHKH.
OCKIJIBKY BUBHAYHUK CHCTEMU JOPIBHIOE HYJIIO, 3 i€l YMOBYM BU3HAYaA-
IOTh TOJIOBHI Jledpopmarliii, TOMy CHCTEMa BUPO/KEHA 1 Mae He Oinbiie
SIK JIBa JIHIHO HE3AJIeXKHUX PIBHSHHS J0 AKUX Tpeda J0JaTH YMOBY

HOPMYBaHHS n% +n§ +n§ = 1. Hampuknasm, mpu BU3HAYEHH] HATIPAMKY
roJioBHOI siepopMariii Ma€Mo CUCTeMy

—n1+3ng —2n3 =0,

3711 —Nng — 27%3 = O,

2n1 +2ng —4nz =0,
3 KOl JIErKO TO0AYnTH, IO CyMa MEPITUX IBOX PIBHSHL CIIBIAIAE 3
TpeTiM. 3 MEPIUX JBOX PIBHAHB BUPAXKAEMO M1 1 Mo Y€pe3 N3, 0jep-
KYEMO N =ng, No =n3. CKOPUCTABINCH YMOBOI HOPMYBAHHSI, O/I€p-

xKyemo: ny = 1/v/3, ny = 1/v/3, n3 = 1/4/3. MaTpunsa nepersopenns
JI0 TOJIOBHHMX HAIIPSAMKIB Oy/IyeThCsl HA MOJIOBHUX BEKTOPaX 1 B JaHOMY
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BUIIaJKY Ma€ BUIJIA

-1/vV/6 —1/V/6 2/V6
leijll =1 1/v3 1/v3 1/V3
1/vV2 —1/v/2 0

Bagaqda 2.11.15. Tino mepebypae B OZHOPIAHOMY 1eOPMOBAHOMY
crami & =321, & =229, & =/313— o Busnaunrn marepiaibHuit
eﬂinco'm ;[e(bopMauiI‘/'I, Ha KNl TepeTBOPIOETHCA C(hEPUIHA IOBEPXHS
xl +x2 +CU3 = 1. I[lokazaru, 1110 PiBHAHHS IILOTO €JIiIICOIna edopMarriii
Mag€ BUTJISIT §1 /A2 —|—§§/A2 —|—§3 /A2 =1, ne A2—KBa;[paTI/I KoeiIienTiB
JIOBXKUHU B HANPSIMKY BIIMOBIIHUX KOOPIUHATHUX OCEIt.

Po3s’a30k

Bupazkaemo crapi KoopuHATH Yepe3 HOBi

901251/\/3, Ty =&2/2, $3=§3/\/§+§2/2\/§-

Ockinbku gedopMaliiss OTHOPITHA, TO MOXKHA He IePeXOIuTH 0 aude-
peHIiajiB, a MpoCcTO TiJACTABUTA CTapl KOOPIAWHATH, BUPAYXKEHI uepe3
HOBI, y PIBHSIHHS eJirnca

)3+ /A+E3/3+68/3+€3/12=1,
& /3+&/3+65/3+68/3=1.
Opnep:xaniit kBagpaTnaHiil (popMi MOXKHA 3iCTABUTH CHMETPUYHY Ma-
TPHUIO

1/3 0 0
[bis =1 o 1/3 1/6
0 1/6 1/3

st Toro o6 oxeprKaHy KBaJApPaTUIHY (POPMY IPUBECTH 10 KAHOHIY-
HOTO BUTJISANY, Tpeba mepeiitu 10 rosoBamx oceit. 11106 3uaiitn marpu-
IO TIEPETBOPEHHS CUCTEMU KOOPAWHAT, Tpeba 3uaiiTu ii BiaacHi yucia
1 BJIaCHI BEKTOpHU. 3AMUCYEMO XaPAKTEPUCTUIHE PIBHSIHHSI

)\3—11)\24-]2)\—[3:0,
3 2 11 1 _
Moxp Uy L_g



110 Posain 2. Ananisz nepopmoBaHOro crany

KopeHi gKoro A\; = 1/3, Ay =1/2, A3 =1/6. B rosioBaux ocax MaTpuis
HabyBa€ BUTISILY

1/3 0 0
0o 1/2 0 |
0 0 1/6

a BiamoBimHa KBajpaTudHa HOpMa—
&/3+8 /248 f6=1.

Onep:kane  pIBHAHHA €  PIBHAHHAM  ejilnca 3  HiBOCAMU
1/\/3, 1/\/5, 1/\/6 [IIo6 3HaTM MaATPUIO TEPETBOPEHHST CH-
CcTeMM KOOPIHMHAT, 3HAXOAMMO T'OJIOBHI BEKTOPU 3 OJHOPIIHOI CHCTEMHI
piBusaub (bj; —6;jA\)n; = 0 3a yMOBH, IO TOJOBHI BEKTOPH HOPMO-
BaHi, ToOTO TX soBXKMHA gopisHioe omuuuii. Oxepxyemo 7(1,0,0),
ﬁ((),l/\/i,l/\@), ﬁ(O,—l/ﬂ,l/\/ﬁ). Marpunst  nepeTBopeHHs

CUCTEMH KOOPIAWMHAT Ma€ BUIJIA

1 0 0
laijll=1 0 1/vV2 1/V2
0 -1/v2 1/v2
st Toro 1106 TTOKA3aTH, IO PIBHIHHS eIiIcoima gedopMariiii Mae BU-
TJIS]T

2 /A2 | 2 /A2 | ¢2 /A2
/M +&E /M +E /A =1,
e A?—KBaﬂpaTH KOedIIeHTIB JOBXKWHN, 3HAXOANMO TPATIEHT TEH30PA

gedopmarriii
V3 0 0

= 0o 2 0
0 -1 V3
Suaxoaumo TeH30p Jgedopmariit ['pina
V3 0 0 V3 0 0
G=FF=| 0 2 -1 0 2 0 |=
0 0 V3 0 -1 V3

9&;
a’L'j

|
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3 0 0
=10 5 =3
0 —v3 3
3HaxX0oAMMO HOT0 BJIACHI YnCIa. XapaKTePUCTUIHE PIBHSIHHS Ma€ BU-

TJIA T,
3 —112% + 362 — 36 =0,

HOro KOpeHi BU3HATAIOTh KBaApaTn KOeMIIieHTIB JOBXKUHA
2 2 2

Temnzop medopmariiit I'pina B romoBaEX 0CsIx HAOYBAE BUTJISITY

300
G=|06 0
0 0 2

Bin mokasye, mo kBajparu miBoceil ejirca JOPIBHIOIOTH KBaJpaTaM
koedimientis mopxkuun. 1106 3HaiiTy MaTPHUINO MEpPEeTBOPEHHS, 3HAXO-
MO BJIACHI BEKTOPH 3 CUCTEMHU PiBHSHD (Gij — 5ijA2)nj =0,
ni-+nd+n3=1. Onepxyeno ii(1,0,0), i(1,v/3/2,—1/2), i(0,1/2,/3/2)
1 MATPHUITIO TTEPETBOPEHHS

1 0 0
el =1 0 V3/2 —1/2
0 1/2 +3/2

Kpim Toro, 11106 mokazaru, 1o gedopMyBaHHS € pe3yJibTaT MOBOPOTY i
[epeTBopeHHs cpepu Ha eJIICcoi, CKOPUCTAEMOCS TOJIAPHUM PO3KJIa-
oM rpajienta jgedopmaniii F = NS, ge N—oprorotaJjibHa MaTpUIIs,
KA BU3HAYAE IIOBOPOT CUCTEMU KOOPJMHAT 1 MIOBOPOT Tija SK TBEP-
JI0TO, a S—CUMETPUYIHA, MATPUIIs, AKOK BU3HAUAETHCS MEPETBOPEHHS
chepn Ha enincoin. Ockimpkn S2 = F'F = G, To B KanoHiumii (1iaro-
HasizoBaniit) dopwmi
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KowmmomenTn temzopa S B crapiit cucteMi KOODAWHAT 3HAXOIATEH 32
crangapranvu hopmynamu Sij = QiGm; Sy,

V3 0 0

& 0 3v3+1  V/3-3
- 2v/2 2v2

0 V3-3 /343

2v/2 2V2

Bagaqa 2.11.16. g oguopiguoi gedopmartii
& =V3wy, & =219, &3=313— 12

BUBHAYNTHU IIPOCTOPOBUI ejincoin medopmariii Ta mokasaTu, o #oro
PIBHIHHSM €
2 .2 ,v2 .2, v2 2
)\(1).'131 + )\(2)51:2 + A(3).’1§'3 = ].

Po3p’a30k

s Toro mob BU3HAYUTH TPOCTOPOBHiL eincoin gedopmariii, Tpe-
6a 3naiiTu, gky dhopmy masa cdhepa

2, 2 | 2
£i§i:1, €1+§2+£3:11
oTpuUMaHa B pe3yabTari medopMmarii.

Ockinbku JedopMoOBaHuil CTaH OJHODPITHUI, TO MOXKHA HE Iepe-
xoquTu 10 audepeniiaabuoi popMu, a IPOCTO BUPA3UTU B PIBHSAHHI
chepn HOBI KOOPAMHATH Uepe3 cTapi:

322 + 423 + 323 — 2v/3x0z3 + 23 =1,
322 + 523 + 322 — 2/3z9z3 = 1.

Ksagparnaniit popmi MOXKHA 3iCTaBUTH CUMETPUYUHY MaTPHITIO

3 0 0
0 5 =3,
0 —v3 3
sKa Bianosigae Tenzopy gedopmariii I'pina G = F'F, e

F =|0¢;/0x||—rpanient gedopmaniii. PiBasnus eincoina 3B0auThCs
JI0 KAHOHIYHOTO BUTJISTY (B TOJOBHHUX OCSX)

327 + 623+ 223 = 1,
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IIePETBOPEHHSM 3 MaTPUIIeI0

1 0 0
laijll=1 0 V3/2 1/2
0 —1/2 3/2

Enincoiny Bignosinae marpuriis, ska € TeH30poM ['piHa B TOJIOBHUX OCAX

300
G=|06 0|,
00 2

JiaroHaabHI WIeHn sIKOl € KoedillieHTaMn TOBKIHH.

Bajaqda 2.11.17. BesnocepeiaivM po3KJIaI0M MEPEBIPUTH, IO JIPY-
ruii imBapianT Tenzopa gedopmariit ||e;;|| MoKHA 3anucaTn y BUIIs

e11 €12 €11 €13 €22 €23
I, = + +
€21 €22 €31 €33 €32 €33

Po3ss’a30k

3ajjava BU3HAYEHHS TOJIOBHUX JedopMariiit i TOJIOBHUX HAMPSIMKIB
TeH3opa AedopMarlliii IpUBOAUTD 0 OJHOPIIHOI CHCTEMN PIBHAHD

(eij — dize)n; =0,

sIKa Ma€ HeTPUBIaJIbHI PO3B’SI3KM 3a YMOBHU, 0 BU3HAYHUK CUCTEMU
JIOPIBHIOE HYJIIO

€11 —¢€ €12 €13
|leij — dije| =0, ea1  exp—e ey |=0.
€31 €32 €33 —¢€

PozkpuBatodn BU3HAYHUK, OJIEPKYEMO XapaKTEPUCTUYHE PIBHAHHSA

e3 — I1e? 4 Iye — I3 = 0, KoedilienTn SKOro He 3ajeKaTh BiJ BUOODY
cuctemu koopauuar. lle o3madae, mo BoHU € iHBapianTamu. Besmoce-
PEe/IHE PO3KPUTTS BU3IHAUYHUKA A€ 1 = e11 + €22 + €33,

2 2 2
Iy = e11e20 +e22e33 +e33e11 — (€1 + €33 +e37).
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3 iumoro 60Ky, be3mocepeHe PO3KPUTTS BUPA3y

€11 €12 €11 €13 €22 €23
I = + +
€21 €22 €31 €33 €32 €33
OPpUBOJUTH 0 TOTrO CaMOTO pesyﬂbTaTy.

Bagaqa 2.11.18. OxHopigHa ckinveHHa gedopMallist XapaKTepusy-
eThcs nepeMimenuamu u; = A;;x;, ne A;j—crani. 3uaiiTH BUpa3 /s
BITHOCHOT 3MiHM 00’eMy (3MiHM, IO PUNAJIAE HA OJAMHUIIO MOYATKO-
Boro o6’emy). losectu, mio mpu gyxe mamux A;; BiH 3BOIHTBCS 10
KyOi9HOTO PO3MINpPEHHS.

Posrnsgnemo manimit TpgMOKYTHUI TapaJieiernine/l 3 T09aTKOBIMHI
po3mipamu dz1, dre, drs B3/10BXK Ooceil KoopauHat. 3a jgaHoi gedopma-
i1 TpoeKIIil pedep IIHOT0 TapaJiesernineaa Ha oci KoopauHaT B 1edop-
MOBaHOMY cTaHi Oy/1yTh

TlouarkoBwuit mpsaMOKyTHHUI TTapaJiesiemnines 06’ emy
d% = d$1dﬂ72d$3
[IEPETBOPIOETHCA HA KOCHUIl TapaJiesierimne/i, pedpa sikoro € BeKTopamu
€;d&; = é;(Az] + 5ij)dacj.
0O6’eM KOCOKYTHOTO MapaJie/iemnine/[a MOXKHA, 3HANTH IK 3MimaHuii 10-

OyTOK BEKTOpiB, HA AKUX BiH moOymoBanwmii. lleit nedopmoBanuii esre-
MEHT Ma€ 00’em

dV = g5 (Ai1 +6i1) (Aj2 + 0j2) (Ags + Ok3)dzr duads.

Tomi
AV dVo+AV
avy  dVy
AV
=14+ — =&k (An +0i1)(Ajo+j2) (Akz + O3).

dVo

fAxmo A;; myxe Maji, TO IX CTeleHAMHI BHINE IEepIIol MOXKHA 3HEXTY-
Batn. Tomi

AV/dVy = €45 (Ai16j20k3 + 6i1.A4j20k3 + 651052 Ak + 0;10520k3) — 1 =
= A1+ Ago + Ass.
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Y giuiitHiit Teopii koedinieHT KyOi9HOTO PO3IIUPEHHS JIOPIBHIOE
eii = €11+ ez + e33 = Ou; /0wy,
IO y BUMAJKY u; = A;jx; nae
eii = A1 + Az + Ass.

Bagaua 2.11.19. Jliniiina (mama) gedopmariist 3amana
CIiBBIJHOIIEHHIMN

up =4x1 —xo+3x3, U =2x1+Tx2, uz=—3x1+4x2+4x3.
BuaiiTi rososui gedopmariii (BUIOBKEHHS) €(n) Ta TOJIOBHI 3HAYEHHST
AeBiaTopa edopmariit s, .

Po3s’sa30k

Tenzop €;; MOKHa 3HAITH 9K CUMETPHYHY YaCTUHY I'Dajie€HTa I1e-
peMilieHHsa

4 -1 3
H(‘)ul/ﬁx]H = 1 7 0 )
-3 4 4

ab0 BUKOpPHUCTOBYIOUHM CIiBBigHOmeHHa Ko

10w Oy
613_2 690]- 695@ ’

4 0 O
leill=1 0 7 2
0 2 4

[Io6 3mafitm rosoBHI medopmariii, 3HAXOAMMO KOPEHi XapakTe-
pucriuanoro pisusuus e — 162 + Ioe — I3 =0, €3 — 1562 +68c — 96 =0,
€1 =38, g9 =4, €3 =3, IKUMHU BU3HAYAIOTHCA Jedopmariii BiIHOCHOTO
BuOBKeHHs1. Ten3op medopmariiii B rOJTOBHIX 0CSIX

8 0 0
légll=1 0 4 0
0 0 3
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o6 3naititu gesiaTop aedopmaliiil, CIOYaTKY 3HAXOIAUMO KYJIbO-
Buit Ten30p. Moro kommonenTu

t=cepp/3=(c11+e22+e33)/3=05,

5 0 0
T=|tsjll=]1 0 5 0
0 0 5

3maxomuMo seBiaTop gedopMariil s;; = €;; — t0;;

-1 0 O
Isil=1 o 2 2 |,
0o 2 -1
JKWN B TOJIOBHUX OCAX Ma€ BUTJIAT
3 0 0
18l=1 0 =1 0
0o 0 -2

Sagaua 2.11.20. Copokall’aTurpayCHOI0 PO3eTKOI0 1edopMariiii
BUMIpsIHI TO3mOBXKHI gedopmariii B3HOBXK oceii, 300paskeHnX Ha
puc.2.11.6. B Touni P 3uaiigeni

e11=>5-107%, &), =4-107%, ey =7-10""
Busnauutn medopmariiio 3cyBy €12 B IMiif TOUII.
Poss’a3ok

X Ckopucraemocst  popMyIamMu  Tiepe-
X, , TBOPEHHsI KOMIIOHEHT TEeH30pa, Ipu
X LIOBOPOTI CHCTEMU KOOP/UMHAT
€j = QikQjmEfm- KommonenTn
45° MATPHIIl [EPETBOPEHHS CHCTEMHU KO-
% OpJIMHAT JIOPIBHIOIOTH MTPOEKIsSM Op-
P TiBE HOBOI CMCTEMU Ha CTapi

PHC.Z.llIGHa“H_ 1/\/§ 1/\@
AR VAo AR VAVC R N
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3a opmysaMu epeTBOPEHHS

/ 2 2
€11 = a71€11 + 20110012612 + O] r€22,

1 1 1
4-107% = 5~5.10*4+2-55124r§-7-10*‘*, £10 = —2-107%

Bagaua 2.11.21. IlobyayBatu kpyru Mopa aisg BUOAAKY ILJIOCKOL
nmedopmariii Ta BUBHAYUTHA MAKCUMAJILHY JdedopMaliio 3CyBy s e-
¢dopMOBaHOrO CTaHy, 33aHOTO TEH30POM sedopMarriit

0 0 0
leill=10 5 V3
0 V3 3
[lepeBipuTn pe3ysibrar aHAJITHIHO.

Po3s’a30k

s crany pedpopmariii, skwuii BiIHOCHUTHCA 110 OCell X, TOYKA
B(ega =5, e93= \/g) Ta TOYKa [) po3TalIoBaHil Ha KIiHIEOX JiaMeTpa
Haiib11bIIOT0 3 BHYTpimHiX Kpyris (puc.2.11.7).

A

Puc.2.11.7

Js mnockol medopmariii BeamunHa OFHIED roa0BHOI gedopmaril
e =0, Tomy kpyru Mopa BHUIJISIIAIOTh TaK, 9K [MOKA3aHO HA PUCYHKY.
leomerprrano BuHO, Mo moBoporoM Ha KyT 300 (pmc.2.11.7) maBKoIO



118 Posain 2. Ananisz nepopmoBaHOro crany

oCi T1, 3 MATPHUIIEIO IEPETBOPEHHS

1 0 0
laijl=1 0 v3/2 —1/2 [,
0 1/2 +3)2

(exBiBasrenTHO KyTy 60° Ha miarpami Mopa) Temsop medopmartiit mpu-
BOJIUTHLCS JI0 TOJIOBHUX Oceii i TostoBHI medopmartii mopisaiooTs 0, 6, 2.
Hedopwmarii 3cyBy mocdaraioTh HaiOiIbIIO] BEIUIMHU HA ILJIONIMHKAX
HAXWUJIEHUX IT1J] KyTOM 459 10 oceit zq 9 1 mapaJjenabanX oci 3. Beanan-
Ha, HaWOlIbmMX gedopmaliiil 3CyBy [JOPIBHIOE MMOJIOBUHI MAaKCHMAJIbHOL
pisuwumi rosioBHUX gedopmariit max eg =6 —0/2 = 3. Im BigmOBiTAE Te-
dopmosanwmii cran, sxuit na puc. 2.11.7 306paxyerses Toukoo F(3,3).

AnaiTruna mepesipka. Busnagtaemo rosioBHi gedopmariii Ta moso-
JKEHHST TOJIOBHUX OCEH I 3aTaHOT0 TeH30pa medopmariiit. 3ammcyemo
xapaKTepucTudHe piBHgHHA €2 — 82 4 12¢ = 0. [loro xopeni mopisnio-
0Tb 0,6,2 TOAl ¥y BJAACHUX OCAX TEH30D MA€ BUTJIS

0 0 O
léll=1 0 6 0
0 0 2

BHaxX0UMO BJIaCHI BEKTOpU
7(1,0,0), ﬁ(o,%ﬁ/2,1/2), ﬁ(o,-1/2,¢§/2),

SKWM BIJIITOBi/Ta€ MaTPUIlS TEPETBOPEHHA

1 0 0
leijll =1 0 V3/2 1/2
0 —1/2 3/2
Maxkcumastbai gedopmariii 3cyBy BUHMKAIOTH HA ILIOMIUHKAX, HA-

XUJEHUX M1 KyTOM 45% 110 rostoBHUX nanpsamkis. Tomy moBoporom Ha
45° maBKoJIO OCi 43, IKOMY BiIOBilA€ MATPHUIS TTOBOPOTY

1/vV2 1/v/2 0
loisll = | —1/v2 1/v2 o |,
0 0 1
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0JIEPKYEMO CHCTEMY KOODIMHAT, ¥ AKOI OCi 30irafoThCs 3 TOJIOBHAMHI. 32
/ — .

TIOTIOMOTO0I0 (DOPMYJI TIEPETBOPEHHST €ij = QikQjmEkm 3BELEMO TEH30D

nmedopMariiii 10 cucTeMu KOOPAUHAT :c;,

IO JOPiBHIOIOTH KOMIIOHEHTAM MAaTPHITi

B dKiii Temzop medopmarriii

Ma€ KOMIIOHEHTH & n

/

5511 =

S W W
S W W
N O O

Sajaua 2.11.22. ledpopmoBanuii cTad CyIiJLHOIO CEPEIOBUINA 3a-

JaHO TEH30PpOM

¥ 23 x28

Eij = x% xs xg
T1T3 x% 5
Yu 3a10BOBHAIOTHCSA PIBHIHHSI CYMICHOCTI?
Poss’s130k
BukopucroBytoun crispigaomenus Korri

||5 H . 8U1 oy — 8’U,2 . aU3
111 — 81’1, 22 — 83?27

9

= o0

c _1 8u1+6u2 c _1 6uz+8u;),
12 2 6:@ 81:1 ’ 2= 2 81:3 833‘2 ’
1 8U3 8u1
es1==| 7+
31 2 <8331 6303 ’
6e3mocepeIHBOI0 111 ICTAHOBKOIO 3HAXOAUMO PIBHSIHHSA CyMICHOCTI Ie-
dopwmarriit

82611 02622 . 82612
Ox2 Ox? 021022’
82611 82833 N 82613
Ox? Ox? 0x10x3’
82822 82633 . 82623

o0x3 0r3 " Owe0xs’
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0%e1n 0 [ Oegs 3812+3613
8$28$3 N 8$1 8.7;1 8:63 8562 ’
D%e99 _ 0 ([ Oes 5523+3€12
8x18x3 - 61:2 8%2 8%1 8.%3
D%es3 _ 0 [ Oer 3623+3813
89018:(;2 - 8x3 8333 8901 8.%'2

i 6e3mmocepeHLOIO IIiICTAHOBKOIO mAedopMariiii BU3HAIAEMO, IH BCi piB-

HHHSA 33I0BOJIbHAIOTHCA. UUTaTy TPOMOHYETHCA 3POOUTH ITI0 TIEPEBip-
Ky JIeTaJIbHO.

Bagaqa 2.11.23. Busectu Tenszop ckinuennux jgedopmariii Korri—
I'pina e;j, ckOpuCTaBMNCH #OTO BU3HAYEHHAM

o= L0808k o
9o\ Oz 005 V)
Poss’a30k

3 dbopmynu & = x; +u; MaEMO
8&/({9.%]‘ = 5ij + aui/ax]‘.

Tozi, KOPUCTYI0UUCh BUBHAYEHHSM €5, MOKHA OTPUMATH

1 8uk 8uk.
e (00 5 ) (34 57 ) =95] -
Ouy, 0 Ouy 0
|:5k15k] + i =— 8 +5k] azk + azk 87;% — 5ij:| =
i i Ji
1 aui Ou; . Oouy, %
8:1:]- aﬂj‘z 6:51 6l‘j

Basraga 2.11.24. 3aaHo 10J1€ epeMilieHn
§1=21—Cx+ Bx3, & =Cr1+x2—Arg, §3=—Bri+ Azg+ 3.

Ilokazaru, mo 1i mepeMmimieHHs BiAIOBIIAIOTH IIOBOPOTY abCOJIIOTHO
TBEpAOro Tija, ko craai A,B,C ayxe maji. BusHauntu BeKTOp 10~
BOPOTY & JIJisl HECKIHUEHHO MaJIOr0 1MOBOPOTY TBEPJIOTO Tija.

Poss’a3o0k
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3HAX0INMO IPAIIEHT JTaHOTO IOJIA IIePEeMIIeHb

o€, 1 -C B
F= = C 1 —-A
axi
-B A 1
Bnaxoaumo Tensop jgedopmaniii Ipina G = FF’
14+ B2 4 C? —AB —AC
G=FF = -AB  1+A%2+C*  -BC
—AC —BC 1+ A%+ B?

3naxoanMo TeH3op cKimuennux gedopmaniit Komi—I'pina e;;, ckopn-
CTABIINCH OT0 BU3HAYEHHSIM

e~~=1 8&;%_6‘
K 2 8%1833] K

B*+C? —-AB  -AC
leijll =5 —AB  A?+C?  -BC
—-AC  -BC A*+B?
ko 3HexTyBaTH JOOYTKOM MAaJjuX KOHCTAHT, TO Ieil TeH3op aedop-
Mmarii#t popiBuioe myso. lle o3nadae, mo gedopmariii BijcyTHi, a mnepe-
MIIIEHHS 3BOUTHCH 10 TIOBOPOTY abCOJIFOTHO TBEPAOro Tija. 3a ¢op-

MYJI0IO
H ” 1 811,1 Guj
wiill == —
" 2\ Oz 5 81’1

TEH30pP MOBOPOTY JOPIBHIOE

0 -C B
lwijll=1 ¢ 0o -4 [,
-B A 0

a BEKTOP MaJIOTO TTOBOPOTY

& = Aéj + Béy + Ces.
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Sajgaqa 2.11.25. [ToBopoT abCco/IFOTHO TBEP/IOTO Tijia OMKUCYETHCS 110~
JIeM TiepeMiIleHb

u1 = 0,02x3, wug = —0,03z3, wu3z= —0,02x1+ 0,03x5.
Busnauntu nepewmimenns Touku @ (3, 0.1, 4) BigHOCHO TOUYKHI
P(3,0,4).

Poss’a30k

Iloste mepewmitiens g1 TowoK () Ta P 1ae
g = 0,08¢1 —0,12e3 — 0,057¢3,
ip = 0,087 —0,12¢5 — 0,06€3,

3BIIKN

dii = i — iip = 0,003¢5.

Taknit camuit pe3yabTaT OTPUMAEMO, BUKOPUCTOBYIOUN TEH30D MOBO-

poty

. _ 1 [ 0u;  Ouy

9 8113j Ox; '

0 0 0,02
leigll=1 0 0 -003 |,

—0,02 0,03 0

dr=rg—7p, dri=0, dra=0,1, dr3=0,
du; = wijdrj, du; =0, duz =0, dug=0,03.

Bagaqa 2.11.26. g miockoi gedopmariii, ska Bi0yBA€ThCA B ILJI0O-
[ITHAX, TaPaIeIbHUX ToX3, BUSHAYUTH BUPA3 JJIsS BIJHOCHOTO BUJIOB-
JKeHHs €hy Ta gedopManil 3cyBy ehs, siKIIo oci 31 mrpuxamu Ta 6e3
IITPUXIB PO3TAIIOBaHI TaK, 9K 300pakeno na puc. 2.11.8. Marpuia
TIepeTBOPEHHS CUCTEMU KOOPAWHAT BiAmoBigHO 10 puc. 2.11.8

1 0 0
llaijll=1 0 cosd sind

0 —sinf cosO
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S
&

X,
2
J

_ E22+€33 €22 —

Bukopucroytoun dopmyau  me-
PETBOPEHHA KOMIIOHEHT TeH30pa
/

€57 = QikQjmELm, ONEPIKYEMO

\(9 x Eho = £99C0820 + 2e938infcosf + 533511120 =
2

©33 00520 + £93sin26,

Xl Puc.2.11.8 2

. . €22 — €33
—£938in%6 + £335in0c0s0 = £93c0820 — =22

2

5'23 — —e99sinfcosh + £93c0820—

sin20.

Bamaua 2.11.27. Ina oxuopimgHol medopmariii 1aHO TEH30pP MaIux

nmedopmartiit
0,01  —0,005
leijll=| —0,005 0,02
0 0,01

0
0,01
~0,03

Sk 3MiHIOETHCS TpaMuit KyT 3a paxyHokK 3cyBy ADC mHa Tpani eje-
menTapuoro terpaeapa OABC (puc.2.11.9), axmo OA=0B =0C, a

rouka D—cepejuna pebpa AB.

Poss’azok

%, A
m X,

O

B
i
D
A Puc.2.11.9
X

3MiHa mpSMOro KyTa
MizK BEKTOpPaMH 71 1 17}
€ medbopMalIIi€ro 3CyBy,
TOMY, 11100 11 BU3HAYM-
T, Tpeda 3HANTU KOM-
MIOHEHTY TeH30pa Je-
dbopmariit €}, B HO-
Biif cucreMi KOOp/IH-
HAT T, y KOl Bich )
HAIPsIMJIEHA, B3JI0BXK
BEKTOpa 1M, T4 Ha-
IpSAMJIEHA B3/I0BXK Be-
Kropa 7 1 x4 mo
HOpMaJii JI0 ILJIOIIK-
un ABC. Ockinbkn
mwiormuaa ABC' pis-
HOHAXWJICHA [0 OCeH
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x1, x2, x3 (TOOTO BOHA € OKTAEIPUIHOIO IIOMIXHKOIO), TO HOPMAJIb /10
Hel TakOXK PiBHOHAXWJIEHA /10 OCeit T1, T2, T3. BpaxoByrodu, IO HOP-
MaJb OJWHUYHA, 11 TPOEKIIil Ha 0Ci KOOpIAWHAT k:(l/\/g, 1/\/5, 1/\/§)
3 reoMeTpuYHHX JaHUX BHUIHO, IO Ipoektid ng = 0 i n; = ne, aje
n1 >0, ng <0 TomMy mMaemo ﬁ(l/\/i — l/ﬂ,O). ITpoekuii BekTOpa M
MOXKHA, 3HAHTHU CYTO MeOMETPUYHO a00 K BEKTOPHUIl JTOOYTOK 71 X E,
1110 Ja€: ﬁ’L(—l/\/@, —1/\/6, 2/\/6) Tomy MaTpuIlsg nepeTBOPEHHS CH-
CTeMU KOOPAWHAT Ma€ BUTJIAL

-1/v6 -1/V6 2/V6

el =1 1/v2 —1/v2 0

1/vV3  1/vV3 1/V3

Tonxi, BukopucToByoun (HOpMY/Iy HEePETBOPEHHS KOMIIOHEHT TEH30pa,

OTPAMYEMO
712 = 25,12 = —0>01/\/§'

Bamadga 2.11.28. VY gmegxiit Tourti Ten3op mgedopMariiii Mae BULISIT
5 -1 -1
6ij = -1 4 0
-1 0 4

3HaiiTu #10ro KOMIIOHEHTH Yy TOJIOBHUX OCaX. BuzHauuTu iHBapianTu
JJIsT KOYKHOT'O 3 TaKUX TEH30PIB Ta MOKa3aTH, 1110 BOHU OJHAKORBI.
Poss’a3ok
Snaxoanmo inBapiantu I = &5 =11 +€99+e33 =5+4+4 =13,

I = fu €12 ), €2 €23 ) [ fu1 f13 )
€21 €22 €31 €33 €31 €33
_ 5 -1 " 4 0 n 5 —1) _ 54,
-1 4 0 4 -1 4
5 -1 -1

Is=| -1 4 0 |=72
-1 0 4

CKJ/1a/1a€M0 XapaKTepUCTHIHe piBHsAHHS €5 — 132 4 5de — 72 = 0.
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Suaxoaumo itoro kopeni. Bonu mopisuotors 6, 4, 3. B rosoBHux
OCSIX TE€H30P Ma€ BUTJIA

€51l =

S O O
S =~ O
w O O

Uoro inBapianTn

I =64+44+3=13, [ =24+18412=54, I3=6-4-3=T72.

Sagaua 2.11.29. /g mosig nepemitienb
§1=x1+Ax3, =m0 —Ar3, {3=1x3— Ar1+ Axo

BU3HAUUTH TEH30D CKiHUeHHHX jJedopwmariit e;;. [lokazaru, mo gximo
crajga A ny:Ke Maja, TO MepEeMIIIeHHs IIPEJICTaB/Is€ IIOBOPOT
abCoJTIOTHO TBEP/IOTO Tija.

Poss’azok

SHAX0AMMO TepeMilnenas u; = & — x;. 3 yMOBHU 3324l
uy = Axg, up=—Ar3, uz=—Ax;+ Axs,

TO/Ii 32 POPMYJIOI0

€= 5 (%cj + 8.% 81‘1 8$j
3HAXOAMUMO
A%j2 —A?)2 0
leijll = | —A2/2  A%/2 0
0 0 A?

dxmo A mase, To Besmuunoo A2 Moxkna 3mexTyBaTH, TOI eij = 0.
e o3znauae, mo medopmarii Bigcyrni. {06 3uaiiTy BEKTOP MOBOPOTY,
3HAXOAUMO TPaIieHT medopMmartiit

1 0 A
= 0 1 —-A

-A A 1

P
8xj
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1
3HaX0IMO TE€H30p MOBOPOTY w = 5(F —F')

A
lwijll = —A
—A A 0
BekTop nmosopoTy BianorigHo mopiBHIOE
= Aé; + Aés.

Bamaga 2.11.30. ITokazaTu, 110 mOJI€ IEPEMIITEHb
uy = A& +3&2, up =36 — B, uz3=5

pU MaJIuX TMEepeMINTeHHsX JTa€ CTaH MI0cKol nedopmariii. 3uaiiTu 38’ g-
30K Mik A Ta B, 3a gkoro gedopmariisa Gy/e i30xopudHOoO (BiacyTHE
06’eMHe PO3IIMPEHHs).

Poss’a30k

Bnaxoanmo Ten3op gedopmariit. OCKiIbKU PO3ISAAI0THCA MaJi

nedopwmariii, To
leisl] = (8uz +0uj>
i 853 afz’ 7

A 3 0
leiil=13 —B 0
0 0 O

Suaitrenunit Ten3op Aedopmariiii mokasye, o Jgedopmariii
€33 = €39 = £31 = 0, MOB’s13aHI 3 HATPAMKOM OCi X3, BIICYyTHI. 3a BU3HA-
YeHHAM Takwuil J1edOpMOBAHUI CTAaH HA3BUBAETHCS IJIOCKAM HAIPyKe-
HEM cTaHoOM. BimmocHa o6’emua medopMariis JOPIiBHIOE

€y =€ = €11 +E22+e33=A—B.
Bona neperBoproerhest Ha HyJib, ko A = B.

Bajaqa 2.11.31. Tak 3BaHa jie/ibTa-PO3ETKA JIJIsi BUMIPIOBAHHS 110~
3I0BXKHIX medopMartiit Mae GopMy piBHOCTOPOHHLOTO TPUKYTHHMKA Ta
BHMIDIOE BITHOCHI BUJIOBJXKEHHS €11, €£)7, €] B HAIPSMKAX, BKa3aHUX
Ha puc.2.11.10. Buaiitu €12, £22.

Poss’a3o0k
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Hexait €11 = a, €}y = b, €/, = c. Busnauuru €12 Ta €9 B Tiil camiii
tourti. CropucTaemocsi (hopMyIaMu TEPETBOPEHHS KOMIIOHEHT TEH30-
pa mpu MOBOPOTI Ocei 5;]- = QikQjmEkm- MaTpulis 11epeTBOPeHHs 1IpH
nosopori oceit Ha kyT 600 HaBKOIO OCi T3 Mae BurIIS

/2 V3/2 0
leisll=| =v3/2 1/2 0 |,
0 0 1

a Tpu moBopoTi oceit ma Kyt 1200—

-1/2 V3/2 0
lagl = | —v3/2 —1/2 0
0 0 1
Towmy y meprioMmy BUNQJKY I Ha-
. 4% LPSIMKY T} MaeMo
&- !
X ey = aijen + 2001002812 + ape2,
60 _ Lo v3 .3
b—4a+ > 612+4€22~
& Amnajoriuno
° % c—}a—ﬁét —&-ég
=1 5 €12+ e,
Puc.2.11.10 Po3p’a3youn 10 CHCTeMy PIBHAHD

BITHOCHO £19 Ta £99, 3HAXOIUMO
e12=(b—c)/V3,
E99 = (*a+2b+26)/3

Sagaua 2.11.32. [iga mepemitients mpocToro 3cyBy
Si=z1, S=w2, &§= 1?3+2x2/\/§'

BuszraunTr HATpAMOK JIIHIMHOTO eJIeMeHTa B IJIOIIWHI X3, A AKOTO0
BiJTHOCHe BUJIOBYKEHHS JIOPIBHIOE HYJIIO.

Po3s’a30k
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Ilepemimntenns BiAOyBAETLCSI B ILIOMINHI ToT3. 3HAXOINMO TEH30D
medopwmariit I'pira

o 06 06 _ 0606 | 06 06 | 06 0%
K 8.%1 895]- 8.732 03:]- al‘l 8xj 8.732 8xj ’
1 0 0
IGll=1 0 7/3 2/V3
0 2/V3 1

TloBopoT BUKOHYETHCS B ILIOIIWHI T2X3, TOMY MaTPHUIld IE€PETBOPEHHS
Ma€ BUTIAT

10 0
”aij” = 0 a9 as3
0 az ass
3a YMOBH, M0 039 + 034 = 1.

Bukopucrosyemo popmysiu neperBopeHHs KOMIIOHEHT TE€H30Da, IIpU
LIOBOPOTI oceit G;j = i}, Gl 1 YMOBY, 1110 BUJIOBXKEHHS JIOPIBHIOE
HYJIIO, 3 KOl BUILIABAE, 10 KoedimienT mopxkuan Gog = 1. OcKiIbKH
JIOBXKMHA, He 3MIHIIACI, MAEMO

/ 2 2
99 = 5G9 + 290023 Gia3 + 53 Gs3,

7 2
1 = =02y + 2009 0tgs —= + 02,
3922 22 23\/5 23

2 2
Pos’asyroun cymicHO 11i 1Ba piBHSIHHS, 3HAXOINMO
o = £V3/2, o3 =TF1/2,
abo
a9y — 0, 33 = +1.
Takum 9mHOM, HYJIbOBE BUJOBXKEHHS Ma€ eJIeMeHT, pO3TaIlOBAHMI
B3JIOBIK OCi T3, Ta, ejement, mo e mig kyrom 60° 10 oci 3.

Bagaua 2.11.33. g nepewmirenns 3cyBy

§1=x1, & =2, §3=$3+2x2/\/§
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3HAITHU PIBHAHHA eJiifica, B dkuil upu jgedopMariil mepexoauTb KoJio

.1‘%—1—1‘% =1

Poss’azok

[Tepmmwmit croci6. Bupazkaemo crapi KoopauaaTu depe3 HOBI

r1 =&, 22=E§2, T3 =€3—\2[52-

3
[TigcraBastemo X y PiBHSHHS KOJIa 1 OJEPKYEMO
7 2 4 2
78— =8&L+EE =1

37 V3
Onepxkamniit kBagpaTuyHiit popMi BiMOBITa€ MaTPUIIS

1 0 0

0 7/3 -2/V3

0 -2/v3 1

[ITo6 mpuBecTu KBaApaTUIHy (DOPMY 0 KAHOHIUYHOTO BUIJIAILY 3HAXO-
JIUMO BJIACHI YHUCJIa MATPWUIl, PO3B’a3yi0oun 11 XapakKTepuCTUYIHE PiB-
HaaHsg A2 — 1—30)\+ 1 =0, fioro kopeHi nopiBHIOIOTHL A1 =3, Ay = 1/3.
OiepKyeMo KaHOHIYHUIN BUTJISI]T

3 +8 3=1
abo

&/0/3)+8/3=1.

Opnep:xaHoMy pIBHSAHHIO BiAMOBIZAE eimc 3 miBocaMu 1 / \/§, V3.

Hpyruit crioci6. 3HAX0UMO T'PAJIEHT MTEPEMIIEHb

1 0 0
=10 1 0
0 2/V3 1

P
(91,‘]'
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Suaxoaumo Tenszop Jedopmariit ['pina
1 0 0 10 0
G=FF=[0 1 0 01 2/V3 |=
0 2/V3 1 00 1
1 0 0
=10 7/3 2/\/3
0 2/v3 1

Baxoaumo rososHi gedopmanii (Baacui yucaa) tenzopa gedopmariii,
BOHU JIOPIBHIOIOTH A1 = 3, Ao = 1/3, ki € kBagpaTamu KoedillieHTiB
JOBXKWHU 1 OTHOYACHO KBaJpaTaMU IiBOCE eJtiIca.

Bagaua 2.11.34. Busnauntu kyt 3cyBy (pmc.2.11.11) ~o3 mas je-
dbopwmarii
§i=w1, S=m, &=u3+2m2V3.

Poss’a30k.

SHAX0AMMO TepeMitnenas u; = & — ;,
Ui :0, ’LLQZO, ’U,3:2$2/\/3.

SHAXOMMO TE€H30p CKIHYEHHUX J1edopMariiit

64,_1 8ui+8uj+0uk%
e 2 alij 8([31 8332 8l‘j ’

0 0 0
leill={ 0 2/3 1/V3
0 1/v3 0

3HaX0INMO

2e23 — 2(1/\/5)
VI+2e2V1+2e33 | /142(2/3)y/1+0
2

Y23 = arcsin<ﬁ> .

Bamaua 2.11.35. [dano nosie mepemirnieHs

Sin’yg3 =

i

g

&1 =x1+2x3, {oa=w0—2x3, &3=2x3— 201+ 2x0.
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Suaiitu TeH30pu ckinvennux gedopmariii Jlarpamxka i Eitrepa Ta 3na-
Ty IX y TOJIOBHUX OCHX.

Poss’azok

3HAXO0IMMO MIEPEMIIeHHsI, BUPazKeHi depe3 KOOPANHATH B ITOYATKO-
BOMY craHi u; = & — Ty,

u] = 2x3, ug = —2x3, uz = —2x1 + 2T9.

3HaxX0AMMO TeH30p CKinyeHHuX jedopmariiit Jlarpanxka

i = 5 61:]- * axi 83:1» 87117]
2 =20
leill=1 -2 2 0
0 0 4

BupakaemMo KOODAMHATH B TOYATKOBOMY CTaHI depe3 KOOPAWHATH B
ecdbOpMOBAHOMY CTaHIi

z1 = (561 +4& —283) /9,
zo = (461 +5& +283) /9,
x3 = (26128 +&3)/9.
Bupaxkaemo nepemitenns yepe3 KOOpAuHATH B 1ePOPMOBAHOMY CTaHI
ur = (461 —4& +263)/9,
ug = (—4&1 +4& —263) /9,
uz = (—2&1 +2& +8£3) /9.
3HAXOAMMO TEH30p CKiHueHHUX aedopmariit Eittepa—Aasmanci
1/0u; Ouj Ouy Ouy
v 2(8@ Tos o ag)
2 =20
gl =3[ -2
0o 0 4
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Ckya/1af09n XapaKTepUCTUYHI PIBHAHHS 1 3HAXO/SYN X KOPEeHi, mepe-
XOJIMMO JI0 TOJIOBHUX OcCeil (10 miaronanbnoi ¢hbopmMu) TEH30PIB

4 0 0 4/9 0 0
lesill=1 o o o |, HAZ-J- = 0 0 0
0 0 4 0 0 4/9

Sagaqa 2.11.36. s nosis nepemiiiens
§1=x1+2w3, §=x0—213, &3=2123— 211+ 212

3HAUTHU TpajieHT Aedopmarii F' Ta, CKOPUCTABIINCH MTOJIPHUM PO3KIa-
goM F', Bu3HaunTH T€H30p MoBOpoTy N Ta MpaBuil TEH30P KOeMImieHTiB
JOBXKUHI S.

Pozp’s130k
BHaxoaumo rpajgiedr jgedpopmaiii F

1 0 2
0¢;
= S R
828]'
-2 2 1

Binosinzo 10 mosiproro poskaany F=NS, S?2=F'F

1 0 -2 1 0 2 5 —4 0
2= 0 1 2 0 1 2= -4 5 0
29 —2 1 2 2 1 0 0 9

CkJ1a/1al09u XapaKTEPUCTUIHE PIBHSIHHS 1 3HAXOIsT9M HTOr0 KOPEHIi Ie-
Pexo Mo JI0 rOJIOBHUX OCell 1 giaronasizyemo ter3op. Kopeni mopis-
H1010TH 9,1,9

~

5% =

o o ©
o R o
© o o
o
Il
o o w
o R o
w o o

Marpurig mepeTBOpeHHS

1/vV2 —1/vV2 0
loijll =1 1/v2 1/v2 0
0 0 1
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CkopucraBumcy (hOpMyIaMH HePeTBOPEHHHA S;j = (ki jSkm, 3HAXO-
JIUMO TeH30p KoedillieHTiB JoBxXKuHU S B crapiii cucreMmi KoopauHaT

2 -1 0
S=]1 -1 2 0
0O 0 3

Cxopucrasumch criBigmomenusm F = NS, N = FS™! 3maxomumo
TEH30P [IOBOPOTY

1 0 2 N1 Niz Nis 2 -1 0
0 1 -2 = N21 N22 N23 -1 2 0 )
2 2 1 N3 N3y Nas 0 0 3
1 0 2 210 2 1 2
1 1
N = 3 0 1 -2 1 2 0 |= 3 1 2 =2
-2 2 1 0 01 -2 2 1

Bajaqa 2.11.37. Hosecrn, 1o mnepiiuii iHBapiaHT T€H30pa, CKiHY€H-
Hux jgedopwmariii ||e;;|| MoXKHA TpeJCTABUTH Yepe3 TOIOBHI 3HAMEHHS
KOeIIieHTIB TOBKUHI TAKUM UMHOM:

Le=[(AT 1)+ (A3 -1) + (A5 -1)] /2.
Po3s’sa30k
Temzop ckinuennnx medopMariii moB’s3aHmil 3 TeH30pOoM dedop-
mariit ['pina cniBBinHomennsam e;; = (Gij — 045)/2, Tomy
Ie = e11 +exn+e3z3 = (G +Ga +Gaz3 —3) /2.
Y cBow uepry, JiaroHaJibHI KOMIOHEHTH TeHn3opa aedopmariiit I'pina

OPIBHIOIOTH KBaJpaTaM KOediIieHTiB JOBKUHN B HAIPIMKY OCeil KO-
2 2 2
opaunar Gi1 = A7, Gaz = A5, G33 = A3, Tomy

Le=(AT—1+A3—-1+A3-1)/2.
Bamaga 2.11.38. Y megaxiit Touri 3amamnii TeH30p gedOpMartiii
1 -3 V2
legll={ -3 1 =2
V2 —V2 4
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BusnauuTu BifiHOCHE BUIOBXKEHHS B HALPIAMKY
i=¢1/2—&/2+¢E/V2
1 3MiHY KyTa MiXK HaIPSMKaMH 71 Ta
= —&/2+8/2+E5/V2.

Suaitru roJioBHi jedopmarii i rosoeni oci. I[HobymyBaru kpyru Mopa
Juts 1ecpOPMOBAHOTO CTaHY Ta 3HANTH BEJIUYINHY MAKCHMAJIBHOI e op-
Marii 3cyBy. [lepeBipuTn pesyabrar anamiTuwHO. [1g 3a7aHOT0 TEH30-
pa €;; BUBHAYUTH JEBIaTOP S;; Ta OOYUCAUTH HOTO TOJOBHI 3HAYEHHS.

Po3ss’a30k

JBa 3a7aHUX BEKTOPH 7, M) B3AEMHO OPTOTOHAJBHI, OCKLIBKH iX
CKaJIAPHU H00YyTOK MOpiBHIOE HY/0. /[0 TOrO X BOHEH MAIOTH OU-
HUYHY JIOBXKWUHY, TOMY MOXKYyTh OyTu BuOpaHi 6a3MCHUMHU BEKTOpaMu
HOBOI CHCTEMU KOOPAUHAT

3a Tperiit 6a3uCHUIT BEKTOP MOXKHA, BUOPATH BEKTOPHUIT J00YTOK
ey = i x .
Marpwuiist IepeTBOpeHHs CHCTEMN KOOPAMHAT |||

A

Y
1/2 -1/2  1/V2
-1/2  1/2  1/V2

/ e \ -1/vV2 -1/v2 0

) 2 6 s BU3HAUYEHHS BITHOCHOTO
BUJOBKEHHYA B HAIIPAMKY 77 1
KyTa MixK i 1 MM mgocra-
THbO 3HAWTU KOMIIOHEHTU TeH-
30pa gedopmartiit £, €}, B HO-
Biil cucreMi 3a dopmysiamu

v

Puc.2.11.11

/
€ij = Ck¥imEkm;

r_ _ 2 2 2
€11 = Q1kQImEkm = Q11€11 + Q79€22 + {333+
+2aq1002e12 + 20011013613 + 20120013623 = 6,
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/
€19 = Q1E2mERm = 0.

106 3BecTM TEH30P O TOJIOBHUX OCEil, 3HAXOANMO iHBapiaHTH
I, =6, Io=—4, Is=—24. Cki1agaeMo0 XapaKTePUCTUIHE PiBHSIHHS

e3—6e?—4e+24=0,

BHAXOAMMO HOT0 KopeHi £€; = 6, &9 = 2, €3 = —2. Tenzop medopmarriii
B FOJIOBHUX OCSIX MAE BUTJIAT,

6 0 O
léll=1 0 2 0
00 -2

[Ipoexkmii 6a3uCHIX BEKTOPIB T'OJIOBHUX OCEil 3HAXOINMO 3 OIHOPII-
HOi cucremu piBHsHb (g5 — 6;;6k)n; = 0 3a ymosu nf +nj+ni = 1.
Pesyabrar mokasye, mo roaoeHi oci 3biraiorscs 3 €) =7, €, = m,
&y =1 x m. Obuucsienns nponoHy€eThCs BuKoHaTU untadesi. Ha 3uaii-
JIEHUX TOJIOBHUX Jedopmariiax 6ymayemo kpyru Mopa. 3 puc.2.11.11 Bu-
JIHO, IO pa/iiyC HANOILIBIIIOr0o Kpyra JOpiBHIOE 4, TOMY MaKCHMaJbHA
nedopMariist BiIHOCHOTO 3CYBY Ymax = 4. SHAXOAUMO KYJIbOBUIl TEH30P

2 00
pij = ijerk/3=2, p=| 0 2 0
0 0 2

3HaX0IMMO JIeBiaTop S =€ —p

-1 =3 2

sl =1 -3 -1 —v2 |,
V2 —vV2 2
iioro imBapiantu I =0, I =—16, I3=0.

XapaKTepicTuaHe PiBHSIHHS 53 —16s = 0, fioro KopeHi JIOPIBHIOIOTH

s1 =4, s3 =0, s3=—4, TOMy B I'OJIOBHUX OCSX JIeBiaTOp Ma€ BUTJIST
4 0 O
155ll=1 0 0 o0

0 0 —4
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Sagaqa 2.11.39. dano noJie nepemiiienn
up = 3x1$%, Uy = 2x3T1, U= 3:% —x129.

Busnauntn Tensop &;;.
IlepeBipuTH, Y BUKOHYIOTHCSI YMOBHU CYMICHOCTI, SIKITIO

3¢ 366+ E& —&/2
leill = | 3¢16+& 0 £1/2
—&o/2 £1/2 283

Sagaua 2.11.40. [dna penbra-pozerku medopmariiii, ska € piBHO-
CTOPOHHIM TPUKYTHUKOM, 3HAIeH]I BITHOCHI BUIOBXKEHHS, BEJIUINHN
gxux €17 = 2- 1074, 6/11 =1-107%, 6/1/1 =1,5-10"%. Busnauntn €12 Ta
€99 B I TOYII.

Pozs’sa30k
BigrocHO moYaTKOBOI CHCTEMH KOOPJIMHAT OCi HOBUX CHCTEM TTOBEPHYTI
Binmosigro ma 60° i 120°. Im Bixmosimators MaTpHIIl IePEeTBOPEHHS

ol = (M2 VI jag=( T2V
Y —Vv3/2 12 )Y —V3/2 -1/2 )

X X X Bukopucrosyoun dopmyan
Az [I€PETBOPEHHST KOMITOHEHT
TeH30Da

/o 2 2

€11 = 71611 + 2011012 + €99,
ONIEP:KYEMO  [Ba  PIBHAHHA
BIJIHOCHO €13, €92, 3 SKHX

BU3HAYAEMO
€20 =1-1071,
60° 1200; iy = — (1/2\/3) 1074,
1 Bamaga 2.11.41. Jaa moss 1e-
Puc.2.11.12 peMireHb

Si=x1+Axs, S =1x2, & =x3—Ax

obuncauT 3MiHYy 06’€eMy Ta moKa3aTu, 10 BOHA JOPIBHIOE HYJIIO, SKITO
crama A myzxke masa.
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Po3s’a30k

SHaxoanmo rpajieaT aedopmMaliiii

1 0 A
O
F:‘ Sl 0 1 o
al’j
-A 0 1
Buaxoammo Tensop medopmamniit I'pina G = F'F
1 0 —-A 1 0 A 1+4A2 0 0
G=101 0 0 1 0 |= 0 1 0
A0 1 -A 0 1 0 0 1+42

B npoMy BUIAIKY TEH30D € AlarOHAJIBLHUM 1 OTO KOMIOHEHTH JOPIBHIO-
0Th KBaJpaTaM KoedIimienTiB JoBKmHN. TeH30p KoedillieHTiB JOBKNI-

Hn
V1+A2 0 0
S = 0 1 O ’
0 0 V14 A2
a ob’eMm B medopmoBanomy crami V = 1+ A2, dxmo Beanumna A €

MaJI0I0, TO BeimuuHy A? B HODIBHSAHHI 3 OJMHUIEIO0 MOYXKHA BiJIKUHYTH.
Tomi V =1, a ne o3uauae, 1o 06’eM Tijia He 3MIHIOETHCH.

Bagaua 2.11.42. Busnauntu gedopMOBaHUi CTaH TPSIMOKYTHOT
IUINTYA [PU AIHAPUIHOMY 3rUHI, KUl BiOyBa€ThCA IPU MEPETBO-
peHHi

axy . axy
1= C(xl)COST, §1= C(%)SHIT, §3 = ews,
3a JIOTIOMOTOIO KOO 006IaCTh MapaJleselinesa
2 <ay <aV+h, —b<a9<b, —1<x3<,

sIKa € MPSIMOKYTHOO TIJINTOI0 TOBIINHA K01 h, mupuHa 2b i qoBxKuHa 21
(puc.2.11.13), nepopMy€eThCs B MUTIHAPUIHY TTAHETb, TOOTO B 00/1aCTh,
obMeKeHy OBEPXHAMU KOAKCIaJbHUX IUJIIHJIPIB 3 pajiycamu

TOZC($(1)), r1:C(33(1)+h), (2.11.1)

mwromuaamMu &g = +&1tga i wrommaamu {3 = tel. BBaxkaerncs, 1o mge-
dopmariig BidyBaeThes 31 30epexkeHHsIM 00’eMy MaTepiary.
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v

<]

C’ D C
Puc.2.11.13

SHaX0AUMO MarepiajibHuil rpajieHT jgedopmariii

F =98/ 0],
C'(x1)cos®2  —C(x1)$sin®2 0
F=| C'(z)sin%2 C(x1)§cos?2 0 |,
0 0 e

i smaxonmumo tensop medopmaniit I'pina G = F'F,
ne F'—rpancnonosannii Marepiaibnuuii rpaienT gedopmMalriii
C'(w1)cos®2  C'(x1)sin%2 0
G=| —C(z1)%sin®z C(x1)cos?2 0 | X
0 0 e

C'(x1)cos®2  —C(x1)gsin®2 0

x| C'(xy)sin®2  C(x1)fcos™2 0 |,
0 0 e
C" (1) 0 0
G= 0 C*x)% (2.11.2)
2

0 0
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Ockinbku BU3HAYHUK TeH3opa Jedopmariii ['pina gopiBHioe

|G| = V2, ne V—06’em mapasneseninea, mobyJOBAHOTO Ha BEKTOPAX
JIOKaJILHOTO 6a3ucy B edopMOBaHOMY CTaHi, TO

a

V= C'(wl)C’(xl)ge.

Y mouaTkoBOMY cTaHi 00’eM mapaJesernineia, mo0y/I0BAHOTO Ha BEKTO-

pax JjiokajbHoro 6asucy, Vo = 1. 3a ymoBoto 3a/aui jedopmariis Bi10y-

BaeThCst 31 30epexkennsM 00'emy marepiary, tomy C’(x1)C(z1)fe =1,

spinku C'(x1)C(x1) = %. Iarerpytoun, 3maxonumo C(z1) = 2—2 d,
Je d—craja iHrerpyBanHsi, sika BusHadaeTbes 3 ymos (2.11.1). Toui
2b 2b 9 9
C(ﬂfl):\/cw(xl—x?)w%, —h=r{-rg, (2.11.3)
r?—rd
C(z1) = - (21 —a) +73. (2.11.4)

BBazkaerhbcs, 110 B IJINTI, IKa 3TUHAETHCH, ICHY€ IUIONMHA L1 = T
Taka, 1o Biapizku npamux —b < xo < b Ha Hiil, gki Oy/u napajieibHuMu
B IOYATKOBOMY 00’emi V{y oci xo, 30epiraiorh TOBXKHUHY B HedopMoBa-
Homy 00’emi V. OckinbKy J0BXKWHA B HAIPAMKY X2 Y 1eOPMOBAHOMY
cTaHl BU3HAYAETHCA KOMIIOHEHTOI0 Ten3o0pa. gedopmariiit I'pina Gao, TO

2

* T8« o )] @?
G22($1): n ($1—$1)+T0 b72:]. (2]_].5)

Toni omepxkyeMo Bupa3 KOMIIOHEHT TeH30pa Aedopmartiit ['pina
1 [r?—r2 r? —rl
G11:|:1 0(1'*—330)+1:|/|:1 O($1—$0)+1
2 2 1 1 2 1 )
e roh rgh

1
, Gag=¢’

G = - (2.11.6)

2Gn

Ypaxosywoun (2.11.3), cuissignomenns (2.11.5) moxkua 3anmcaru
Yy BUIJISJII KBa/IPATHOIO PIBHSIHHS BIJIHOCHO (r%—r%) / rg, JOTaTHUM

PO3B’SI30K SKOTO OTPUMYIOTH 3a (POPMYJIOI0

By 2
r%;r% _2h \/1+ <x1_x(1)> + <x>{_x?> . (2.11.7)
o roe ro€ ro€
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3 (2.11.7) i (2.11.3) ozmepKyeMO BiAHOIIEHHS BICOTU MIPSMOKYTHOI CMY-
W JIO JIOBXKUHW JyTH TMOTIEPETHOTO TTepepi3y BHYTPINTHBOTO IUIIHIPA

b * .0 2 * .0
:\/1+<M> +<M> (2.11.8)
roa o€ Tro€

3 omepkaHuX (HOPMYJI BUILIHBAE, IO MPH € ~ 1 KOMIIOHEHTH TeH30-
pa medopmariiit ['pina BiapisHa0OTHCS Bl OAMHAIN TOJAHKAMA TOPATKY
h/b, nocuTh MasMMK JUI TOHKOT IJIMWTH 1 TOJ1, KOJIM IIEPEMIIIeHHs J10-
CHATH BEJIHKI.




Poznia 3

TepMmoamHaMivHI OCHOBH Ta

PIBHAHHSI Teopll IPY2KHOCTI

3.1 OcHOBHI IT0JIO2KEHHSA TEPMOJMHAMIKH

3akoHu, 110 OB’ A3yI0Th HANPYKEHUi i JedopMoBaHuii CTaHU, MO-
JKHA OJEPKATH 13 3aKOHIB TEPMOANHAMIKA OOOPOTHUX i HEODOPOTHUX
mporieciB. [Ipn mocmimkerHi PI3UIHUX SBUIL IK 00 €KT TOCIIIIKEHHST
BUJJIAIOTH TLI0, 10 CKJIAJAEThCs 3 BEJUKOI KIJIbKOCTI 4aCTUHOK, $1K1
yTBOPIOIOTE izuuny cucrtemy. Perrira, 1m0 He HAJIEXKUTH 10 BUOpaHOT
CUCTeMU, HA3WBAECTHCS HABKOJIUIITHIM CEPEeOBUIIEM.

Ax1mo cucrema He B3a€MO/IIE 3 HABKOJIUIITHIM CEPEIOBUIIEM, TO BOHA
HA3UBAETHCH 130.4b06GHOI0.

ko Hemae 0oOMiHy MaCO0 CHCTEMU 3 HABKOJIUIITHIM CEPEJIOBHUINEM,
TO BOHA HABWBAETHCSI 3GMKHEHOO.

Tepvoguunamivnamit CTaH CUCTEMU BU3HAYAETHCS MAKPOCKOIIYHUMU
BeJINUMHAMU, SIKi HABUBAIOTHCS NAPAMEMPAMU, AD0 3MIHHUMU CMANY.
Bouu noziigroTh Ha 30BHIITHI Ta BHYTpIlHI. 30BHIIIHI TapaMeTpu—Iie
BEJIMYINHM, IT[0 BU3HAYAIOTH CTAH 30BHIITHHOTO CEPEIOBUINA 1 BILIUBA-
[OTh HA CTAaH CACTEMU; BHYTPIITHI—BU3HAYAIOTH CTAH CUCTEMU, /10 HUX
BLIHOCATBHCS: I'YyCTHHA, TUCK, XIMIYHUAN CKJIaJ, TEeMIIepaTypa.

fkimo gxkuiich mapaMeTp BUPAXKEHWH $K OJHO3HAYHA (QYHKIS
OCTaHHIX IapaMerpiB, TO Taka (PyHKIIOHAIbHA 3aJI€KHICTH HA3UBAE-
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ThCd PIBHAHHSM CTaHY, & 3MiHHA, K& BU3HAYAECTHCA ITUM PIBHAHHIM —
dyHKII€O cTany.

Xapaxmepucmuuna pynryia—ie GYHKIA CTAHYy CUCTEMH, 33, JI0-
IIOMOTOI0 SIKOI Ta 11 IMOXiTHUX MOXKHA BU3HAYUTH TEPMOJIMHAMITHI BJTa-
CTHUBOCTI CHCTEMM.

Tepmodunamivnut nomenylas—Iie XapaKTePUCTHIHA (QYHKITM,
BMEHIIEHHS TKOi B 000POTHOMY TIPOIIEC], 110 BiOyBaEThCA 32 HE3MIiH-
HUX 3HAYEHDb Oy Ib-IKOI IIAPU TEePMOJINHAMITHUX TAPAMETPIB, JTOPIBHIOE
[OBHi# POOOTI, BUKOHAHIN CUCTEMOIO, 38 BUK/IIOUYEHHAM POOOTH HPOTH
30BHIIITHIX CHJI.

Akuio sk HezasiexkHi 3MiHHI BubparTn HacTyIHI apu, 10 iM Oy/1yTh
BiIIOBIIATH MOTEHITIAIN:

1) Hesanexni — maroma entporist S i medopmariii €;; — BignOBiL-
HAM TEPMOJMHAMIYHUM OTEHIAI0M € BHyTpimiHs enepris U;

2) HesasexxHl — mmTOMa eHTpOMist S 1 HANPY’KEHHS 0;; — TepMO-
JUHAMIYHAM MMOTEHIHAJIOM € eHTajbinia H;

3) mesanexui — remueparypa 1" i gedopmarii €;; — TepMmoauHaMI-
YHUM TTIOTEHIIlaJIOM € BLJIbHA €HEPTld F

F=U-T§S,

4) mesanexkni — remmeparypa T’ 1 HaIpy»KeHHs 0 — TePMOJIUHA-
MiYHUM LHOTeHIia/goM € noreduian I'ibbca G:

G=F—-o ij€ij-
IcoyBanng TepMOAWHAMITHUX TOTEHINAJIB BUILINBAE 3 IEPIIOTO 1
JPYroro 3aKOHIB TEPMOIMHAMIKH.
Hepwuti 3axon mepmoduramiry — 3MiHA BHYTPIIIHBOI €Hepril Bi-
OyBaEThCs 32 PAXYHOK MEXaHITHOI pOoOOTH i TiBEeHHS TEII0TH:
oU =dL+dQ, (3.1.1)
Jte 0U—3mina BHYTPiHBOT eHepril; d L—pobora, 10 BUKOHYETHCA HA/L
cucTeMor0; d(Q)-—KiTbKICTh TEIJIOTH, i BEIeHOI O CUCTEMHU.

pyeud 3axon mepmodunamiky — 3MiHA €HTPOIMIT MOXKe BijbyBa-
THCA 33 PAXyYHOK OOMIHY 3 30BHIIITHIM CEpEIOBUINEM 1 3a PaxyHOK 11
YTBODPEHHSI B CHUCTEMi:

dP =dP, +dP, (3.1.2)
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nie d P—3wmina enTpomnii Bcboro Tifia; d P-—npupicT enTporil 3a paxyHoK
B3a€MO/Ii1 3 30BHIIIHIM cepeaoBuiiieM; dP;—IpupicT eHTporii 3a paxy-
HOK 11 yTBOpeHHs B cucremi. Emuipruyani manbi Ta eKCriepuMeHTaIbHI
JIOCTITZKEeHHS TTOKA3yIOTh 10
dQ
dP = T dP > 0. (3.1.3)

3uak “jopiBHIOE” 1MOKa3ye, IO Mpoliec € 06OPOTHUM, & 3HAK “Oijbiie”
— HEODOPOTHNM.

3.2 3akoH 30epexkeHHS eHeprii
agedopmoBaHOro Tijia

Po3sryisiremo criouarky 3akon 30epexkenus mexaHiunoi ereprii. I1pu-
MyCTUMO, IO TiJI0 HE OOMIHIOETHCS TEIJIOM 3 HABKOJIUIIHIM CepeoBuU-
meM, ToOTOo Tporiec ajiabaTHuil. 3aMUIeMo PiBHAHHS PyXy Y BULJISII

O'Z'j,j+Xi *p\./i =0.

[leit Bupa3 MOMHOXKMMO Ha MIBUAKICTH Tepeminientst v; = du;/dt 1 nmpo-
inTerpyemo mo o6’emy Tina

/ (0ij,j + Xi — pvi)vidV = 0. (3.2.1)
v
Pipusinng (3.2.1) nepenuiiemo y Buriisijii
/ [(O'ijvi),j—O'z'jViﬂ' + X;v; — pViVi]dV =0. (3.2.2)
14

[lepmuit usen nMbOTO PiBHSHHS TepeTBOpPUMO 3a ¢opmysioo [aycca—
Ocrporpa/icbKoro:

/(Uijvi),jdV:/aijvmjdA:/pividA, (3.2.3)
14 A A

Jle p;—BEeKTOp CHUJI Ha IMOBEPXHI Tija; nj—IPOeKIlisd OJUHIIHOI HOpMAaJI
JT0 TIOBepXHi Tija A.
Bepyun no ysaru (3.2.3), dopmyny (3.2.2) 3amumemo y BUTISAIL

/XiVidV—i-/inidA:/Uijvi,jdv+p/ v;v;dV. (3.2.4)
1% A 14 14
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Bukopucrosyoun v;,;= ;,;= €;; + w;j, NepIIHil iIHTErpas cupasa
MO>KHA II€PETBOPUTU

/O’ijvz"jdV:/O'ij(éij —|—d)ij)dV:/O'ijéijdV. (3.2.5)
\%4 14 \%4

Jpyruit 1071aH0K J10piBHIOE HY/I0, 060 0;j—CHAMETPUYHMIl TEH30D, a
W;j—KOCOCUMETPUYHMil, TOMy iX 3ropTKa—HiJiHTerpanbHa (yHKILsA
oijwij =0, i piBusans (3.2.4) nabupae BUrsLy

/XiVidV—l—/inidA:/Uijéijdv—l-p/ v;v;dV. (3.2.6)
14 A 14 14
JliBa cropona piBusnus (3.2.6)

14 A

€ MEXaHIYHOIO TOTYKHICTIO, KA JOPIBHIOE CyMi MOTYKHOCTEH 00’eM-
HUX CHUJI 1 CHUJI, NPUKJ/IAJIEHUX /10 1oBepxHi Tijsa. Yien p fvvi\?idV €
. . . . s _ l 2
IIBUJIKICTH 3MiHKM KiHETHYHOI eHeprii K = 5p fVVZ- av
dK
— =p [ v;vdV. (3.2.8)
dt v

[Meprmmit wnen y mpasiit actuui (3.2.6) BIAMOBIIHO 10 TEPIIOrO 3aKOHY
TEPMOIWHAMIKH € MBUJIKICTIO 3MiHU BHYTPIIITHBOI €HepTil

dU / .
— = Ul-jsijdV. (329)
dt v
Tonmi 3akoH 36epeKeHHsT MEXaHIYHOI eHeprii MaTuMe BUTTISIT,
. d
L:%(K—I—U). (3.2.10)

Pisasinas (3.2.10) orpumane 3a yMOBH, IO PO3TJISIAETHCS aiadaTHmit
nporec. IIpaBa gacTrHa € MBUIKICTH 3MIHU TTOBHOI €HEprii, sika, CKJa-
JAEThCA 31 MBUAKOCTI 3MiHNM KiHeTUIHOI eHeprii K Ta MBUIKOCTI 3MiHI
BHYTpImHBOI eHeprii U.

st TOBIIBHOTO TEPMOAMHAMIYHOIO MPOIECY Iie piBHsAHHA Tpeda
POBIUPUTH BKJIIOUEHHIM BiMOBITHO JO TEPIIOTO 3aKOHY TEPMOINHA-
MIKH HOTY?KHOCTI HEMEXaHITHUX CHJI, IKa € MIBUIKICTD 3MIHM K1JTBKOCTI
remwtoru ), migsenenoi go cucremu. Toxi pisugnus (3.2.10) nabepe Bu-
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TSIy
d ..
%(K+U):L+Q. (3.2.11)
Hewmexaniuna moTyX)HicTh Q 3YMOBJIEHA TETLIOBUM TIOTOKOM §
Q = —/qinidA = —/ q; ;dV. (3.2.12)
A \%

BukopucToByoun ojiepKaHi BHUINE 3a/eKHOCTi, piBHgHHA (3.2.11)
MOXKHA 3aINCATU Y BUTVIAIL

/ pvividV + / Udv =
Vv 1%

=/XiVidV—i-/inidA—/qi,idV, (3.2.13)
4 A v

e U-—tmiuToMa BHYTPIIIHSA €Hepris Tiia.
3 piBusiaHs (3.2.13) MoXKHA 3HANTH MBUAKICTH 3MIHU BHY TPIITHBOT
eHepril:

/UdV:/(Xipvi)vidv+/pividA/qi,idv. (3.2.14)
\% \%4 A \4

SaMiHIOIYH IHTErPaJI M0 MOBEPXHI IHTErpaoM 1o 06’eMy Ta bepydn 110
yBaru PiBHSHHS PYXY, OJIE€PKUMO

/ (U — O'ijéij + qu') dV =0.
\%
Ockinbku 00’eM HOBIIBHUIA, TO HEOOX1THOIO 1 JJOCTATHROIO YMOBOIO PiB-
HOCTI iHTerpaJia Hy/II0 € PIBHICTH HY/I0 HifiHTerpayibHol YHKINI, 3
YOr0 BUILJIUBAE, IO )

U:Uijéij_%‘,i- (3.2.15)

Onepzkannit Bupas (3.2.15) i € 3akonom 306epexkenns: enepril y aude-
PeHIiaIbHOMY BUIJIS/IL.
3.3 DBaJjganc eHTpomii

3riiHO 3 APYTrUM 3aKOHOM TEPMOUHAMIKY eHTPOIIis, sIK 1 BHYTPIITHS
eHeprid, € PYHKIIEI0 BHYTPIIHHOIO CTAHY CUCTEMU 1 HE 3aJI€KUTH BiJ
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[LIIXY TePMOJIUHAMIYHOIO MPOTIECY. 3B’S30K MiXK €HTPOIIEI0 1 TeMIre-
parypor Ma€ BULJIA]L

dQ
dP = T (3.3.1)
3BljIKU
P 1dQ Q Gisi
dt T dt T ﬁLT
Axmo eaTpomio TiTa BHpaSI/ITI/I depe3 eHTPOIito ouHuI 06’emy S, TO
%5: —4v /&W_—/%WV (3.3.2)

IIpaBy uacruny (3.3.2) HOJaMO y TaKOMy BHULJIsI, 106 MOXKHA 0yJI0
BIATIIMTH iHTerpaJsT 1o MOBEePXHi 1 TI0 06’€My. Ockinbku

/&W-—/()MW /{;%W
: a;n;
KA&W:—[;;

Ilepmmuit wien cipaBa BU3HAYAE MIBU/IKICTH 3MIHU €HTPOILIT, 3yMOBJIEHY
0OMiHOM 3 HABKOJIUIIHIM CEpEIOBUIIEM, & IPYTU—MAE XapaKkTep JKe-
pejia eHTporii, BiH BU3HAYAE IBUIKICTh BUPOO/IEHHS €HTPOIil y Tiji.
OckinbKY

(3.3.3)

dP _dP,  dP,
dt  dt  dt
dp; dP, qin;
> =
o >0, To o /S T ds,
dPZ 14y . qZT7Z
=— d - av > 0. 3.4
= /'T2 Vi K;T2 V>0 (3.3.4)

Yumona (3.3.4) i € kpurepiem TOro, mo TepMouMHAMIYHI TPOIEC HE06O-
poramit. CKopucTaeMocsa 3aKoHoM 30epexkennd eneprii U = 04565 — ¢i
i CHIBBIJIHOIIEHHSM

4;

§=-7



3.4 3axkoH TemutonposigHocrti @Pyp’e 147

O iepxxkumo . '

U= Jijéij +T5S. (3.3.5)
3 490THpLOX HmapaMeTpiB 0y, &5, 1, S TiNbKH JBa HezamexkHi. fAKimio
BHYTPIIIHS eHepris Bupazena sk dyskuis €;; 1 S, To6to U = U (g;4,5),

Ma€EMO o o
U= —¢;+-25. 3.3.6
9e;, 1 08 (3:3.6)
ITopismrooun (3.3.5) 3 (3.3.6), 3HaxommMO
ou ou
o= =2 (3.3.7)
J 852-]- oS

3.4 3akoH TemjgomnpoBigHocTi Pyp’e

Bakon rertonposigaocTi Oyp’e BCTAHOBIIIOE, IO TEIJIOBU MOTIK Y
AQHIZOTPOITHOMY MPYKHOMY Tl TPONOPLIHMN I'PAJIEHTY TeMIIEpaTy-
pu:

4; = =i T,;-
BukopucroBytoun te, 1m0 TS = —(ii, MAEMO
TS = \ijT;,j.

3.5 Ilepma dpopma BusHaYaAJIbHUX PIBHAHDb

ko 3a Hesanexkni nmapaverpu BuOpani Jedopmanii €;; 1 Temie-
parypa T, TO BiAMOBIAHUM TEPMOAWHAMIUHUM IMOTEHIIAJIOM € BLIHHA
erepris F'(g;;,T"). Teopis repmoguHaMiuHUX IPOIECIB fa€e 3B’30K Mix
BisbHOIO eneprieio F'(g;5,1"), mmromoro BHYTpimuLoI0 eHeprieo U, Tem-
mepatyporo 1 Ta TUTOMOI0 EHTPOTIE0 Sy BUTJISAI

F=U-ST. (3.5.1)

Binbua eneprig, gk i BHyTpilHs €HEPTris, € 0JIHO3HATHOIO (PYHKIIIEIO
CTaHy, TOMY TPW HECKIHYEHHO MaJjuX 3MiHAX CTaHy MPYXKHOTO Tijna dF
€ moBHUM gudepeHIiiagom. JKINO K He3a/iexKHI mapaMeTpu BuOpaTn
TeH30p AedOpMarliii Ta €HTPOII0 i BUKOPUCTATH OJEPKAHY BHUIIE 3a-
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JIEYKHICTH
dU = Uijdé“ij +T4dS, (3.5.2)
To 3 (3.5.1) BUMIMBAE, 110
dF = O'Z‘jd&‘ij - SdT, (353)
3BiIKW BHACIIMOK TOTO, 1m0 dF moBHW audepenItia
oF OF
dF = —de;; + —dT
8% ©ij * oT ’
MaEMO
OF OF

— =04, —==-05. (3.5.4)
85@' 7 oT

Takum awHOM, 3HAHHS BLIHHOI €HEPTil Ja€ MOXKJIUBICTH OB’ si3aTH
TEH30D HAIPYyKEeHb 3 TeH30poM jgedopmMmariiii Ta TeMieparypolo.

Posknagemo BinbHY eHepriio B pan Teitsopa, B3ABIIN 32 MOTATKO-
Buil HATYpaIbHUI CTAH IPYKHOTO Tida, 3a yMOBH, 10 JedopmMaril €;;
maJii i 3mina Temneparypu 1 — Ty Tak0K MaJja MOPIBHIHO 3 MOYATKO-
Boio Tp. OCKiIbKU BLIbHA €HEPTis 1 eHTPOIlis BeJIMYWHU aJUTUBHI i
[IOYATOK BIJTIKY MOXKe OyTHU B3sTe JOBLIHHO, TO BBAXKAETHCS, IO B Ha-
TypasbHOMY craHi BlabHa enepris F(0,Tp), enrpomnist S(0,7p), Hampy-
xeHHs 1 gedopmariii gopiBaio0Th Hy/0. B pami Teitiopa yrpumaemo
YIEHW HE BUIIE JPYTOro MOPSIAKY, TOJI

OF(0.Ty)_, 9F(0.Th)

F(gijvT) = F'(0,1p) + e Eij oT
ij

(T —To)+

1[0?F(0,Tp) 0?F(0,Tp)

— | e 2——— e, (T =T

2 8Eij8€kl 6]8k1+ 851‘]‘8T gj( O)+
0?F(0,Tp) 5

[lepmuii yjen € BiIbHOIO €HEPri€lo y MoYaTKOBOMY CTaHi, Koedirri-
€HT % TPETHOTO YJIeHa—€ EHTPOIIEI0 ¥ TTOYATKOBOMY CTaHi, BHAC/IITOK
aF(O7TO)

86@'
TaKOXK JOPIBHIOE HYJIO, OCKLIBPKN HAIPYXKeHHS B IMOYATKOBOMY CTaHI

YOr0 BOHU JOpiBHIOIOTH HyJ0. Koeditient y apyromy wieni



3.5 Ilepma ¢popma BusHavYaIbHUX PIBHSIHb 149

0;j TOPIBHIOIOTEL Hymo. IlosHaunmo

9?F(0,Tp)
0=T-T,), ———"—=c;in,
0 aEij&Ekl Cight
9*F(0,Tp) 0?F(0,Tp) 9
851']'8T e 8T2 ( 0) O( )7

e 0—3MiHa TeMIepaTrypHu.

Tomi omepxkaHe CITIBBiTHOIIEHHS 3AIUIIETHCST Y BUTJIST

1
F(g;;,T) = o Cighi€ijEht — Bi;€i50 + Fo(6). (3.5.5)
BukopucroByioun ojep2kaHi Bullie CIiBBiIHOIIEHHS
OF _ 0P _
88@' W 8T - ’
OJIEPIKIMO
oij = Cigkiekl — B0, (3.5.6)
OFy(T)
S =0~ (3.5.7)

IIi cniBBigHOmenHs € BuzHauaaLHWMU 1 neprre 3 Hux (3.5.6) maszw-
BaeThcs 3akoHoM Jlroamensi—Heiimana. Pozrisinemo npyrumit dsien y
(3.5.7). Ockinbku enrponis S € 0HO3HAYHOIO (DYHKIEIO CTaHy

SIS(&J',T), TO
oS oS
= v+ [ =) 4T, 5.
ds <a€ij>Td6]+<8T>€d (3.5.8)

3 apyroro 60Ky, 3 (3.5.6) Maemo

92Fo(0)

o712 dr,

dsS = ,Bz‘jdfij —
3 (3.5.7) Ta (3.5.8) BumnBae, 1o

<8S> _9*Fo(0)

or or?2

abo . 213,(0)
L L0°F(0
Tor =1 ar
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Benumauna T' g—? € IUTOMOIO TEIJIOEMHICTIO IIpu cTatiit nedopmariii i
no3uadaeTbest Cp. 3MiHa TeMepaTypu ¢ BBAXKAETHCS MaJIOK0 TTOPIBHSHO
3 Ty, T0OTO T% << 1. Takum uunom, 3 (3.5.6) dopmyna mas earpomnil
Habepe BUTJISITY

T
S = ﬁijé‘ij 4+ Celn—,
To

0
S:ﬂijEij-i-Caln(l—i-). (3.5.9)
Th
AKI0 po3kIacTu OCTaHHIN YieH B Psiji 1 yTPUMATH TLIbKY JIHITHI
9JIEHU, TO O/IepKUMO (DOPMYJIH JI/Tst BITBHOI eHeprii i eHTpormii:
1 1C
F = —CijklEijERl — ﬂijs,-jﬁ + 5?;92, (3.5.10)

2
0

sKi JIIICH] 32 yMOBH MaJInX 3MiH TeMmueparypu. ¥ hopmyJi /it BlIbHOT
eHeprii mepIuii 4ien Mae cyTo JAedopMariiinuii XapakTep, OCTaHHIfT—
CyTO TeMIepaTypHUil, a Apyruii—3MIiIIaHuil i BU3HAYAE B3aEMO/IIIO Jie-
dopwmarii Ta Temmeparypu. ¥ 3akoni Hloavenrgs—Heiimana Beanannan
Cijkl € KOMIIOHEHTAMU TEH30PA YE€TBEPTOTO PAHIY, KUl XapaKTepusye
MeXaHigHi BJACTUBOCTI MaTepiasy i Mae 81 KOMIIOHEHTY, ajie BHACTIIOK
caMeTpil

Cijkl = Cklij> Cijkl = Cjikls Cijkl = Cijlk (3.5.12)
TEH30p MEXAHIYHNX KOHCTAHT Ma€ TiIbKu 21 He3a/IeKHY KOMIIOHEHTY,
a Ten3op [;; = (;;, TUIBKN IICTh HE3aI€KHAX KOMIOHEHT. Y BUIAJKY
130TePMITHOTO TPOTIECY MAEMO

1
F= S Cighl€iEkly Oij = CijhiChi, S = Bijeij. (3.5.13)

3.6 JIpyra c¢dopma Bu3HAYAJbHUX PiBHAHD

Ipyroto bopmoio Bu3HAYAIBHUX PIBHIHD HA3UBAIOTHCS PIBHIAHHS, AKi
BU3HAYAIOTH CTaH 1epOPMOBAHOTO TijIa, KOJIU HEBATEKHUMY 3MIHHIMHI
€ HaIpy:KeHHS Ta TeMmIeparypa. BimoBiTHUM TepMOIWHAMIYHUM ITO-
Tenmiajgom € morentias ['i66ca, akuit € dpyHKIieo crany i nos g3aHuit
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3 BHYTPIITHBOIO €HEPTi€t0
G =F —o0jje45, (3.6.1)
3BIIKHT
dG = dF —0;jde;j — €;5doi;.
BukopucroByioun Te, 1110
dF = 0;5de;j — SdT,
OJIEPKUMO

dG = —Eidez‘j — SdT.

3 inmoro 60Ky, dG € noBHUM JUMEPEHIIATIOM TOMY

oG oG
dG = <8O’ij)Tdaij + <8T'> UdT.

[TopiBHIOIOYN JBa OCTaHHI CHIBBITHOIIEHHS, MAEMO

oG oG

Posknamaemo Tepmoannamivamit morenian ['i66ca y psag Teitaopa
0G(0,Tp) 0G(0,Tp)
oij +
801']' 8T

—G(04,T) = G(0,Tp) +

(T —Ty)+

1 [6%G(0,Ty) 902G (0,Tp)

P T 2 (T — Tt

2[ 80‘z'j80kl 0J0kl+ 80@'87’ OJ( 0>+
9*G(0,Ty) 5

1 BUKOPUCTOBYEMO TaKi »K caMi TPUTYIIEHHS, 9K 1 JijId BLIHHOI €Heprii.
[Tepmwmit wien € Tepmoauaamigaum norenriaaom [i66ca, skuit y moda-
TKOBOMY CTani Moxke Gyru npupiBusiauii 10 nynsa G(0,7y) = 0. Koedini-
€HT % TPETHOTO UJIEHA € €EHTPOIIEI0 ¥ TOYATKOBOMY CTaHi, BHACTIIOK
9Or0 y IOYaTKOBOMY CTaHi BiH Moxke OyTu mpupiBusHuit g0 uy/sd. Ko-

P . 0G(0,Tp)
edirient y apyromy umeni —p

ij

HANPy?KeHHs B MOYATKOBOMY CTaHi 0;; JOPIBHIOIOTH Hy/Ii0. Ilo3naunmo

0=T-T,,

TaKOXK JOPIBHIOE HYJIIO, OCKITHKHI
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Je f—3MiHa TeMIeparypu

0?G(0,Tp) 9?G(0,Tp)
- = Sijkls, —a o = Qj)
0000 00;;0T
9?G(0,Tp)
oT?

Bracaizok momepeiHiX IPUMYIIEHDb OEPKUAMO

(T —Tp)? = Go(T).

2

—G = 8,100 k+0450450 + Go(T), (3.6.3)

3BLIKT

€ij = Sijr1Okl + ij0 (3.6.4)
9Go(T)
“or
JIe Sij)—TEeH30D, AKUil BU3HAYAECTHCA MEXaHIYHUMU BJIACTUBOCTAMH i
Mae 21 HezaseKHy KOMIOHEHTY; (j;—KOMIIOHEHTH TeH30pPa TeIlJIOBOI0
POBIUPEHHST, SIKi BU3HAYAIOTH BEJUUWHY TEMIIEPATYPHOI gedopmartii
;0 mipn BigcyTHOCTI Hanpyskenb. Pisasanus (3.6.4) € obepHenumMu 10
piBugnsb Hoamena—Heiimana

S:aijaij—i— (3.6.5)

Oij = Cijki€kl — Bij0.

Busnaunmo enrporimo, 3 (3.6.5) orpumaemo
0?Go(T)
oT?
OCKIJIBKY €HTPOIIiST € 0JTHO3HATHOK (PYHKITEID CTaHy, TO
oS
oT
TlopiBHIOIOUYM Ba OCTAHHI CIiBBITHOIIEHHSA, MAEMO
S 9SS  9%Go(T) _os
Y 9oy 0T? OT

08
CU_T<8T>U,

ds = aijdaij + dT.

dS = 785 doi; +

dT.
0o

Ockinbku
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me C,—IuToMa TeIIOEMHICTD TIPU HE3MIHHUX HAIPYKEHHIX, TO

0Gy ol T
— = n—.
oT T
Bsaxkaroumn, 1110
0
— << 1,
To
OJTEPKIMO
0
S~ Qj0ij +Cy—. (3.6.6)
To

L1t i30TE€PMITHOTO TPOIIECY 3AJIEXKHOCTI CIIPOILYIOThCSI:
1
—G = 5 8iuTi 0kt

52-]- = SijkiOkl, (367)

S = OéijO'ij.

3.7 PiBHAHHHA TeIJIONIEPEHOCY

Cxopucraemocsi GopMysI0i0, OTPUMAHOIO Y MOIepeIHOMY maparpadi,

JIJI BU3HAYEHHST eHTPOTIT
T
Bizbmemo moxigHy 1m0 9acy i HIOMHOXKXKUMO Ha TEMIIEPATYPY
TS = Tﬁijéij + CET.
Pasnimre 6ysi0 ozepzkano )
TS = )\UTJJ
3 1ux JBOX PIBHSIHB OJIEPKUMO HeJjiHiliHe qudepeH iaibHe piBHIHHSI,
dKe TPUHIIATIOBO A€ MOYK/IUBICTh BUBHAYUTH PO3MOJILT TEMIIEPATYP
XijTij =T Biéi5 — CT = 0. (3.7.1)

Onep:kane pisaguuas (3.7.1) weniniitne. Heminiiinicts 3axoauTsb y 1py-

ruil 4jieH, SKuil BKa3ye Ha 3B’S30K 10 1edOpMariiii i mojist TemMmepa-
Typ. fKmmo BBaxKaTH, MO 3MIHA TeMIepaTypu Maui, i 3amiantn 1 Ha



Poszain 3. TepmoanHamMiyHi OCHOBU Ta

154 PiBHsIHHs Teopil Hpy>kHocCTI

10, TO Tie PIBHAHHS JIIHEAPU3YETHCS
)\ijT,ij_Toﬁijéz’j — CET = 0. (3.7.2)

Ho opepzkanoro piBusiHs (3.7.2) Tpeba jgomaru KpailoBi yMOBH, sIKi
Bio6parkaoTh pizHi (hopMu B3a€MO/Iil Tijia 3 30BHIIIHIM CEPETOBUIIEM:

1) Ha noBepxHi Tijga 33aHO TEMIEPATYPY;

2) Ha MOBEPXHI Tijla 3a/IaHO TEILIOBHIi TOTIK;

3) Ha mMoBepxHi TiNa iCHYE BiIbHMIT TEMI000MiH;

4) 3minana 3a/1a4a;

5) TemmoobMiH 33 paxXyHOK BUIPOMIHIOBAHHS.

3.8 PiBHIHHA TEPMONPY2KHOCTI

SIkio B piBHsSIHHS piBHOBaru (pyxy)
Jij,j—i-Xi = pii;, (3.8.1)

HiJICTAaBUTH HAIPYXKEeHHs 0;; BUPaxKeHl depes Jedopmalii 3a 3aK0HOM
HHoamvenga—Heiimana

Oij = Cijkicrl — Pij0, (3.8.2)
i BupazuTu gedopmarliii yepe3 nepeMimieHHs
€ij = 5(“17]+u]71)3
TO OJIEPYKUMO CUCTEMY TPHOX PIBHAHBL BITHOCHO TepeMiIleHb
1 ..
SCigkt (k) + )+ Xi = B30, 5+pii. (3.8.3)

Y piBHAHHS BXOJHUTH TEMIIEPATYpPa, TOMY Tpeba TPUETHATH PIBHIHHSI
HIPUTOKY TeILJIOTH:

XijTyi;—CT —TBé15 = —W. (3.8.4)

Pipuanng (3.8.3) i (3.8.4) mos’s3ami, ocKiNbKY cun, gKi JOTH HA
Ti70 7epOpPMyIOTh it0T0, a medopMariil BUKINKAIOTH 3MIHY TeMIIePaTy-
pu, 110 TPU3BOAUTE 10 3MiHU HAIPYKeHb i gedopmariiit. s Toro mob
OZIHO3HAYHO cHOPMYTIOBATH 3aa49y, Tpeba /10 piBHgaHb (3.8.3) 1 (3.8.4)
JOJATU MOYATKOBIL 1 TpanmyHi yMoBU. ['panmvHi yMOBU I PIBHIHHS
(3.8.3) MoxkyTb OyTH 33/aH] Y BUIVIA/ IHTEHCUBHOCTI HABAHTAKEHD HA

5]
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TOBEpPXHI Tia P, mepeMimmens 4 abo MOXKYTh OyTu 3mimani. ['pammani
yMOBH i1t piBHstHAS (3.8.4) MOXKHA 3a/1aTH y BUTAA Temmeparypu 6
Ha MOBEPXHI T4, TEMJIOBOTO MOTOKY

0
abo ymMOBaMM KOHBEKTHBHOTO TEII000MiHY:

0,i+abd = fi(x1,02,73,1).

N = 971-(.’,171,.1'2 ,.’,1;'3,1/')

dAxmo dakropu, M0 COPUYUHAIOTH PYX Tijia, 3MIHIOIOTHCS TOBLIHHO,
TO MOXKHA BiAKMHYTH auHaMidHi edexkTn 1 po3p’s3yBaTh 3a/ady siK
kBazicraruyny. Tol PIBHAHHA TEPMONPYKHOCTI HAOY/LyTh BUIJISALY

1

3 Cikt Wkt ure) + Xi = 0,505, (3.8.5)
AT = —W. (3.8.6)

Po3p’s3ytoun pisusians (3.8.6), BUSHAYAEMO T10JI€ TEMIIEPATY P, & MOTIM,

Hi/ICTaB/IA0YN #i0ro B piBHsgHHS (3.8.5), 3HAXOAUMO MOJIE MEPEMIIIEHb.

3.9 PiBHAHHS KJIACUYHOI TeOPil NPY>KHOCTI

Axio HaBaHTAXKEHHS Tijla 3MIHIOETHCS JIy2Ke OBLIBHO, Or0 TeM-
mepaTypa He 3MIHIOETHCS 33 PAaXYHOK TEIJIOOOMIHY 3 30BHINIHIM ce-
PEIOBHINEM, TO Iporec medopMyBaHHa HA3UBAETHCA i30TepMiunnM. B
IHOMY BUTAJKY AM(EPEHIia bHi PIBHIHHS CyTTEBO CIIPOILYIOTHCS i Ha~
OyBalOTh BUIJISILY:

a) pIBHSHHS PIBHOBArH
03 +Xi = pii;. (3.9.1)

6) disuuni piBHIHHT —
3 BUpa3y JJIs BLIBHOT eHeprii BUMA IAI0Th TEMTIEpATYPHI 9I€HN, TO

1
W=F= icijklgijgkly (3.9.2)

O'ij = Cijklffkly (393)
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ne W—motenmnianbaa erepria medopmariii. Tak camo, 1jig TepMoInHA-
migroro morenriaay ['i6bca

1
W=-G= §5ijklaij0kla (3.9.4)
€ij = SijklOij- (3.9.5)
Besmunta W = —G TakoxK Ha3UBaEThCH JIOLOBHSAIBHOIO POOOTOIO;

B) nedopmariiiai piBHAHHSA €;5 = %(ui,j—i—uj,i).

3.10 MarepiajibHi KOHCTAHTHU IIPY>KHOT'O TiJjIa

JLj1st CIpOITIEHHST TOCIiIKEeHHS CTPYKTYPHU TEH30Pa MPYKHUX CTAJINX
POBIJITHEMO PiBHAHHS CTaHy mpu izorepmignomy mporeci. Toxai B pis-
nanaax loameng—HeliMana BAMAIa0Th JOSAHKY, OB SI3aH] 3 BILIH-
BOM TeMTepaTypu, piBHgaHH {oameng—Heilivana mepeTBOPIOIOTHCT HA
3akon ['yka i HaOyBarOTh BUIISITY

045 = Cijki€Kl, (3.10.1)
a enepriga gedopwmartiii, abo BiJibHA eHEpris, BupaxKeHa uepes gedopma-
ITi1, Ma€ BUTJIA],
1
F=W= icijklgijekl‘
[Tokaskemo, 0 BeIUYUHU Cjjk € KOMIOHEHTaMU TeH30pa YeTBep-

toro panry. s 116010 3HAIEMO BIIbHY €HEPrilo y JIOBLIbHIN HOBI
CHCTEM] KOOD/IMHAT:

Bupasumo xommonenTn Ten3opa mgedopmariiit y crapiii cucremi depes
KOMIIOHEHTH Y HOBIi:
/
€ij = OmiQnj€ mn,
/
€kl = OpkQglE pq-
IligcraBumo y Bupas s BiIBHOI eHeprii y crapiit cucremi KOOpAWHAT

KOMIIOHEHTH TeH30pa Jedopmaliiii y crapiit cucremi, BupakeHi depes
KOMITOHEHTH TeH30pa AedopMariiii y HOBiii:

/ /
F= CijklOmiOnji€ mnOpkCglE pq-



3.10 MarepianbHi KOHCTaHTH PY2KHOrO Tija 157

[lopiButoroun Bupasu gy F'y crapiit i HOBill cucTremax, 6adumo, 1o
/
Cmnpg = QmiQnjOpkQqlCijk]- (3.10.2)

Taxum uuHOM, KOEIMIEHTH C;j) IEPETBOPIOIOTHCA 3a IIPaBHIAME
[epeTBOPEHHs TeH30pa. 3anuiremo 3amexHocti (3.10.1) y posropuyTo-
MY BUTJISI

0ij = Cij11€11 + Cij22€22 + Cij33E33 + 2¢4523€23 + 2¢531€31 + 2¢4512€12.
(3.10.3)

Tenzopy mpyKHUX CTaJNX, BIATIOBLTa€ MATPUIld, IKa 3 ypPaXyBaH-
HM CUMETPil Ma€ BUTJIST

C1111  C1122 C€1133 C1123  C1113  C1112
C2222 C2233 C2223 (2213 (2212
€3333 (3323 (3313 3312 (3.10.4)

o>
Il

C2323 (2313 (2312
C1313 C1312

C1212
Po3rnigremo TeH30p MpYKHUX KOHCTAHT 33 PI3HUX THUIB CHMeTpil
NPYKHUX BAACTUBOCTEN TiJa.
1. Tijsio Mae oHy TIOMIMHY CUMeTPil.

Hexait e 6yae miaommnaa £122, TOAl 3MiHA HAIPAMKY OCi X3 HE TIO-
BUHHA BILIMBATH HA BEJWYUHY HAIpYyKeHbL. MaTpuisg mepeTBOpeHHS
CHCTEMHU KOOPAMHAT y ITbOMY BHIIQJIKY MAa€ BUTJISIT

1 0 O
a=101 0
0 0 -1

BukopucroByemo 3arayibai hopMysin IEPeTBOPEHHS KOMIIOHEHT TEH30-
pa

/

Crnnpg = OmiOnj Opk Qg Cijkl - (3.10.5)
Baummo, 110 3HAK 3MIHIOIOTH Ti KOMIIOHEHTH T€H30pa MPYXKHUX KOH-
CTaHT, AKI MICTATH 1HJEKC 3 y HemapHiil KIIbKOCTi. MaTpuig Cppnpg
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MaTHMeE BHUIJIA

C1111  €1122 €1133 —C1123 —C1113  Cl112
C2222 €2233 —C2223 —C2213  C2212

A= €3333 —C3323 —C3313 (3312
C2323 C2313  —C2312

C1313  —C1312

€1212

Ocki/IbKU HAIPy2KeHHsI He 3MIHIOIOTh CBOIO BEJIUYUHY [IPU 3MiHI HAIIps-
My OcCi 3, TO Ti KOMIIOHEHTH, 1110 3MIHIOIOTH 3HAK, TOBUHHI JIOPIBHIOBA-
i "Hy/110. Toml MaTpullsd TeH30pa MPYKHUX KOHCTAHT MATUME BUTJISIT

c1111 C1122 €1133 0O 0 ce
Co222 Co233 0 0 coo12
A c 0 0 c
Co323 Co2313 O
ci313 0
C1212

Otrpumyemo 13 He3aTEKHUX KOMIIOHEHT.

2. Timo mMae OBi MJIOMIWHU CUMETPIl.

Hexait omna miomuna 36ira€Tbes 3 £1x3, a Apyra—3 x12o. 1ol 3Mi-
Ha HaIpPSIMKYy OCeii T3 Ta Xo He NMOBUHHA BILITUBATU Ha BEJIWYUHY Ha-
npyKeHb. MaTpurig mepeTBOpeHHd Ma€ BUJIS/T

1 0 0
a=|[0 -1 0
0 0 -1

Toxi 3a 3miam HANMPAMKY OCi To KoedimieHTH, sKi MICTIThH iHIEKC 2,
y HemapHiii KUIBKOCTI 3MIHIOIOTH 3HAK. 3 I[HOI0 BUILINBAE, 10 BOHU
MOBUHHI JOPIBHIOBATH HYJIIO, TOOTO

C1112 = C2212 = C3312 = C2313 =0
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1 MaTpHUIld IPY2KHUX KOHCTAHT MaTHUM€ BHUIJIATL

c1111 €22 cnzz 0 0 0
C2222 C2233 0 0 0
= Gz 000 (3.10.7)
Cazes 0 0
c1313 0
C1212

Marpumg mae 9 He3a eKHUX KOMITOHEHT.
3. Tiso Mae Tpu B3a€MHO OPTOTOHAJILHI MJIOMWHA CUMETPII.

3 monepeHbOTO BUILIUBAE, IO MOBUHHI 3HUKHYTHU IE€HU, sIKi Mi-
CTATh 1HAeKC 1 y HemapHiil KIIBKOCTI, aJle yKe 3a HasiBHOCTI JIBOX ILJIO-
IMPH CUMETPil Taki WIeHW BiJCYyTHi, TOMY CTPYKTypa TEH30pa C;jr He
3MIHIOEThCA. Take TijT0 HABUBAETHCA OPMOMPONHUM.

4. Isorporae Tij0.

Axmo Bci oci KOOpAWHAT PIBHOMPABHI, TO TaKe TLIO HAZWBAECTLCS
izomponnum. 1 BUMOrn MOXKHA 3a0BOJIBHATH, B3ABIINA T€H30D Cjijkl Y
BUIVISZL 130TPOIHOTO TEH30pa:

Cijkl = aéijdkl + béildjk + céikdjl.
Y 1boMy BUMAJKY /st OY/Ib-IKOTO TIOBOPOTY CUCTEMU KOODJUHAT Ma-
TIMEMO
/
Cijkl = Cijkl-
[lincTraBuBmm 1eit Ter3zop y cmoiBBimuomennga Jloamensg—Hefimana,
0JTEPIKUMO
Oij = aéijskk + be’:‘z‘j + CE4j-
Bukopucrasiu cumerpiio
€ij = Eji

Ta MO3HAUUBIIN 24 = a+ b, a = A, oepKuMO

05 = 2M5ij+)\5ij5kk~ (3.10.8)

TobTo mpy:KHI BJIACTUBOCTI i30TPOIMHOTO Tijla BU3HAYAIOTHCT JIBOMA
KOHCTaHTaM# A 1 1, 9Ki Ha3uBawThcA crajumu Jlgame. Marpuig Ten-
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30pa IPY2KHUX KOHCTAHT MaTHUM€ BUIJIATL

A2 A A 00 0
A42 A0 0 0

e= A+2p 000 (3.10.9)
A0 0
A0
A

Crani Jlame mos’si3ani 3 MoyasMu npyxuocTi. 11106 3naiiTu e
3B’SI30K, PO3IVIAHEMO JIHIfHWI HATpYXKeHui cTan 011 # 0

092 =033 =012 =023 =031 = 0.
Vaaranpuenuit 3akou ['yka, 3 omHOTO OOKY, Ja€
o11 = A(e11 +e22 +€33) + 2ue11,
0= A(e11 +e22+€33) +2uea2,
0= A(e11 +e22+¢33) +2puess
3 apyroro 60Ky,

o1 = Feqy.
YpaxoBytoun, 1110
€29 = €33 = —VE11,
MAaEMO
011 = )\611(1 — 21/) +2ue11,
0= /\611(1 — 21/) - 2;“/511,
3BiJIKU
A
v=———, FE=2u(1+v). 3.10.10
SO p(1+v) (310.10)

SIKIIO POBIJIAHYTH YUCTHI 3CYB
o11 =092 =033 =013 =023 =0,
o12 # 0, To 3a 3akonoM ['yka

O12 = 2[E12.
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YpaxoByiodHn, 1o Y12 = 2612 1 T = Gy, 01epKYEMO

w=0a. (3.10.11)
I3 (3.10.10) i (3.10.11) maeno
E
¢= 2(1+v)’
po B2 oy vE (3.10.12)

Ap (1+v)(1—-2v)

3.11 3agadya cTaTUYHOI Teopii
MPY2KHOCTi 130TPOMHOTO TiJjIa

Aximo mporec HaBaHTAXKEHHS Jy’Ke MOBLIbHUI, TOOTO Takwii, 10
3a PaxyHOK Teri000MiHy 3 30BHIIIHIM CEPeIOBUIIEM TEMIEPATYPa €
CTaJI00, TO, BPAXOBYIOUN BCi paHillle OJIepyKaHl pe3yIbTaTH, MaEMO:

1.@izuuni piBHaHHS

1
F=W= icijklgijgklv (3.11.1)
oF
Oij = 72—, 3.11.2
LY 8572]' ( )
0435 = Cijki€ki- (3.11.3)

i piBHAHHS A/ I30TPOMHOTO Tija MOXKYTH 3aMUCaHI 1 BUKOPUCTAH] ¥
pPI3HUX BHUIAX:

F=W = pe;jeij + %/\&‘kkEmm, (3.11.4)
045 = 2pgij + Nijekk, (3.11.5)

0y = (1fy) <eij+(1_’/2y) 5ijakk>, (3.11.6)
£ij = 21# <al-j - uiy)@jakk), (3.11.7)
e = = [(1+ )0y — Voijom). (3.11.8)

E
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2. PiBHgaHHS piBHOBaru

Tijrj+Xi = 0. (3.11.9)
3.Cuissignomenng Ko
1
eij = 5 (i +uji). (3.11.10)

Kpiwm piBHSHD, 9K 7715 OyIb-9KOI KpailoBoi 3aa49i, HEOOXITHO 3a1a-
Tu Kpaiiosi (abo rpanuvni) ymoBu. BoHu 3amexars Big B3aemosil Tiia
3 30BHIIIHIM CE€peIOBUINEM i OyBaIOTh Pi3Hi:

1) mepma kpaiioBa 3a1a9a—3aaHl CUIM MTPUKIAJEH] Ha MOBEPXHI
Tija;

2) apyra KpaiioBa 3a/a4a—3a/aHl NepeMileHHs Ha OBEPXHI Tina,;

3) Tpers kpaiioBa 3ajada—3Mimana, y skiii 3aJaHi CUInM IPUKJIA-
JleHi Ha JacTUHI moBepXHi Tina Ay, 3a7aHi mepeMillleHHI—Ha, JaCTUHI
moBepxHi Tima A.. YacTuHu TOBEpXHI MOBWHHI 33I0OBOJBHITH yYMOBU

A,UJA. = Ai A,NA- =0.

3.12 PiBHaHHSA Teopil NPYy2KHOCTI
B nepeMinienusax (piBuguua Hap’e)

ITocrasnena Buie 3amada Teopii nmpyxkuOCcTi Mae 15 HeBimoMuUx—
TPU KOMIIOHEHTH BEKTOPA MEPEMIIIeHb U;, IICTh KOMIIOHEHT TEH30Pa
Jedopmaltiii €;, MIiCTh KOMIOHEHT T€H30pa HALPYKeHb 0;; 1 mae 15
PIBHSHB: TPHU PiBHAHHA PiBHOBArd, IMCTH CHiBBiTHOIIEHb KoOIIIi 1 MIicTh
PIBHSHD y3arajgbHeHOro 3akoHy ['yka. [y 3MeHIEHHS KiTBKOCTL He-
BiJIOMUX 1, BiTIOBIIHOT KiJIBKICTI PIBHSIHB BCI HEBIJOMI BUPaYKAIOThCS
qepe3 mepemitenns. 11106 omepkartu piBHAHHS, B SKi BXOASITH TiIbKA
TepeMilleHHsI, HATPYKEeHHS BUPAXKAIOTHCS Uepe3 TOXiTHI MepeMileHb
1 oftepzKaHi BUpA3W MiCTABIAIOTL Y PIBHAHHS PIBHOBATH

0ijj+Xi =0, (3.12.1)
Oij = 2u€ij + Adijekt, (3.12.2)
1

0 = p(UisjF1uj,i) + Aug ki,
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U 555 555 N0 Uk 1+ X = 0,
pii i+ A+ p)ug i+ Xi = 0. (3.12.4)

Cucrema TpROX PIBHAHB BIITHOCHO TPBOX KOMIIOHEHT BEKTODA IEpeMi-
menng (3.12.4) i e pipnaamavu Hap'e, axuil mepmmii ix ofep:kas. Ix
TaKOXK IMMPOKO BUKOPUCTOBYBAaB ﬂﬂMe, TOMY B JIiTepaTypi BOHU IaCTO
dirypyrors mij #ioro mpu3simeM.

Ockiibku
Eiuizjj= €V u; = V2Eu; = V7,
€iljyij = €Uy ji= €iljyj,i= €(V -U),;= VV -1,

TO OJIepKaH] PIBHAHHS MOYXKHA MOJATU y BEKTOPHIN dopmi

puNV2i+ A+ p)VV-i+ X = 0. (3.12.5)
BukopucToByroUn BiJloMe CITiBBiTHOIIEHH ST

i (bx 5) :b(aa—a(a.b)
Ta BJAACTWBOCTI oTiepaTopa Habjia

0
V=lig. oxy,’

MaeMO

VxVx(u)=(VV-@)—(V-V)i.

Bupaxkatoun 3sigcn V24 i nigcrasisioun y (3.12.5), ogepKumo
pisustnus Has’e y Buriisiii

(A +2p)graddivii — protroti+ X =0,

—

A +2u)VV-d—puV xVxi+X =0. (3.12.6)

Posrnignemo kpaitoBi ymoBu.

1. dxmo 3amaHl 30BHINNHI HaBaHTAaXKeHHsI, TO KpaiioBl yMOBHU Ha
rpanurti 006/1acTi MalOTh BUTJIAT

Hampy:xenns Bupaxkaemo depes medopMariii

Oij = 2pij + NOijEks
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a medopmarii—aepes mepeMieHHs
Pi = (i j 4 uji) g + Adijug k.
OnepxkyeMo KpaiioBi yMOBHU, HAK/IaeH]I HA MTEPEMIIEHHS:

D; = pug jng + puging + )\ukvkni. (3.12.7)

2. AKImo Ha TpaHUI 33/IaHl TePeMiIeHHd, TO

u; = fi(z1,22,73).
3 ojlep:KaHUX PIBHSIHB BUJHO, 110 piBHsHHS Hap’e 3pyusinie Bukopu-

CTOBYBATH B TUX BUITQJKAX, Y AKUX Ha TPAHUIIN 3aJaHI MepeMileHHs.

Posrnsaemo jesKi BJACTUBOCTI BEKTOPA MEPEMITEHD Ta BiTHOCHOI
06’emuoil gedopmarii. OcKiabKY HAROLIBIN CKJIAIHOCTI 3aBXK I BUHK-
KaIOTh [PU MOIIYKY 3arajbHOT0 PO3B’SI3KY, TO PO3TJISATAETHCA HABAH-
TaykeHHs 3a BigcyTHOCTi 06’eMHux cuii. st mporo BisbMeMO MOXigHY
Bin piBusmua (3.12.4) mo x;, 1 cKopucTraeMoch THM, IO Uj; = 4, J€
€;—IepInuil iHBapianT TeH3opa gedopMariii, SKuil 3 Hi3UIHOI TOIKH
30py JOPiBHIOE BimHOCHIN medopmarii 00’emy, sy mo3uaanmo €. s
3pyunocTti piusuug Has’e 3anumemo y Buriisi

,uV2uZ- + ()\ + M)S,i‘f‘Xi =0.

ko B3sTH moximny Bif (3.12.4) 10 2 1 3ropHyTH, TOGTO TPUPIBHATH
k =1, 1 B3 cymy, T0 3a BijicyTHOCTI 00’eMHuX cua X; = 0 0oj1epKuM0

1N 2,4+ (N+ p)e = 0.
OCKITBKE U= €51 =€ 1 €,55= V2 MaeMmo:
(A +2u) Ve = 0.
3Bi/icH BUILIUBAE, IO 33 BiICYTHOCTI 00’€MHUX CHLI
Ve =0,

T06TO BimHOCHA 00’emua mecdopmartist mpu X; = 0 € rapMOHITHOIO
dyukmiero. Ckopucraemocs 1ie pa3 piBaannavu Has’e y Burjsiai

uNV2u; 4+ (A + p)ei=0.
Bizpmemo apyry moxigHy

1V 2 o+ (A + ()€ ikem= 0
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i 3ropremo 1o k i m. OCKIIBKE Uj mm= VU, i
Eyikk= VQE,Z': (VQE) yi— 0,
3a BIJICYTHOCTI 00’ €MHUX CHUJI OJEPKUMO
uVAV2u; = pV4iu; =0,

TOOTO BEKTOD IiepeMilieHnb OirapMoHiuHwMil.

3.13 PiBHgHHA Teopil MPY>KHOCTI
B HAIIPY2KEHHAX
(piBugHHA Besbrpami—Miryesia)

g Toro mob ojiepKaTu piBHAHHSA B HAIPYKEHHIX, HEOOXiTHO BU-
pasutu gedopmariii depe3 HAIPYKEeHHs 1 OfepKaHi CIiBBiIHOIIEHHST
MiJICTABUTH y PiBHAHHSA CyMicHOCTI medopmariiii. MoxkHa TakoK BUKO-
pucratu piBasiaHs Hap’e. Posrismemo 1eit cnioci6. Pisusgausg Hag’e:

V2 u; + (A + p)e,i+X; =0. (3.13.1)
fxmo nposudepeniroBaT IO T, TO OJEPAUMO
pV 2, +(A + p)eij+Xi,=0.
SMiHUMO iHEeKCH
V2 uj i+ (N4 p)e,jit+ X = 0.

CkyazemMo nBa OCTaHHI PIBHAHHS I CKOPUCTAEMOCS CIIBBIIHOIICHHSIM
Koumi:
2
2uV7e; + 2(A —i—,u)E,ij—l—(Xm —I-Xj’i) =0.

Bupaxxaemo medopmariii yepes HampyxKeHHA 3a 3aKoHOM ['yKa

1 v
€ij = ﬂ <0’z‘j—1+yc5ij0kk>
1 miacraBasgeMo y monepeaHe piBHAHHA. [T cKOpodeHHS TpUiMEMO
Okk = 0.
2 v 2 1
\Y% aij—m&jv o+ ma,ij+(Xi7j+Xj,i) =0.
Cuporryemo ojiepkaHe piBHIHHS, 3rOPHYBIINA H0r0 3a iHJieKcaMu
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i Ta j. 3Bijicu MaEMO

14+v
Vie = _1—I/Xk’k'
VpaxoBytoun 11e, oJIepKnuMo piBHIHHA Berbrpami—MiTuena:
1 v
2
\Y O—ij+mgaij: —(Xij+Xji)— E(Sinhh (3.13.2)
a 3a BiicyTHOCTI 06’€eMHUX CHI—
1
2 _
Ockinbku 0 = (214 3\)e, a e—rapmonivuna DyHKIIs, 0JEPKYEMO
Ve =0.

dxmo no pisastaas (3.13.3) 3acrocysaru oneparop Jlammaca, To oxep-
ZKUMO
4 —
\Y% Oij = 0,
TOOTO 3a Bi/ICYTHOCTi 00’€MHUX CHJI HAIIPY2KEHHH 05 € OirapMOHITHIMHI
dyHKITITMHE.

3.14 Teopema mpo MiIHIMYyM HOTEHITIAJILHOL
eneprii (Teopema Jlarpamxka)

Bajlauy MeXaHIKM MOXKHA OCTABUTH y JBOX Bujax. Ileprumit—sk
3aJavdy BU3HAUEHHS PYXY MEXAHITHOI CUCTEMU TiJ BILIMBOM TTPUK/IA-
Jernx cuia. Jpyruii—daK 3a/1ady 3HAXOIKEeHHS TaKOl TPAEKTOpil pyxy
MeXaHIgHOI CUCTEeMHU, IPU AKiil poboTa J0csarae MiHIMAIbHOI BEJTUNINHN.
B neprmomy Bumaiky 3 MareMaTuuHOl TOYKA 30Dy TPUXOIUMO 10 3318~
4i po3B’sI3yBaHHS CUCTEMU MuepeHIiaJbHIX PIBHIHD, ¥ APYTOMY—J10
BapiariitHol 3a/1adi.

Posrngremo Tio 3 06’emom V', obmerxerne mosepxueo A, mo mepe-
OyBa€ B CTaHI piBHOBArW Mif €0 00’eMHUX Cua X;, CHI P;, IO TfOTh
Ha moeepxHi A, Ta TmepeMillnens U; Ha YaCTWHI oBepxHi A, , 38 yMOBHU
Ay, + A, = A. B Tini BuHNKal0TE HEpeminiennda u;, gedopmarii €;;, Ha-
upyxkenns 0;;. Hajamo nepemimenngam w; sBipryasbhi abo MOXK/I1MBI Ba-
piamii du;, 9Ki TOBUHHI OyTH MaJVM¥ i He TOPYITYBATH KiHEMATHIHUX
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3B’9I3KiB, HAK/IaJeHNX Ha Tijgo0, TooTo du; = 0 Ha A,. Pobora 30BHIIIHIX
CHJI Ha, MOXKJIUBHX IEPEMIIIEeHHIX 0u;:

5L:/Xi6uidV+/pi6uidA. (3.14.1)
\%4 A

Bukopucrosyioun Bupas P; = 0;;n;j, 3aMiHIOEMO iHTerpas 1o IIo-
BEPXHI iIHTErpaoM 1o 00’emy:

0L = / [X16u1+(0”5u1),J]dV,
\%

0L = / [X(Sui + (Uij,j5ui + Uij5ui,j)}dv.
v
BukopucToByoun piBHIHHS PIBHOBAT'H, OJIEPXKYEMO
0L = / aijéui,jdv.
|4

OckinbKu

Uijéui,j: O’ij((s&'j + 5wij) = O'ij(SEij,

1% A \%

JliBa yacTuHa HOTO PIBHAHHS € BIPTYaJbHOIO 200 MOXKJINBOIO POOOTOIO
BOBHIIIHIX CHJI, & TPaBa—BHYTPIMIHIX. AKIT0 neperecTu yci #oro wjienu
B OJIHY CTOPOHY, TO OJ€PXKWMO TMPUHIUT BIPTYAJIBHUX a00 MOXKJIMBUX

poobiT
/O'Z'j(SEijdV—/Xi(suidv—/pi(suidA:07
14 Vv A

3 $KOr0 BUILINBAE, 110 Cyma pOoOIT BHYTpINMIHIX 1 30BHINIHIX CHjl HA
MOXKJUBUX TTE€PEMIIeHHdX nopiBHIOE HYy/0. [Ipuaomy BiH mie g aid
JUHIMHAX, TaK 1 Jjid HeJIHIHWX CIiBBiHOIIEHb, 60 3B’430K MiXK Ha-
npyKeHHaMu i gedopmallisiMu He BUKOPUCTOBYBaBCSI.

[Ipama Teopema

SHaiteMo 3B’30K MpaBol YacTuHu 3 PodOTOI0 JAedopmaliii:

ow

= 3.14.3
0-1‘7 agij, ( )
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Jie w—IIATOMA IMOTeHIaabHa eHepris medopMariii,

/ 01j0e;dV = / 5 deijdV =0 / wdV = §W, (3.14.4)
€ij

(5W:/Xi6uidv+/pi6uidA, (3.14.5)
14 A

ne W-norenriaipia eHepria gedopmariii Tia.
Ockinbku 06’emui cum X; Ta CHIW, IO TiIOTH HA TIOBEPXHI p;, He
Bapilo0THCS, TO

XZ5’LLZ = 5(XZ’LLZ) (3.14.6)

5<W—/Xz5uldV—/p,5usz) =0. (3.14.7)
%4 A

Bwupaz, mo cToiTh y ayKKax, MO3HAYAETHC

Onepxkyemo

HE:W—/XiéuidV—/piéuidA
\% A

1 HA3MBAETHCA MOTEHIIATBHOI0 eHeprieio cucremu. Toxi 3 (3.14.7) maemo
ST1. = 0. (3.14.8)

3i cuiBBignomenns (3.14.8) BunsmBae, 10 nOTEHNiaJbHA €HEPrist Cu-
CTEMHM Ma€ TOYKY cralioHapHocTi. /loBememo, Mo Iid TOYKa € MiHi-
MymoM. s 1IbOTO MOPIBHAEMO HOTEHIIaabHy eHeprifo Il s moss
nepemimens u; 3 eneprieto 1L st moas u; + 9 :

H/E—Ha—/Vw(€ij+5€ij)dv—/“/xi5uidv—

—/pz-&uidA—/w(aij)dV.
A \%

IliginTerpanpunii Bupa3 po3kaageMo y pang Teitgopa i yTpumaemo
WIEHHW PYTOTO MOPSIKY, OJEPKIMO

ow 1 0w
W(&ij + 55@') — W(Eij) = /V < i+ = 5 85zga5kl

—/pi5uidA—/Xi5idV—
A 14

56ij56k1> dV—
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1 0*w
— [ T e depaV.
Vaeij@&kl
ITozragaemo 170
UZ]
=_ 0e;ij0erdV
/ 85 y ijOCkl

i, Bpaxosytoun (3.14.2), omepxumo
0
H€ =R= / ij 58” (5EkldV

Hosenemo, mo R—pomarHa BeIUMIUHA. BI/IKOpI/ICTOByIO‘{I/I 3akon ['yka,
MaEeMO

00 0
85;51 = Der —— (2ueij + Aijemm)oeijoep = (2udidj+
+)\5ij5kl)55ij55kl7
oo
%(56@'68@' = 2#581‘3'561']' + Nogi; 06k
kl

Ockinbru A iy gogatHi, To i R mogarae. BHacHi 0K I10BEIEHOTO,
MOXKHA C(OPMYJIIOBATH TBEP/KEHHS: 3 YCIX MOXKJIMBUAX IIOJIB TEpe-
MIITeHb TIABKU M MO JiHCHUX MepeMillieHb TOTeHIaIbHa eHepris
JIOCSTA€ MiHIMYyMY.

Obeprena TeopeMa (PUHIIAT MIHIMYMY TOTEHI[AIBHOI €Heprii)

[Tpuamun Jlarpamxa

Ax1mo moTeHIiaabHa €HEPris JOCATa€ MIHIMYMY JIJIs STKOTOChH ITOJIsT
[epeMiIleHb U;, 10 3aJ0BOJIbHSIE TPAHUYHI yMOBU U; = f; HA Ay, TO
HaIpy:KeHo-1eOpPMOBAHUI CTAH € TIHCHIM.

Tpeba moBecTu, 110 3 HOIEPEAHIX YMOB BUILINBAE iCHYBAHHS OISt
HAPYKEeHb, K€ 33J[0BOJIbHSE DIBHAHHA piBHOBaru, (pizuvHi piBHSH-
HAM i TpaHUYHI YMOBH

Di = 0451
Ha A,. lle i o3uagag, mo HanpykeHo-1epOpMOBaHMIl CTaH € JICHUM.

CropucTaeMocst paHiiie OJepKaHUM BUPA3OM JIJIs TOTEHIHATBEHOT

eneprii, bepemo mepiry Bapiariio i TpupiBHIOEMO 11 10 HyJId

(51_[5:/aw(5<€z’jdv—/Xiéuidv_/piéuidA'
Vaff” Vv A
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Tloznagaroun (,%f; = 0;; 1 bepyun 10 yBaru, Imo

0@'561']' = al-jéui,j,
MaeMO

oI, = —/ <0ij,j+Xi)(5uidV+/ (O’Z'jnj —pi)(SuidA =0.
\%4 A

Bapiarist 0I1; = 0 Tinbku 3a ymMoBH, 1110 00WiBa IHTErpAIN JOPIBHIOIOTH
nysi10. Ockiibku Bapiaiii du; JoBiabHI 1 JOBLIbHMIE 00’eM, TO HEOOXI-
JTHOIO 1 TOCTATHBLOIO YMOBOIO ITHOTO €

O'ij,j-i-XZ‘ = 0, Jijnj —pP; = 0.
Takum YMHOM, JOBEJEHO: AKIMO MOTEHIaJbHA eHeprid J0CATae Mi-

HIMYMY, TO BUKOHYIOThCS BCl PIBHAHHST Te€OPii MPYXKHOCTI, TOMY TOJIE
rnepeMiriers 30ira€Thea 3 TIHCHIM.

3.15 Teopema mpo MIHIMYM JOIOBHSAJIbHUX
pobit (Teopema KacrinbsaHo)

dx 1 B monepeaupoMy maparpadi, po3riisaIaeMo TijiO, HABAHTAKEHE
CIIaMU p; Ha Ay, 1 X; B 00’emi V' 3 3aMaHnMU TEpeMIMIEHHIMA U; Ha
OBEPXHI Ay, Bcd moBepxusd A = A,+A,. B craumi piBHOBarn Mmaemo

oijj+Xi=0, x CV (3.15.1)
Ta TPAHUYHI YMOBHU
p; =o0iin; npu  x; C Ag;
u; = fi(v1,22,73) npn x; C A,y (3.15.2)

IIpssma Teopema

Hexait Hanpy:keHHS o/lep2KaTh Bapiamil 60, a HABAHTAXKEHHS 0p;.

111 Bapiarmii moBUHHI 33T0BOJILHATH YMOBHU PIBHOBATH 1 TPAHWIHI YMOBH
B 00’emi V:

a,;j,j+6aij,j+Xi =0, (3.15.3)

pi+0p; = (Uij +50’ij)nj. (3154)
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3 (3.15.1), (3.15.2), (3.15.3), (3.15.4) BumamBae, 110
60i5,j= 0, dp; = doijn;. (3.15.5)

Haui, na yactuni moBepxHi A, Je 3aaHi cuin P;, IX Bapialiis JOPiBHIOE
HYJIIO, TaK K BOHU (hikcoBani. Tomi HA A,

50ijnj =0.
SHaitleM0 Bapialiio MOTeHIHAJIBHOT eHepril JedopMmariil
\%4 \%4

ow
= [ D souav = [ eijdoydv =
v 00ij 71 /v% 7

:/ui,jéaijdV:/[(uiéaij),j—uiéaij,j]dV:
1% 1%

:/V(uiéo-ij)ajdv_/Vuiéo-ijvjdv:

:/uzéamn]dA:/uzcspsz,
A A
A

Ha gacruni nosepxni Tina A, 3agani 30BHimHI cuim p;. Bonu € dikco-
BaHUMMU, TOMY iX Bapialis Ha A, JOPIBHIOE HYJI0. BHACTIIOK 1IHOTO i
fAJuiépidA =0, Tomy fAuiépidA = fAuuiépl-dA. OcCKinbKM Ha 4aCTHHI
MOBEpXHI A, IepeMilleHHs u; 3aJaHi 1 € (PIKCOBAHNME, TO IIPU Bapi-
IOBaHHI BOHW TIOBOJATH cebe sik crasi, Tomy Ha Ay u;op; = 0(u;p;) 1
fAuu,;dpidA = (5fAuuipidA. Toxi 3 (3.15.6) maemo

(5<W—/ uipidA) =0. (3.15.7)
Au

Ho- == (W—/ ulpldA>
All

Bupas y ay:xkax
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HA3UBAETHCS JON06HAALHONW pobomoto. 3 piBusaHHg (3.15.7) BUMIHBAE,
IO TIPH TifiICHOMY HAIIPYKEHOMY CTaHI

oll, =0,
TOOTO JOMOBHSIIbHA POOOTA Ma€ TOUKY CTAIIOHAPHOCTI.
loBesemo, 110 1151 TOYKA € TOYKOIO MiHiMyMmy. [ljisi 11boro Tpeba joBe-
CTH, 0 TTPW BIIXWJIEHH] BiJT AIICHOTO HAIIPYKEHOTO CTAHy JIOTTOBHSI/TH-
Ha poboTa 3011bITyeThCH

HU(O'Z‘J' +5O'ij) — HU(O'Z']‘) > 0.

Jlami Bupakaemo 101aTKOBY poboTy medopmariii, BUKINKAHY Bapiaili-

€10 HAIPYyKEHb Yepe3 HaNPYKEeHHd, 1 3HAX0AMMO 11 Bapialiio:

Uy (045 +60ij) — s (0i5) =

:/[w(o’ij—i—éaij)—w(aij)]dV—/ uiépidA,
v

u

2
w(oij+06045) = w(0ogy) + (;90_1;50'1]‘ + ;(%5@]-50'“.
YpaxoByoun, 1110
3711)_5" PPw Oy
doij 7 0000, oy’
0JIEPKUMO
o (03 +60i5) — o (045) = agiwéaij(sa'kld‘/.
v 0000y,
Josememo, 1m0 miginTerpasbaa (PyHKINA € J0IaTHOIO:
0*w
méoijéakl =
= af}cl;ﬂ <Uz'j—1+yy5ij0mm> doijdon =

1 v
= ﬂ <(5Uij60ij — 1+V(5O'mm(50kk> > 0.
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3Bigcu
9w

———0d0;;00dV > 0.
0000y, 00KV >

Ile moBOANTD, IO JOMOBHSIBHA POOOTA JTOCATAE MIHIMAIBLHOI BEJIN-
9UHU [IPU JIHCHOMY HAIIPY2KEHOMY CTaHi.

Obeprena Teopema.

Aximo momoBHSIBHA POOOTA JOCATAE MIHIMyMYy 1 HANPYy KEHHS 3a-
JIOBOJTbHAIOTH YMOBU PIBHOBAr'W Ta 'PAHUYHI YMOBHU

0ijj+Xi =0, pi = oy5v; Ha Ao,

TO HaNPYXKeHHs OyAyTh JiCHUMA, TOOTO ICHYIOTH 3yMOBJIEHI HUMU Jie-
dopmarii, siki 3a0B0bHAIOTH piBHsAHHES cymicHOcTi Cen-Benana. Ha-
JlaMO Bapiallifo HapykeHHsM 1 3Haiigemo 01, :

I, = W[,—/ w;pidA, (3.15.8)
Ay

5Hg :/ajéaijdV—/ui&pidA:O, (3159)
\% A
3 piBHAHb piBHOBaru 0jj;,;+X; = 0 BunINBaE, 1110
0ijyj+00i5,;+Xi =0,
TOMY

804,j= 0. (3.15.10)

Takum uwnOM, TI0CTae 3ajava minimizanii (3.15.9) 3a nasgsrOCTI
obmexens (3.15.10). s 11 po3B’si3anHs CKOPUCTAEMOCS METOI0M He-
BU3HAYEHNX MHOXKHUKIB Jlarpamxka. /s nporo g0 3amanoro pyHKITo-
HaJIa JI0IaMO CKaIapHuii 1o6yToK obmexenHs (3.15.10) i moMHOXKHIMO
Ha HEBIOMUII MHOXKHEIK — BEKTOP A;. OepkuMo 33131y 6€3 00MeKeHb

/Eij‘sgijdv"‘/)\ﬁffij,jdv—/uiépidA—O.
|4 14 A

[Ticsist mepeTBOpeHbD, MOMIOHUX 0 TOMEPETHIX, OEPIKUMO

/ (é‘ij — )\i’j)éUij‘dV +/ ()\z — u,)(spsz =0.
1% A
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3Bijcu BHACTIOK JOBLIHLHOCTI Bapialliii HANpyKeHb 1 CHJI, a TaKOXK
JIOBLJIBHOCTI 06’€My BUILIMBAE, 0 iCHYE BEKTOD A;, KWl 337[0BO/Ib-
HiA€ yMOBY \; = u; Ha A,. g Toro mob icHyBaB TeH30p €;j, HOBUHHI
3aJ10BOJIbHsITHCH piBHstHHS CeH-Benana

gij = (Nij +Aji) /2.

3.16 Bapiaiiiina Teopema PeiicHepa

Posrngmaerses Tisio, sike nmepedyBae B piBHOBA3I I1i 1 €0 30BHIITHIX
cuit. Baganuit pyHkiionaa Peiicaepa

1
I= / [w(sZJ)Xlul]dV/UU |:5ij — (ui,j+uj,i)} dV —
1% v 2

/ Jijnj(uiu;)d/l/ piudA, (3.16.1)
u Ag
KU 3aJIe2KUTD BiJI IIepeMilens u;, Aedopmariiii €;; 1 HalpyzKeHb 05,
sIKi BBarKalOThCd HezajexxkuuMmu. Ha rpanuini A, 3a7aH0 nepeMimieHHs
w}, Ha rpanuni A,—cuum p;.

Bapiamiitna Teopema Peiicuepa: skmo dyHKIIOHAT HA BUOPAHOMY
1oJ1i nepemimens u;, gedopmaliit ;5 1 HAIPY2KeHb 0;; Ma€ TOUKY CTa-
IIIOHAPHOCTI, TO HAIPYZKEHO-TehOpMOBaHN CTAH € IiCHIIM.

106 noectu Teopemy, HeOOXiIHO TTOKA3aTH, IO 3 BKA3AHOI BUIIE
YMOBU BUILINBAE€ BUKOHAHHS PIBHIHD TEOpil MPYKHOCTI 1 BUKOHAHHS
KpafioBuX yMOB. Y MOBOIO TOro, mo ¢yukmnionan Peiicuepa [ jgocsrae
CTaIlOHAPHOTO 3HAYEHHS, € PIBHICTH HYJIO mTepIol Bapiamii 6/ = 0. 3Ha-
XOJMMO TIEPIITY Bapialiiio 1 MpUPIBHIOEMO 11 /10 HYJIA:

/V{aa;f(sem —Xiéui — 50'ij |:5ij — ;(ui,j—l—uj,i)} —
J

—0ij [(55@' — ;(6ui,j+5uj,i)} }dV—

—/ (50,;jnj (uz—u;)dA—/ p;-(suidA:O.
Ay Ao
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YpaxoBytoun, 1110

1
/ oij(éuij—l—éuji)dV:/aijéui,jdV:
2)v ’ ’ v

:/V(O'ijfsui),jdv—/‘/O'Z'j,j(suidv:/A aijéumjdA—/Vaij,jéuidV,

Ma€EMO
/(a;U(?)—Uij)&z‘jvar/(Xi+0ij7j)5“idv_
1% Eij v

1
—/ 50’@‘ |:5ij — 2(ui,j+uj,i)] dV —
\%4

—/A (pé—Uijnj)5UidA—[450ij(ui—u’i)njdA:O.

3BijcKu BHACIIIOK HE3a€KHOCTI Bapialiil nepemMimiens du;, gedop-
Maniit dg;;, HAIPy»KeHb 00;; i JOBLIBHOCTI 00’€My BHILINBAE, IO
ow(e)
6%
Jij7j+Xi =0, (3162)
1

5(“17]"1’“]71)7

= 0ij,

61']' =
npu x; € V
w=v'; ma A, pi= oyn; Ha Ag. (3.16.3)

Pipaannua (3.16.2) omep:kani 3 yMOBH CTaIioHApHOCTI (DyHKIIOHATA
Peticuepa € ocHOBHWMU pPIBHSHHAMHU TeOPil NPYXKHOCTI, CHiBBiIHO-
nrennst (3.16.3)—rpaHuuHUME yMOBAMMU.

3.17 OpgHo3HaAYHICTH, PO3B’A3KY 3aJiavi Teopil
MPY>KHOCTI

Ha manwmit momenT (iznana 3a7a9a T€Opil MPyKHOCTI, 9u 331892 Me-
XaHIKM, OoCTaB/aeHa MareMarudno. OHaK Hic/s UbOr0 3a/IUIIAI0ThCs
MUTAHHS, 91 Ma€ 3a1a9a PO3B’'A30K, 1 IKIIO MAa€, TO CKIIbKH PO3B’s3-
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KiB, TOOTO po3B’s3KiB Kinbka um oawu?! JloBememo, 110 3a7a4ua Teopil
MPYKHOCTI Ma€ OJMH PO3B’A30K.

Posrinamemo aBa mosa mepemimens u';, u”;, gKi 3aJ10BOIBHSAIOTH
PIBHAHHS TeOpil IPY2KHOCTI B TEPEMIIIEHHIX

ptgs i+ (N + g ri+Xi = 0, (3.17.1)

abo
pah, i+ A+ p)e i +X; =0

Ta TPAHUYHI YMOBH:
/
pi =0;;n; Ha Ay,

w,=f; wma A,. (3.17.2)
Taxi cami ymMOBE BUKOHYIOTHCA it v’
puy i+ A+ p)e” i+ X =0, (3.17.3)
p;=0";jn; na A,,
;= f; ma Ay. (3.17.4)

TToznagumo
ul —ull =y,
o'ij—0"ij = 0ij,
Elij—éﬁij = Eij
ta Bigmimemo Big (3.17.1) i (3.17.2) piBuamna (3.17.3) i (3.17.4). Bua-
CTIIOK THOTO OJTEPKWMO OTHOPITHY CHCTEMY
pttisji+(A+ p)ei=0,
Oijny = 0, U; = 0. (3175)
Ili piBHsiHHS BW3HAYAIOTH HANPYZXKEHO-AedOpPMOBaHUN CTaH Tijga, HA
[IOBEPXHI 9KOI0 BijicyTHI cuju, nepewmimienns ta 06’emui cuiu. Tpeba

JIOBECTH, TIT0 HATPY2KeHHsI 1 gedopmariii B Takux Tinax BigcyTHi. s
IIBOTO POBIJITHEMO poboTy nedopMariii:

A
W, = / wedV = / (/L&“Z‘jé“ij + 5kk£nn> dV =
v v 2
1

1
= 2/‘/Jij€ijdv = QK/Uijui’jdV =
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1 1 1
= / [(Uwuz) =0 jul} dVv = /crijnjuidA+ / X;u;dV =
2 Y »J ’ 2 A 2 \%

1 1
= /piul-dA—l—/ X;u;dV =0.
2 /4 2 )y

YHaCHIA0K TOro, IO MepeMileHHs Ha MOBEpXHi Tija i 06’emHl cuan
BiJICyTHI 1 3aj1a9a OTHOPIIHA, OCTATOYHO OTPUMAEMO

A
/ [Mffijgij + 5kk£kk:| dV =0.
v 2

Ockimbku g > 0, A > 0, miginrerpanabHa (QyHKINS, KA ABISE€ COOOI0
KBaIpaTuvIHy (HOpPMY, € JTOJATHOW. 3 THOTO BUILIMBAE, IO IHTETrpast
MOXKe TOPIBHIOBATH HYJIIO TLIBKW 338 YMOBHU

€ij = 0, Ekk = 0, TOMY 5/2‘]‘ = 6”ij.
Tak gK BUKOHYEThCA 3aKOH ['yKa HaIlpyKeHHA
oii=0"4;.
J ij
[Tepewmimmentsa MOXKYTh BiAPI3HATHACA TIMBLKY JIHINHOIO CKJIATOBOIO, KA
BiJITOBiTa€ TIEPEMITIIEHHIO TBEPJIOTO TiJIa.

3.18 Teopema B3aeMHOCTI poOIT

Posrngremo nBa cramm Tisa. B meprmomy cTaHi y Tijli BUHUKAIOTH
nedopmariii €;; Ta HaIPyKeHHS 0;; T[] Ji€l0 CUI P; 1 mepeminiens u;,
3a/laHUX Ha LOBEPXHI, B APyroMy—BinosinHo €’;; ra o’y miy aieto p/;
Ta u; Posriaanemo coiBBigHOIIIEHHSS

a’ijsij—aije’ij. (3.18.1)
Ckopucrapmmch 3aK0HOM ['yka
Oij = 205+ Adij€kk,
0JIEP>KIMO
O',Z'jé“ij—O'ijéJij = 0,
U/ijgij = Uijélij. (3.18.2)

Cuissignontenns (3.18.2) € ogHum 3 BapiaHTiB TEOPEMU B3AEMHO-
cti pobit. 1106 omepzkaTu 11e OAWH BapiaHT TEOPEMU, CKOPHCTAEMOCS
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PIBHIHHSIMU PiBHOBAaru
O'ij,j-i‘Xi = 0,
/ /

Ilepme piBHAHHS IIOMHOXKHMO Ha, U re—Ha u; 1 BIIHIMEMO TiCJId
77 T

IIbOT'O BiJT mepioro piBHgHHS Jpyre. BizbMmemo inTerpas mo o6’emy Ti-

sa. OuepxKumo

/ !/ / /
/ (qul—Xluz)dV—l—/ (aij,jui—aij,jui)dV:O.
%4 %
CkopucTaeMocs: TuM, 110
/ !/ /
OijjUi= (Uiju z) G T
/ / /
0 ij,jUi = (U z'jui)J 0 iU,
Ta neperBoperasmu [aycca — OCTporpagcbKoro, a TaKOXK THM, IO
/ /
Tijlij = 0 ij€ij-
O epkumo
/ !/ / / / /
/ (XZU l—qul)dV—l—/ (piu i—P Zul)dA :/ (O’ijE ij— 0 ijaij)dV.
\% A \%

Bagasmu 10 ysarnm (3.18.2), maemo
/Xiu’idV+/piu’idA—/X’iuidV—i-/p’iuidA. (3.18.3)
14 A \% A

Cuissignomrenns (3.18.3) mokasye, 1mo cyma pobiT MOBEpXHEBUX i
00’€MHUX CHJI MIEPIIIOT0 CTAHY Ha MEePEMINIEHHIX, 3yMOBIEHUX CAJIAMU
JPYTOro CTaHy, JOPIBHIOE POOOTI TTOBEPXHEBUX i 00’ €MHUX CHJI APYTO-
0 CTaHy Ha MepeMileHHsX Bijx cus meprioro crany. lle TBepmkenns
BimoMe K TeopeMa BerTi.

3.19 Teopema Kimaneiipona

Teopema Kiraneitpona crepkye, 1o pobora gedopmaliii npyKHOro
Tifa, ske mepeOyBa€ B CTaHi PiBHOBArW, JOPIBHIOE TOJIOBUHI poOOTH
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30BHIINIHIX CHJT HA TIEPEMITIEHHIX Y TOYKaX X TPUKJIATeHHI:
1 1
W = / wdV = 2/ O'ij&jdv = 2/ aijui7jdV =
\4 |4 |4
1
= 5 |:/V(O'Z'ju7;)’jdv—/‘/O'Z'j,juidV] =

2)v 2J)a

Takum 9auHOM, TEOPEMY [T0BEJIEHO:

1 1
2)v 2/

3.20 3araJibHI pO3B’d3KHM 3aJ1a4i
TeOopii IIPY>KHOCTI
3.20.1 Po3sp’a30k IlankoBuua — Heiibepa

Po3B’sa30k 3ajad4i Teopil npyuOCTI MO2XKe OyTH 3HANIEHUI TIITIXOM
pillleHHs KpaiioBol 3a1a4i piBHaHb Has’e

1 V2i+ A+ p)VV- i+ X =0 (3.20.1)
ab0 y KOOPAUHATHOMY BUTJISIII
prti i+ (A + 1)t i+ Xi = 0. (3.20.2)

Ynen Up,mi BXOAWTH y BCl PIBHAHHSA 1 3B’d3ye BCl TPM TPOEKIIi BeK
Topa nepewmimiensb. Ile ycknagaioe po3s’s30k 3aa4di. Mera po3s’a3ky
[Tankosu4a — Heiibepa mosisirae B Tomy, 1106 nodyayBaTu Taky CUCTEMY
PIBHSHB, KOXKHE 3 IKUX MICTUTH TLIBKH OJHY KOMIIOHEHTY HEBiJIOMOTO
BekTOpa. JL71g bOro J10/JaATKOBO BBOJIUTHCS CKaJIApHA (DYHKITS i BEKTOD
TepeMiIIeHb MOaEThCd Yy BATJISIL

ﬁ:A@W-J) + By, (3.20.3)

ne A i B-posiabhi crasi; ¢(z1,r2,r3)-HeBigoMa ckangpHa (DyHKIL,
(x1,x9,23)-HeBinoMa BekTOP-bYHKIIA; T = 15X —pajiyc-BekTop. st
BU3HAYEHHS yMOB, SKHM IIOBHHHI 33J0BOJLHATH BBEJEHI CKAJSIpHA
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—
dyHKIisT @ 1 BekTOpHa (YHKIA 1), BUKOPUCTOBYIOTHCS PIBHIHHS
Hag’e (3.20.1). Ockinbku

V2 = AV?Y (o470 ) + BV =
= AVV?(p+7-0) + BV,
VV-ﬁzAVV2<<p+F-z/7> Y BYV -4,
1 BpaxoByIO4H, 1110

VV-(?J) - 0 - 0

= Zm% Zkaixk(l’zwz) =

0

m
= Ok (Ul + Oim Wi ke + Tithi kom) =
= 2¢m,m + miwi,mm =2V- J"" T VZI/_}:
piugunga Has’e mabepe Burssy
AN+20)V (V2o +7- V) +
— — =
+2AN+2u)VV - ) + BN+ p)VV - +BuV iy + X =0.
s Toro 1106 cipocTUTH Ojiep:KaHe PiBHsAHHS, Tpeba mo30yTHCs daeHa
VV -9, akuit micTuTh 3B’s13aHi MizK CODOI0 BCl TP KOMIIOHEHTa BEKTOPA

1. [ltst IbOTO BUKOPUCTOBYIOTHCA MOBLIBHI cTaimi A i B. Bubupaerhes
A =1, a B BusHavaeThCs 3 yMOBU

2(A+2u)+ B(A+p) =0,

A+20
A

=2 —4(1—v).

Toi
A2V (V2o +7- V) —4(1 —)uV3 )+ X = 0.
Onep:kane PIBHAHHS MOXKHA, 33/I0BOJILHUTH, ITOKJIABIIN

—A1=)uV2P+ X =0, Vo +i V2 =0.
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OcTaTo4uHo 0/IepKyEMO

—

X 7 X
V=
A1y T Tl o)y

V pa3si Bigcyrrocti 00’ emunx cun X = 0 ogepKyemMo

V=01 Vi =0,

V2 =

TOOTO cKajagpHa (YHKINsS ¢ 1 BeKTOpHA (DYHKITiS @Z_; € TApMOHIYHIMA.
OcraTo4Ho BEKTOD MEPEMIITIEHh BUPAXKAETHCI Yepe3 BBE/IEH]
dbyuKIil
=V (p+70) —401-0)7,

i = @i+ 0t + b, — 41 — ) =
= @i+ xpp; — (3—4v)Y;.

3.20.2 Posp’a30k Bycinecka — 'asbopkina

Po3zs’az0k Bycinecka — lasipopkina, gk i po3s’sa3ok [lankosuwaa — Heii-
bepa, Tae MOXKJIUBICTH OJEp:KATU PIBHSIHHS J/Is BU3HAYEHHS KOYKHOTO
BEKTOpPA OKPeMO. IX MOKHa ojiep:KaTu Ha OCHOBI TeopeMmu LebMrosrs-
11a, 3a {dKO0I0 Oy/b-gKe BEKTODHE II0jIe € CyMOI0 I'DAJI€HTa CKAJIAPHOI
dyHKIT i poTOpa BEKTOPA, JUBEPTEHINd AKOTO [TOPIBHIOE HY/H0. ToMy
BEKTOP TEPEMIIIEHb MOXKHA, IIIYKATU y BUTJISI

= AV + BV x 1),

3a ymoBH: V - J = 0. 3 PizuyuHOl TOYKHU 30pY 1€ O3HAYAE, IO BEKTOP IIe-
PeMIIIeHh € CYyTEePITO3UTIIEI0 MTOTEHIIATHLHOTO 1 COJTEHOI TaTHHOTO TIOJIIB.
Cranmi A 1 B MOXyTh BUOpaTH Tak, MO0 CIOPOCTUTH OJ€PYKAHE PiB-
HYHHS, SKOMY ITOBUHHI 33/I0BOJIbHATH CKAJIAPHA (DYHKII (0 1 BEKTOP-
Ha QyHKITIA 15 106 3naiiTy yMOBHU, SIKi BOHU HOBUHHI 3a/[0BOJILHATH,
MoxkHa ckopucrarucs pisasiaasvMu Hap’e (3.20.1). Ockinbku

V2 = AV + V2V x 1),
VV x it = AVV2p+ BVV -V x ¢ = AV?Vp+ BVV -V x 9,

1o migcranoska B (3.20.1) mae

—

AN +21) V2V o+ uBV?V X 6+ BA+p)VV -V x ¢+ X =0.
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Ilepenocranniit 4ien 3HWKAE B HACTIJOK HACTYITHOI 3aJI€2KHOCTI

V‘VX@Z):Zm%'ZkTmXZZﬂl}p:

= lm% : 6qkpiqq/)p,k = 5mq€qkp¢p,km = 677’Ll€1)7/)p,krrz =0.
m

V pesysibTaTi 01€PKYEMO
V2[AA+24)Vp+ uBV x 9]+ X =0.
B ozmepxkane piBusHHS BXOAaTh 9oTupu DYHKIN @, 11, Y2, U3,

ajie BHACJIIIOK TOTO, IO HAKJIaJeHO yMoBY V -1 = 0, TiIbKH TPHU €
HE3aJIEKHUMM, TOMY iX MOX2KHA BUDPA3UTU Yepe3 HEBiTOMUIl BEKTOD

—

F(z1,22,23), NIOKIaBIM
@:v-ﬁ,J:vXﬁ.
Ile mpuBOAUTH 1O PIBHAHHS
V2[AA+21)VV - F+puBV x V x F]+ X =0.
OckinbKu
VXxVxF=VV.F-V’F,
TO OJTEPKYEMO
VHA[(A+2p) 4+ uB|VV - F — uBV?F} + X = 0.
Ockinbku crami A i B posiabai, ix Bubupaiors 3 ymosu A = 1,
AN +2p)+pB =0. 3sigcn
B=—(A+2u)/p,

abo
B=-2(1-v)/(1-2v)

1 HeBIOMMUII BEKTOD NOBUHEH 33J0BOJLHATH PIBHIHHSI

—

X
A+2u

—

A+2u)V*V2F+ X =0, V*F=

7151 BeKTOpa IepeMilIeHb OJepKYyEMO BUPA3
A2p
1

i=VV-F—

VxVxﬁ
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abo 9
i=VV.F— Z”(VV-F—V2F>,
= 2(1—-v) 9=
U= — -F F.
=g, VT Y
V KOOpAWHATHOMY BUTJISAI]
1 2(1—v
Ui = gy Feki 1(—2y)F””m

SIkio 06’emni cumm Bigcyrni X =0, ro VAF =0, 10610 BekTOp F,
KW HA3UBAETHCA BeKTOpOM [asbopkina, € GirapMoHIiYHUM.

3.21 3agaui

Bamaua 3.21.1. [lonepeunwuit mepepi3z TPAMOKYTHOI TPU3MU TIPU TLIO-
ckiit medopmariii mepersopuscs Ha mapasensorpam (puc.3.21.1). Suaiitu
BifHOCHY Ta JiiHiliHy gedopMalliio B HaIpAMKax /iaroHaJieil Ipu3MHu,
rosoBHI medopwmariii i TooBHI HanpsiMKu. [lepemimmernsas BBaXKaTh JIi-
HittHuMu QYHKISIMHA.

A

Y 10,0009cm 0,0017cM
<> (00003cMm [¢ >
A
i ‘.
em
l X
) Aem > )
0,0008cMm

Puc.3.21.1
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Bagaua 3.21.2. 3uaiitu crami Jlame g pizHuUX MarepiasiB, gKIIO
Bimomi momysib FOura ta xoedirient Ilyaccona:

a) E=2-10°MIla, v = 0,3,
b) E=1-10°MIla, v = 0,32,
¢) E=8MIla, v=0,47.

Bagaqua 3.21.3. 3uHaiiTy MoTeHIaRHY eHepriio gedopMaril cTpu-
JKHSI 3aBJIOBXKKU [ 3 TJIOMIEIO TTONEPEYHOro nepepisy A, sikio Bigomi
medopmarrii

€11 =€ =¢e33 ="12 =0,
1 0¢ 1 0¢
Y32 = —aaixla Y31 = 587332’

ne ¢ = ¢(x1,x2)—bYHKINA, TKa 3aT€KUTH TIIBKU BiJl T1,T2

Sagaua 3.21.4. Busnauurtu, npu gKOMy PO3IOJLIL TEMIIEPATypP B
i30TPOMTHOMY TPY2KHOMY Tiji MOXKJINBE BiJIbHE TEMIIEPATYyPHE PO3IIIH-
penns, TOOTO BiJICYTHI HAIPyXKEHHS, $IKIIO TLIO HE 3aKpiljieHe 1 Ha
HBOT'O HE JII0Th HifdKl CHJIN.

Bagaqa 3.21.5. BupaszuTn KOMIOHEHTH TEH30pa HAMPYKeHb depes
rapmonivHi GyHKHT, 9Ki BXoaaTh y po3s’a30k [lankosuua—Heiibepa.

Bagaua 3.21.6. loBectn, 1110 3a BifcyTHOCTI 00’eMHUX CUI DYHKITIT

1 1 1
u=———-"0r, v=———0y, w=———-02
2(1—2v) 2(1—2v) 2(1—2v)

3aJI0BOJIbHAIOTE piBHsAHHA Han’e.

Bagada 3.21.7. Buaiitu noTeHriaabHY eHepriio jgedopMaril mira-
CTWHKWY, FKITO 3aJaHi mepemimnenss (puc.3.21.2)
ow ow

U=—2—,v=—z2—, w=w(z,y).

Ox oy
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v

h/2
el h/2 y

X

Puc.3.21.2 Puc. 3.21.3

Bamaua 3.21.8. Huainapuunuii CTpUKEHb KPYTJIOTO TOMEPEIHOTO
nepepizy 3 poamipamu L =10 cm, d =2 cMm (puc.3.21.3), migsimen-
HUM, y eHTpl BaTW BEPXHBOTO MEPEPI3Y, PO3TATYETHCS BJIACHOIO Baroio.
KommonenTn BekTOpa mepemiiienb JOPiBHIOIOTH

u=—-vyxz/E, v=—-vyyz/E,
w=~[2 - +v(z*+y*)]/(2E).
Busnaaunty norenriasbuy enepriro gedopmarii Ta i1 ckJia10Bi, 1OB g-
3ami 3i 3Mino0 dopmu i 06’emy (v = 7,810 kr/m3, E = 2-10°MIIa,
v=20,3).
Sagaga 3.21.9. IMokasaru, 1mo 3arajbHUil PO3B 30K OJHOPIAHUX
piBasgHs Hap’e MOXHA TIOJATH y BUTTISIII

grad(zey),

—

=—

<l

1
2(1—-v)

e vp-3aradbHmil po3B’a30K piBHaAmHA V2 = 0; a ¢q-Oyab-axmii ua-

CTUHHUH PO3B’S130K PIBHIHHS
99,
Ox

Bamaga 3.21.10. ITokazaTun, 1m0 3arajabHUl PO3B’SI30K OJHOPIIHIX
piBugab Hap’e MOoxKHA 1OJaTH Y BUIIs] 3HAIeHHOMY YeppyTi:

= dim[_)'.

gmddz’vﬁ,

z
Ooxr 3—4v
e BekTop H—3aranbauil po3B’d30K PiBHSIHHS

Vv2H = 0.
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Bagaua 3.21.11. 3anucaTu TpaHUYHI YMOBHU [ Tij, HABaAHTaXKe-
HIX, 9K IMOKa3aHo Ha puc.3.21.4 Ta 3.21.5.

Ay
Q y q
~a
b
P >
Pl
X a a a b
> LY (44 ]
q q
Puc. 3.21.4
% _
0=71 %
e
o
‘—
<__
X v
Puc. 3.21.5

3.22  Haiinpocrimri 3aja4i Teopii mpy>KHOCTI

Pozrar CTPpUZKHA BJIaCHOIO Baroro.

IlepeBipuTy mpaBu/IbHICTE PO3B’A3KY 3a/1a9i METOIOM OIOPY MaTe-
piajiB. 3rijjHO 3 HOCTAHOBKOIO 3a/a4i B JUCUMILIIHI Olip MarepiaJis
KOJIN CTPHKeHb Mparoe Ha posrar (puc.3.22.1)
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v ™~
M, X, Y HOUEpedHux repepizax JiioTh HOP-
A ” MaJIbHI HaIIpYy2KeHHd 0 = 7, Je
N = Av(l—x3)-ocvoBa cmma, A-
X, ILJIOITIA MTOTIEPETHOTO Mepepisy 1
o33 = v(l — x3). Tensop Hanpyxenb
Y
2 BN 0 0 0
v N
I % =10 0 0 ,
\\_ _ -
0 0 ~(l—=x3)
Jie y—THUTOMa Bara, TOOTO cuja Mpu-
Y / KJIAJIEHa, 0 OAMHUIN 06’emy.
\ 1. TlepeBipsieMO BUKOHAHHS PiBHSHD
X piBHOBAIrU
v o 0
Puc.3.22.1 Tijsj TXi = 0;

011,1+012,2+013,3+X1 = 0;
091,1+022,2+093,3+ X2 = 0;
031,1+032,2+033,3+X3 = 0.

B Bumaiky HaBaHTaKeHHs BJIACHOIO Baroio 00’€MHI CHIM B HAIIPSIMKAX
oceit x1, xo BijcyTHi, Tomy X1 = Xo = 0. B Hanpsamky oci xs

o0’eMHa crta, TOPiBHIOE MUTOMIM Basi, Tomy X3 =~y. OueBnugHo, mepiri
IIB& PIBHSHHS BUKOHYIOTHC. T peTe piBHAHHS IPUBOIUTHCH 10 BUTJISILY
—v+v =01 TaK0K BUKOHYETHCHI.

2. IlepeBipsieMo BUKOHAHHS PIBHSIHB CyMiCHOCTI gedopmairiit — pis-
usiib Cen-Benana. Ile HeoOxigHO TOMY, 10 3ajava PO3B’IA3YETHCS Yy
HAIIPYKEHHAX, OCKLJIbKA BUKOHAHHS T1JIbKW PIBHAHb PIBHOBAI'W HEJO-
CTaTHBO, BHACIIIOK TOTO IO PIiBHAHL PIBHOBATW TIIBLKW TPHU, & TEH30D
HaIPY2KEHb Ma€ IICTh HE3AJIEXKHUX KOMIIOHEHT, TOOTO KiJIbKICTH He-
BijloMux OLIBINE, HIXK KUIBKICTH PIBHSHB. 33 TaKUX YMOB CHCTEMa B
MPWHIUII Ma€ HECKIHYEHHY KiJIbKIiCTh Po3B’a3kiB. g Toro mob me-
peBipuTu BukoHaHHs piBHsgHb Cen-Benana, Tpeba 3naiitu nedpopmarrii.
s TThOTO BUKOPUCTOBYETHCA 3aKOH ['yKa

1 v
fij = 3, <Uij —15 +V5ij0mm>-
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Y pO3rOpHYTOMY BUTJISII

€11 = ﬁ(o’n —14%,,(0114-0’224—0'33)) = ﬁ(O—ﬁV(l—ﬂB)) =

(= a5) = — §(l— as),
1
€99 = —% (l—x3), e33= E’Y(l—xs),
1
f12=5 012 = 0, e23 =0, €31 =0,
1
—vy(l—x3)/FE 0 0
£= 0 —vy(l—x3)/FE 0
0 0 Y(l—=3)/E

PiBuauuga cymicuocti medopmariiii MaOTh BUTTIST,
Eij okl TERLyij —E€ik>jl—Ejlyik= 0,
€11,221€22,11= 2€12,12;
€11,331€33,11= 2€13,13;
€92,331+€33,22= 2€23,23;
€11,23= (€12,3+€13,2—€23,1),1;
€22,13= (€12,3+€32,1—€13,2),2;

€33,12= (£23,14+€31,2—€12,3),3;

i € tudpepenniabHUMY PIBHAHHAME IPYTOro mopsiIky. Bel kommonenTn
Ter3opa gedopmariiii € giHiEnMT QYHKIIIIMA, TOMY iXHI APYyTi TTOXiTHI
JIOPIBHIOIOTH HYJII0, BHACJIIIOK [IHOT'0 PIBHSIHHS CyMiCHOCTI edpopmartiit
BUKOHYIOTbHCS.

3. IlepeBipsieM0 BUKOHAHHSI KPAHOBUX YMOB. 3a YMOBOIO 3ajadi Ha
noBepxHi Tija 3aani cuau. Maemo nepiny KpaiioBy 3a/a4y Teopii upy-
sxkHOCTI. ['pannvni yMOBU 3B’sI3yI0OTh CHJIM HA TOBEPXHI TiTa i KOMIIO-
HeHTH TeH30pa HaIPYKeHb p; = 0;;N;, Je P;—TPOeKIl IHTeHCUBHOCTI
HOBEPXHEBUX CUJI; 71~ TIPOEKIIil OJMHIYHOI HOpMaJIi /10 TIOBEPXHi Tija.
Hagosumo 1 criiBBi/iHOIIEHHS] B PO3TOHYTOMY BHUIVISIL

P1 =011 +012n2 + 013N3,
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D2 = 02111 + 022N + 023Nn3,
D3 = 03111 + 032N2 + 033N3.
[ToBepxHST CTPUAKHS CKJIIAQTAETHCS 3 TPHOX JACTHUH: MEPITa—HUKHIN TO-
pelib, Ipyra—00KOBa MOBEPXHSI, TPETSI—BEPXHiil TOPEIb.
Huocnit mopeuyn
r3=1,n=n2=0,n3=1, py=p2=p3=0,

011 =022 =012 =093 =031 =0, o33 =7(l—1) =0.
[lincTanoBKa MUX BeTMYNH Y TPAHWIHI YMOBH ITOKA3Ye, IO BOHU BUKO-
HYIOTHCH.

Bokosa nosepzna. Ii piBuamna mae suras f(z1,22) =0 i mpoexmia
HOpMaJIi Ha Bick x3, ng =0, ny # 0, no # 0,
011 =022 =012 = 093 = 031 =0, 033 =y(l —73).
[lincTanoBKa ITUX BEeJWYWH Y TPAHUYHI YMOBU MTOKA3y€e 110 BOHU BUKO-

HYIOTbCS.

Bepznit mopeys. Po3momin 30BHIMIAIX CUJI HA BEPXHBOMY TOPII 3
omopy marepiajiB HeBigomwuit. Bimomo TibKu Te, 10 BiH 3aKpinjieHunii,
TOMY 3 KPallOBUX YMOB MOXKHA JIUIIE BUSHAYUTH, IPA TKOMY PO3IIO/ILI
HAPYKEHb Pe3yJIbTAT, OJEPXKAHUI B OTIOpI MaTepiafis, Oy/e TpaBUIb-
M. Ha BepXHBOMY TOPIII MaeMO

z3=0, n1=n2=0, n3 =—1,
011 =092 =012 =023 =031 =0, o33 ="(—0) =1l
[lincTanoBKa X BEJWYWH Y TPAHUTIHI YMOBHU J1a€
p1=p2=0, p3=1l.

Axio crpukeHb 3aKpIMJIeHO TaK, M0 CUJIA HA BEPXHBOMY TOPIL
POBIOMIIAIOTHCA AKOCH 1HAKIME, TO PE3YJIBTATOM, OJIEPKAHUM B OIIO-
pl MaTepiajiB, MOYXKHA KOPUCTYBATHUCST TiAbKH B PO3YMIHHI TPUHITUITY
Cen-Benana, To6To Ha gesakiil BiacTani Bij Miclg MPUKJIAJAHHS CUINA
HanpyKeHHs OyayTh OJU3bKUMHE 10 TUX, IO A€ OIip MaTepiaJis.

4. Buznauaemo nepewminierss. 3a ¢popmysion Hezapo

M/
U; = u?—i— (1’; —x?)w?j +/ . [5ik + (x; —.’L'j)(e’fik,j—z’fkj,i)] d(L‘k,
M
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ne i@’ = i(M°)—nepemimenna TouKn BiATIKY; w%—KOMHOHeHTI/I TEH30-
pa obepranHg Tijia 9K abCOJIIOTHO TBEPIOTO HABKOJO TOYKH BiJIIKY.
OCKIJIBKY TOYKa, 3aKPITIJIEHHST CTPUKHS BUOUPAETHCS B IIEHTPI Baru i
oci @1, x9 TOIOBHI oci, TO mepemimenus Toukn Bigmiky MY Bincyrne
@0 =0 i obepranns Tiga gk abcooTHO TBEpAOro HaBkoa0 MO Taxkox
BiACyTHE w?j =0.

M°(0,0,0)

YV HacaioK IiX yMOB mepiii JBa
nonanku y ¢opmysti Heszapo Burma-
JTAIOTh 1 3aJINITAETHC TLIBKA Tpe-
Tifl iHTerpaJbHOU, AKUN mae Ie-
Puc.3.22.2 pemirmienss 3a paxyHOK gedopmy-
BAHHS CTPUKHSI:

(! v/ /
x, § M/04g.%)

M/
m:/ e+ (@ =) (Eansg—engi)| da.
M

YpaxoByr04u 1110 BCi KOMIIOHEHTH TeH30pa jJedopMariiil 3a1eKaTh Tiab-
KW BiJl T3, MAEMO

M/
ur = fMo le1k+ (2] —21)(e1p1—ER11)+
+ (ah — x2)(e1k2—Ek21) + (25 — x3) (E1k,3—Ek3,1 ) |d) =

M/
:/ [51k+(l’é—1’3)61k,3]dxk =
MO

= f]\% {len1 + (25 —z3)e11,3) o1+
+e12 + (2f — x3)e12,3]dza + [e13 + (2 — x3)e13,3] das}.

Kpusosiniitauit inTerpas He 3a/I€KUTH BiJT MIgXy iHTerpyBanns. Haii-
3pyuHimmm nuisaxom Big Mo 1o M € muisax saxuiil cKiialaerbes 3 Bijpis-
KiB MPSAMUX, MapaseJbHIX 0caM KoopauHar (puc.3.22.2). Bin gopisHioe
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cyMi iHTerpaJiiB o Biapi3kax

U1 :/foxll [511+(xg_1’3)511,3]d;p1_i_f(;t/zo_‘_foxg():
- Oml[—V’Y(ll—atg)/E—i-(a?g—x3),/,y/E]dx1 _

wy = (v E)(ah —1)a.

ABaJorivHO BU3HAYAEMO

uy = (vy/E) (x5 = D)as.

BHAXOAMMO TEPEMIIeHHsT B HAPSIMKY OCl X3, (2)

M/
us = / sk + (@ — xj) (38,5 —€Rj»3) | dag =
Mo
M ,
= fMO le3r + (2] — 21) (38,1 —ER1,3)+
+ (25 — x2)(e3k,2—ER2,3)+
+ (25 — x3)(e3k,3— Ek3,3) | da) =

= f]%o/ le3r — (2] — x1)ek1,3—(xh — x2) exa,3]day, =
=(y/E f]\]\/[/‘lo {7(913’/1 —z1)vdxy — (2 — .’Eg)l/dll‘Q +(l—x3)dxs} =
= —(w/E) [y (@1 —21)dzy — (w/E) [y () — 2)dwa+
+(v/E) 5’33 (l—x3)drs =
= 22—yl 2+ (7 B (I — 2472) =
= —(7/2B)[v(}? + 24”) — (2laty — a?)).

Bcecroponne cruckanns Tiza 10BLIBHOT (hopmu.

Posrasimaerhest i3oTpomnHe TijIo, HaBaHTa)XKeHe PIBHOMIPHO pO3-
MOJLJIEHUMY CHJIAMU 1HTEHCUBHOCTI P, HOPMa/JbHUMU JIO HOro To-
Bepxui (pmc.3.22.3). Pos3s’a30k 3ajaui BU3HAUEHHS] HAMDPYKEHO-
1e(bOpMOBAHOIO CTAHY MOXKE CIIMPATHCS HA HACTYIIHI (Di3uvIHI MipKyBa-
wHs1. OCKIIBKY HaBaHTAYKEHHsT PIBHOMIPDHO PO3TOIIIEHe 1 HAPSIMJIEHE
110 HOPMAJIi JI0 MOBEPXHi Tija, TO popMa Tija HE 3MIHIOETHCH, OYIyThH
3MIHIOBATHUCs Juiie po3mipu 1 00’em. Ockibku GopMa HE 3MIHIOETHCS
OyayTh BiICYTHI 3CYBH 1, BiITOBIJHO JOTUYHI HAIPYKEHHSI.
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3 [OmepesHbOr0 BUILINBAE
BUCHOBOK, 10 B TiLIl Ha
Oy/Ib-IKUX TLIOIIMHKAX Oy-
OYyThb AT TIIbKH HOpP-
MaJjibHl Hanpyzkenus. Tosui
JX, TCH30D HAlPyIKeHb Marume
JiaroHAJILHY CTPYKTYPY

-p 0 0
o= 0 —-p O
Puc.3.22.3 0 0 —-p

st Toro 1106 mepeBipuTH MPaBUIIBLHICTH PO3B’ 3Ky, Tpeba mepesi-
PUTH, Y1 BUKOHYIOTHCH PIBHAHHS TE€OPIl NPYKHOCTI 1 TPAaHUYHI YMOBH.

1. IlepeBipka BUKOHAHHS PiBHIHL PIBHOBATM
oiji+Xi =0,

011,11t012,2+013,3+X1 =0,

021,11t022,2+023,3+ X2 =0,

031,1+032,2+033,3+X3 = 0.

3a yMOBOIO 3ajad4i 00’eMHI CHIN B HAPSIMKaxX OCeil T1,T92,T3 BiICYTHI,
tomy X1 = X9 = X3 =0. Bci xommnonenTu Ten3opa crajii BeJIUIuHE, TO-
My iX TOXiTHI JTOPIBHIOIOTEH HYJI0. PiBHAHHS PiBHOBArW BUKOHYIOTCSI.

2. TlepeBipka BuKOHAaHHS PiBHsIHB CyMicHOCTI medopmariii — pis-
usiib Cen-Benana. [lepeBipka HeoOxijHa TOMYy 110 3aja49a PO3B’s3y-
€ThCS Y HaINpyKeHHdIX. BUKOHAHHS OJHWX PIBHAHL PIBHOBArW HEJIO-
CTATHBO, OCKLIBKN PIBHAHBb PIBHOBArW TPH, & TEH30D HANPYKEHbH Mae€
IICTh HE3aJEKHUX KOMIIOHEHT. TaKuM YUHOM, KiJbKICTH HEBIIOMUX
Oinbie, HiK KiIbKiCTh piBHAHBL. TOMY piBHsSHHS pPiBHOBaru MaioTh He-
CKIHYEHHY KLJIBKICTh pO3B’a3KiB. ljist TOTO 11106 TIepeBipuTy BUKOHAHHST
piBasaab Cen-Benana, tpeba 3naiitu gedopmarii. 3a 3akonom ['yka

1 v
fij = 3, <Uij - 1+V5ij0mm)~
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Y pO3TOpHYTOMY BUTISIL
— L v —
€11 =3, (0’11 1+,,(011+022+0’33)) =

_ 1 _
= 3 (—p+ %) =

_ 1-2 _1-2
= _2u(1+yu)p =—"5 0D
1—-2v 1—2v
€922 = —Tp, €33 = —TP,

€12 =0, €23 =0, €31 =0.

PiBugnaus cymicHocTi medopmariiit MOXKHA 3aIIUCATH Y BUTISI
EijsklitEklyij —Eikyjl—Ejlyik= 0
Bouu € qudepentiianbHuMu piBHIHHAME APYTOTO TOPSAKY. Bl kKoMto-

HEHTH TeH30pa jgedopMariiil € crajumu i X APyri MOXiTHI JOPIBHIOIOTH
HYJIIO, TOMY PIBHSHHS CyMicHOCTI jiepopMaliiii BUKOHYOTHCS.

3. IlepeBipka BUKOHAHHsS KpailOBUX YMOB. 3a YMOBOIO 3ajadi Ha
moBepxHi Tija 3amani cuan. Maemo neprry KpaiioBy 3a1a9y Teopii mpy-
skuocti. I'pannyni ymMoBM 3B’43yI0Th CHJ/IM HA TIOBEPXHI Tijia 1 KOMIIO-
HEHTHU TE€H30pa HaIIPY2KEeHb

Pi = 0ijny,
Jle p;—TPOEKIiT IHTeHCUBHOCTI MOBEPXHEBUX CHJI; 1j—IPOEKIIT
OJIMHUYHOT HOPMAaJIl /IO MOBEPXHI Tijia.

YV po3ropHyTOMY BUTJISIL
p1=o011n1 +012N9 +013N3,
P2 = 021N + 022N2 + 02313,
P3 = 0311 + 032Nn92 + 033N3.

BekTop inTeHCHMBHOCTI 30BHINIHIX CHMJI HAOPAMJIEHWH [0 HOPMAJ 0
TIOBEpXHi, aje Ma€ TPOTUIEKHIN HATPAMOK, TOMY BiH Ma€ BUTJIAT,

ﬁ: _pﬁa

Jle I—OJJMHUYHA 30BHIIIHS HOPMAaJib JIO MOBEPXHI Tijia; p—BeJuInHA 1H-
TEHCUBHOCTI 30BHINIHIX CHJI.
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Y KOOpAMHATHOMY BUTJILAI

p1= —pni, p2 = —png, p3 = —pns.

IligcranoBka KOMIIOHEHT T€H30PA HAIPYKEHb Ta IHTEHCUBHOCTI 30BHi-
IITHIX CUJI Y KpaiioBI yMOBU TTOKA3Y€, 10 BOHW BUKOHYIOTHCH.

4. Buznauenus nepemimerb. 3a ¢hopmynon Hezapo

M/
Ui = U? + (93; - :v?)w?j +/ . [&‘k + (30} - xj)(@lc,j—&kj,i)] dxy,
M

ne @ = u(M 0)*HepeMiH_[eHH${ TOYKHU BIJIJIKY; w%*KOMHOHeHTI/I TEH30-
pa obepraHHs Tijia 9K abCOJIOTHO TBEPAOTO HABKOJO TOYKH BIJIIKY.
Touka 3akpinieHHs Tijia BUOUPaAETHCs JM0BLIbHO. OCKIIBKYM TOJIOBHIM
iHTEpecoM € mepeMilleHHs 3a PaxXyHOK medopmariiit, To MOYKHA TTOK/Ta-
CTH, 110 TIepeMitneHHs To9Kn Bimiky M 0 BiJICyTHE @¥ =0 i obepramms
Tisa 9K abcomoTHO TRepaoro Haskomo MY Takox BigcyTHe w?j =0 To-
My mepimi JiBa JoJaHKu y (opmysai Hezapo BUMAMAOTH. 3aTUITAETHCS
TITBKU TPeTii—IHTerpaJbHui, AKUH Tae MepeMileHHs 38 PaXyHOK Je-
dbopmyBaHHS

—p 0 0
€= 0 ——1352”19 0 ;
0 0 —L2p

M/
m:/ e+ @G =) (g —ryi) | da.
M

Bci koMmmionenTu Ten3opa jgedopmariiii cTasi BeJUIUHU, TOMY BCi MMOXi-
JHI JTOPIBHIOIOTH HYJTIO, 3BIIKT

Ml
ui:/ EikdT,
MO

M’ M’
U = / e1xdTy :/ (611dZE1 —|—€12d$2+€13d:€3).
MO MO

B nanwiit 3aga4i KpuBoiHIiHMI iHTErpPaJI HE 3a€KUTH Bl MIIAXY 1H-
rerpyBanas. Hai3pydHinmmM 3 TOYKH 30Dy TEXHIKW IHTEIDYBAHHSA €
mwisx Big M go M’ , IKUI CKJIaJIA€ThCsd 3 BIJIPI3KIB 1IPsAMUX, H1apa-
JIeTbHUX 0csiM KoopauHaat (puc.3.22.3). Bpaxosytoun, mo €12 = £33 =0,
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MaEeMO
7 % & 1—2v [* 1-2v
u1:/0 Eudxl—l-/o O—i—/o O:—Tp ; dxlz—Tpxl.
Anajioriyno BU3HAYAIOTH
1-2v 1-2v
Uz =~ PP, Us =~ PTs.

Srun CTPpHUZKHA MOMEHTOM.

V miit 3ama4i 3a Bick x3 BHOMpaeThcd JiHig 1enTpis Barn. Oci
T1, To—TIEHTPAILHI T0JIOBHI Oci. B omopi marepiasiiB mpu po3rJisi/ii TaKO-
0 BUJIy HABAHTAXKEHHS CTPUKHS, IKAW HA3UBAETHCS YUCTUM 3THHOM
(puc.3.22.4), HOpMaJIbHI HAPYKEHHSI B MOMEPEYHNUX Mepepizax BH3HA-
4qaroTbcs popmysoro Has'e

My
0=0,=033= T5E17
y
Jie My, ~30Cepe/IzKeHnit MOMEeHT Ha KiHIl CTpUKHHA; [,~0CbOBUII MOMEHT
inepriii. Bcei inmi koMIoHeHTH TEH30pa HANPYKEHb JOPIBHIOIOTH HYJIIO

Axl my

4 M’ /\ %
N

»

Xo
—> —
Puc.3.22.4
0 0 0
co=10 0 0
0 0 myz/I,

[Tepesipka mpaBUABHOCTI PO3B’SI3KY IMOJIATAE B MEPEBIPIll BUKOHAH-
HA PiBHAHb TeOpii MPYKHOCTI 1 TPAHUYHUX YMOB.

1. IlepeBipka BukOHaHHS PiBHIHL PIBHOBAIM

0ij,j+Xi =0,
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011,1+012,2+013,3+X1 =0,
021,1+022,2+023,3+X2 =0,
031,1+032,2+033,3+X3 = 0.

3a yMOBOIO 3a/1a4i 00’€MHI CUJIU B HAIIPSIMKAX OCeil X1,T2,L3 HE BPAXO-
BytoTbCs, ToMy X1 = Xo = X3 = 0. JIBa nepiiux piBHIHHS BUKOHYIO-
ThCd, OCKIJTbKY, BCl KOMIIOHEHTN TEH30pa HANPYKeHb, IKi B HUX BXO-
JITh, JOPIBHIOIOTH HYJIIO. B TpeThoMy piBHAHHI ABI IepITi KOMIIOHEHTH
TEH30Pa JOPIBHIOIOTH HYJIIO, & 033 HE 3aJIEKUTH BT '3, TOMY TTOX1THA
033,3 JIOPIBHIOE HYJIIO 1 TPETE PIBHAHHS PIBHOBAI'M TaKOXK BUKOHYETbHCS.

2. TlepeBipka BuKOHaHHS PiBHSHB CyMicHOCTI medopmariii — pis-
usiib Cen-Benana. IlepeBipka HeoOxijHa TOMYy 110 3a/a49a PO3B’s3y-
€ThCS Y HaINpYKeHHsX. BUKOHAHHS OJHWX PIBHAHL PIBHOBArW HEJIO-
CTATHBO, OCKLIBKN PiBHAHBb PIBHOBArW TPH, & TEH30D HANPYKEHb Mae€
MTCTh HE3aJIEKHUX KOMITOHEHT. Y HACJIIJ0K TOTO IO KiIbKiCTh HEBiTO-
MuX Oijbie, HiK KiJbKICTh PIBHAHB TOMY PIBHAHHS PIBHOBArW MAIOTh
HECKIHYEHHY KIJIBKICTh po3B’a3kiB. [yt Toro 11106 mepeBipuTu BUKO-
uannag piBagab Cen-Benana, tpeba 3naiitu medopmarii. 3a 3aKOHOM

T'yka
1 v
fij = o\ %~ 71+V5ij0'mm ;

1 voomy 2 Iz
e 2u< - 1+vfyx1> T (o), T B
BPaxOBYIOUH, IO
my_1_,
El, p 7

Jie p—paJilyC KpUBU3HM; K—KPUBU3HA HEHTPAJIBHOI JIiHIl, pe3y/ibTaT MO-
JKHA 3aMUCATH Yy BUTJIST

€11 = —I/k‘l’l,
aHaAJIOTIYHO
£99 = —l/k'ml.
3HaxoImmMo
1 my voomy - my My
3= ou < I, T 1tv xl) “ou(l+v),t T B,V
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€33 = kl’l.

Ockinbky BCl JOTUYHI HaNpPy>KeHHS BiICYyTHI, TO gedopmarliii 3CyBiB
JIOPIBHIOIOTH HYJIIO:
erg=¢e23 =¢e31 =0.
PiBugnnga cymicuocti medopmariiii
€ijskltEklyij —Eikyjl—Ejlyik= 0

€ audepeHIiaJbHUMI PIBHAHHAME JIPYyroro mopsanky. KommouenTun
Ten3opa Jedopmartiiii € JgiHifinuMu GYHKIIAME, TOMY 1X APYTi MOXi/THi
IOPIBHIOIOTH HYJIIO 1 PIBHAHHS CyMiCHOCTI jgedopmariiit BUKOHYIOTHCS.

3. IlepeBipka BuKOHaHHS KpafloBUX YMOB. 33 yMOBOIO 3a/1a4i Ha, 110-
BepXHI Tija 3amaH0 cuian. Maemo mepIny KpaiioBy 3a7ady Teopii mpy-
kHOCTI. ['panuydni ymMoBu 3B’g3yI0Th CHJ/IM HA IIOBEpPXHI Tija i KOMIIO-
HEHTH TEH30pa HaNpPy>KeHb D; = 04N, e P;—TPOEKIil IHTeHCUBHOCTI

IOBEPXHEBUX CHJI; M,;—TIPOCKLIl OJMHMYHOI HOPMaJl JI0 OBEPXHI Ti/a.
Y pO3rOpHYTOMY BUTISIL

p1=o011n1 +012N9 +013N3,
P2 = 021N + 022N9 + 023N 3,
Pp3 = 0311 + 032N2 + 033N3.

[ToBepxHST CTPUKHST CKIATAECTHCA 3 TPHOX YACTWH: Tepirna — Aq JiBuii
Topelb, Jpyra — As DOKOBa MoBepxHs, Tpersi — A3 npaBuii TOpeIs.
Jisuti mopeyw.
e nnomuna, piBHAHEA 9K01 T3 = 0, IPOEKITl OMMHUTIHOI HOPMaJIi
10 HBOT'O
n1 :n2:0, n3:—1.

OckinbKy po3mo/iijieHi cuin, MpUK/IaJeHl 10 HbOro, HEBIIOMi, TO, BU-
KOPHUCTOBYIOYHU KPaOBi yMOBY, MOYKHA, JIUIIIE BCTAHOBUTH, sIK TTOBUHHI
OyTu mpuk/aeHi cuiu, o0 pO3B’dI30K OJE€PKAHUI METOIAMU OIOPY
MarepiaJiiB OyB IIPABUJIbHUM:
m
_ _ _ _ Yy
p1=0, p2 =0, p3 =033n3 = ——1.
1y
SaJIUIIAEThCs IePEBIPUTH, YU €KBIBAJIEHTHA CUCTEMA CHJI MOMEHTY
my.
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TonoBumii BeKTOP MPUKIAJEHUX CHUJI

P= | pdA, P,=0, P, =0,
Aq

Py— / —kx1dA = —k/ r1dA = —kS,, =0,
A Ay

jie Sz,~CraTudHuil MOMEHT Iepepi3y BiJHOCHO OCi T2, sIKa € IOJIOBHOIO.
TotoBHMIT MOMEHT MOXKe OyTH 3aJaHMiT CBOIMU TPOEKITISIMUA HA OCi KO-
opanHaT. MOMEHT BiTHOCHO OCi X1

m m
Y Yy
M1 = / p3$2d14 = T .%'1[132dA :ley = 0,
Ax y JA Y
OCKIJIbKY BIJIIIGHTPOBHIT MOMEHT [y, BiJIHOCHO IOJIOBHUX OCelt JJOPIBHIOE
nysa10. MomenT BiHOCHO OCi T3

Mgz/A \/PT +p3pdA =0.
1

MomeHT BIIHOCHO OCL X9

My =M, = / pswidA = my/ 22dA =", =m,.
Aq Iy Az Iy

Ao K cuau po3mOIiJieHl TKOCh 1HAKINE, TO PO3B’SI3KOM OIOPY
MaTepiajiB MOXKHA KOPUCTyBaTHCS Juiie Ha ocHoBi npunnumny CeH-
Benana, 3a g9xkuM HampyKeHHs B TOYKaX, BIIJAJEHUX BiJ MICId TIPH-

KJIQJaHHS CHJI, 3aJI€2KUTh TiJBKH BiJ] TOJOBHOI'O BEKTOpA 1 TOJIOBHOTO
MOMEHTY.

Boxosa noseprua Ag. Ti piBasinns mae surisay f(z1,r2) =0 i upo-
eKITisT HopMaJi Ha Bich 3, ng = 0, MpoeKIlii HOpMaJi Ha OCI X1, To—
ni ;é 07 na 7é O)

o11 =022 =012 =023 =031 =0, 033 =myx1/1y.

[TimcranoBKa 1UX BEJIUYWH y TPAHUIHI YMOBH Ha GOKOBi#l moBepxHi Ag
[IOKA3Y€, 10 BOHU BUKOHYIOTHCH.

IIpasut mopeys € TIOMMHA, PIBHAHHS IKOI X3 = [, TpOEKITii
OJIMHUYHOT HOPMaJIl JI0 HBOT'O

n1:n2:0, ngzl.
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VYMOBU HaBaHTAXKEHHS Ha MPABOMY TOPIN AHAJOTIYHI JIBOMY, TOMY 3
KpailoBUX YMOB MOXKHA TITbKU BU3HAUUTH, IPU SIKOMY PO3MOILIL CHJI
pe3y/IbTaT, O/Iep:KAHUI B OMOPi MaTepiasis, Oymge TpaBUILHIM.

4. Buznauennst nepemimiers. 3a (opmysoo Yezapo

M/
u; = uy + (- x?)w% +/ . eir + (2 — ) (€inrj—€njni) | d,
M

ne i@ = u(M°)-mepemimennsa TOUKH BiTIKY; w?j*KOMHOHeHTI/I TEH30-
pa obepramHs Tijia IK a0COJIOTHO TBEPJOr0 HABKOJO TOYKHU BiITKY.
Touka 3axpimienns Tijna BUOMpaeTbes B0BlAbHO. OCKIIbKU IOJOBHUM
iHTEpecoM € TIepeMIIeHHsT 33 PaXyHOK medopMaliiif, TO MOKIaIaeThCs,
o nepemimenna Toukn Biymiky MY sizcyrne @ =0 i obepranmsa Ti-
7a gK abcomoTHo TRepaoro Harkoiao MY raxkox BijcyThe w?j =0.V
HACJIIKY JBa meprux goganku y dopmysai Uezapo Bumagamorh i 3a-
JIMINAETHCH TIABKU TPETifi—1HTErpajbHuil, KUl Jla€ NepeMillleHHsd 3a

paxyHOK 1edOpMyBaHHSI
—vkxy 0 0
E= 0 —vkx; O )
0 0 ka1

M/
ui:/ . [&'k"‘(m;’_Ij)(gikvj_gkjn)]dxk'
M

VpaxoByiouwn, 110 BCi KOMIIOHEHTH TeH30pa medopMariil 3a/exkarhb
TITBKY BiJT X1 1 €12 = €93 = €31 = 0, 3HAXOTUMO
M/
ur = [yolek + (27 = 21)(E1h1—€p1,1)+
+ (2 — x2) (€1kr2—€k2,1) + (25 — 23) (€1k,3—ER351) ] da) =

Ml
- / . [e1k — (2 — T2)epo,1— (2 — @3)eRs 1 | doy =
M

Ml
= [yollen — (zh —x2)e12,1— (o — z3)e13,1]dw 1+
+[e12 — (2 — w2)e22,1— (25 — x3)€23,1]dao+
+[e13 — (@) — w2)es2,1— (2 — x3)ess,1]das} =
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M/
=/ {e11dzy — (zh — x2)e90,1 dwg — (2 — w3)E33,1 dw3} =
M
] @5 LA
=/ 511d$1—/ (x5 —332)622,161332—/ (2 — w3)es3,1de3 =
0 0 0

/ /

T x x
= —Vk/ x1dzy + Vk;/ (zh — x9)dxe — k/ (rh —x3)drs =
0 0 0
1
= 5k[u(—x% +x§) - x%]
M/
Uy = / ok + (2 — x5) (€ap,j—Enj2) | doy =
Mo

M/
= fMo leor + (2] — x1) (e2ks1—ER1,2)+
+(xh — x2)(e2k2—Ek2,2) + (25 — 23) (€2k,3—€k3,2)|dx), =
M/
= / ok + (2] — 1) ek | day =
MO
= fuo ez + (2 - d
Mo €21 (27 r1)ea1,1)dry +
+[e22 + (2] —w1)e92,1]dws + [e23 + (2] — 71)e23,1]d3} =

M’ xh

/ / ! !

= / [522 + (x3 7931)622,1]d3:2 = Vk:/ xydre = —vkaz,.
MO 0

M/
us = / [53k + (37; _xj)(53kvj_5kj’3>]dxk -
Mo

= f]\% e3k + (2] —21) (38,1 —€k1,3)+
+ (w5 — 22)(e3k,2—ER253) + (¥5 — 3) (e3k,3—Ex3,3) | dT) =
M M
= / [e3 + (@] — 21)e3k,1 | day = / [e33+ (2 — 21)es3,1|dwg =

MO My

/ /

1'3 X
= / [533 + (2] — xl)sgg,l]darg = l{:/ rdrs = kx| xh.
0 0

Kpydenns cTpuKug KPYTJIOTO TTOTEPETHOTO TIEPEPIZY.
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[Ipm posragzai 3amadi KpydeHHS CTPUXKHS KPYTJIOTO TOTIEPEYHOTO

nepepisy (puc.3.22.5) MeTomaMu Omopy MarepiasiB ofepzKaHi JOTHIHI
Ny o S

HATPYKEHHs B MONEPETHOMY MePepisi 7,9 = 7=, a BCl i KoMToner-

TH TE€H30Pa HaIpyKeHb BiACyTHI. TeH30p HANPYXKeHb B IAIIHIPUIHINA
CUCTEeMI Ma€ BUTJIsII,

0 0 0

0 0 msp/I,

0 msp/I, 0

Q»
I

X m,=m, Ha mamwmit MmomenT BCi piBHAHHS O/1epzKaHO

) B JIEKAPTOBIi#l cucreMi KOOpJAMHAT, TOMY He-
00xiHo 10 Hel mepeiitr. MaTpuiis meperso-
pPEeHHS JIOKAJILHOTO 6a3ucy

cos) —sinf 0O

X, l|lasi|| = sinf cosf O
X, 0 0 1
Puc.3.22.5 @opMyu TEPETBOPEHHS KOMIIOHEHT TEH-

30pa HALPYXKEHb O} = OiGm;0ij, 1€ Be-
JIMYUHU 31 HITPUXAMU HAJIEXKaTh JI0 HOBOL
CHCTEeMH KOODIMHAT, a 0e3 HUX—I0 CTapol.
OCKiIbKY KOMIIOHEHTH MAaTpPHUINl IEePeTBOPEHHSI B TaHOMY BHIAIKY
13 = a3 = g1 = azp = 0, TO
/
011 = (1;(001j055 = Q1101015 + Q1200025 =
= Q11011011 + Q110012012 + Q120011021+
Ta120012022 =
_ 2 . <20
= 0ppc080 + 2cosfsinfo g + oggsin“d = 0.
Anajoriano
Ohy = appsin2(9 — 2costsinflo g + oggcost = 0,

/ /
033 :O, 019 = 07

r_ . . o m3 . 0 — ms3
013 = (1{03;055 = (N1;(033043 = (X120x33023 = —T,OSIH = —T3327
P p
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m3 m3
—pcost) = — x4,
Ip Ip

1 MaTpHIlg TEH30Pa HAIPYKEHb y JIEKapPTOBIl CUCTEM1 KOOPIAUHAT MAE
BUTJIS/T

/
093 = (2j(¥3;045 = (X2;(¥33043 = (X22(X33023 =

0 0 —m3332/Ip
o= 0 0 m3$1/1p
—mg.%'g/fp mgml/fp 0

IlepeBipka BUKOHAHHsS PIBHAHb TeOpil MPYXKHOCTI 1 T'PAHUIHUX
YMOB.

1. IlepeBipka BUKOHaHHdA PIBHAHDL PIBHOBAru o;j,;+X; = 0,

011,1+012,2+013,3+X1 =0,
091,1+022,2+093,3+ X2 =0,
031,1+032,2+033,3+X3 = 0.

3a yMOBOIO 3a7a4i 00’ €MHI CHIN B HAIpPSIMKaX OCeil x1,T92,T3 He BPaxo-
BytoThcs, Tomy X1 = X9 = X3 =0. /IBa nepii piBHAHHS BUKOHYIOTHCS,
OCKLJTBKY JIBl TIEPIITL KOMIIOHEHTH TEH30Pa HAIPYXKEHb, 9Ki B HUX BXO-
JATh, IOPIBHIOIOTH HYJIIO, & TPETH HE 3aJIEKUTh BijT T3 1 013,3= 023,3=0.
Y TpeThOoMy pIBHAHHI TepIa KOMIOHEHTA TEH30pa He 3aJeKUTHh BiJ
T1, & Apyra—BiJl T9, TOMY HOXITHI 031,1= 032,2= 0 JTOPIiBHIOIOTH HYJIIO,
033 = 0 IOPIBHIOE HYIIO 1 TpeTe PIBHIHHS PIBHOBATW TAKOYXK BUKOHYE-
ThCS.

2. TlepeBipka BuKOHaHHS PiIBHSHB CyMicHOCTI medopmariii — pis-
usiib Cen-Benana. IlepeBipka HeoOxijHa TOMYy 10 3aja49a PO3B’s3y-
€ThCS Y HaIpYKeHHsIX. BUKOHAHHS OJHWX PIBHAHL PIBHOBAIW HEJIO-
CTATHBO, OCKLIBKN PIBHAHBb PIBHOBArW TPH, & TEH30D HANPYKEHbH Mae€
ITCTh HE3AJIEXKHUX KOMIOHEeHT. ToMmy KinbKicTh HeBigoMux OijbIre,
HIXK KIJIBKICTH PIBHAHB y HACJIJIOK IIbOTO PIBHSIHHS PIBHOBArw MalOTh
HECKIHYeHHY KiJbKiCcTb po3B’a3kiB. st Toro mob mnepeBiputu BUKO-
nanug piBagab Cen-Benana, tpeba 3naiitu medopmarii. 3a 3aKOHOM

T'yka
1 v
fij = 9, \ O~ 71+V5ij0'mm ~
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3a yMOBOIO 33/1a49i MepPIHuil iHBaAPIaHT Oy = 011 + 022 + 033 =0,
€11 =€ =éez3 =€12 =0,

1 m
€13 = 5,013 = —3,,1, 72

- 1 — m3
€23 = 5,023 = Q“Ipxl-

0 0 —masxa/2ul,
€= 0 0 mgx1/2pl,
—maxa/2ul, maz1/2pl, 0

PiBusinag cymicuocti pedopmariiit
Eij ki tHEklrij —E€ikyrjl—Ejlrik= 0
€ gudepeHIliaJlbHUMI PIBHAHHSIME JIPYroro mopsiiky. KommouerTn

Ter3opa Jedopmarliiii € JinifiauMu QyHKIigMEU, TOMY X Apyri moxitHi
JIOPIBHIOIOTH HYJIIO 1 PIBHIHHS CyMicHOCTI medopMaliiii BUKOHYOTHCS.

3. IlepeBipka BukoHaHHS KpailoBUX YMOB. 3a YMOBOIO 3a/1a4i Ha 110~
BepxHi Tisa 3amaH0 cuan. Maemo mepiny KpaiioBy 3aaady Teopil mpy-
skuocti. I'pannyni ymMoBM 3B’43yI0Th CHJIM HA IIOBEPXHI Tijia 1 KOMIIO-
HEHTH TeH30pa HaIpy:KeHb p; = 0;;N;, J€ pP;—TPOeKIil iHTeHCHBHOCTI
IIOBEPXHEBHUX CIJI; N,;—TIPOCKI] OJMHUYHOI HOPMaJi J0 IOBepXHi TiJa.
Y pO3TOpHYTOMY BHUIJISIL

Pp1 =011 +012N2 + 013N3,
P2 = 021N + 022N9 + 023N 3,
P3 = 031n1 + 032N2 + 033N3.

[ToBepxHs CTPUMKHSA CKJIAJAETHCA 3 TPhOX YaCTUH: nepma — Ajp
BepxHiit Toperp, apyra — As DOKOBa MOBEpXHsi, TpeTd — A3 HUXKHIi
TOPEIlb.

Bepxniti mopeus xs =1, ny =ng =0, ng =1, a9k po3no/iijieHi npu-
KJIaJeHl 70 HhOTO CHaIn HeBimomo. Bimomo Tiakkw, 1m0 BOHW eKBiBa-
JIEHTHI KPyTHOMY MOMEHTY M3 = M, TOMY, BUKOPUCTOBYIOYHU KPaiioBi
YMOBH, MOXKHA JIWIIIE BCTAHOBUTH, K ITOBUHHI OyTwH IPUKJIA/IE€H] CHJIN
JIIsT TOTO, 11100 OJepyKAHUN METOJaMu OMOPY MaTepiajiB po3B’s30K OyB
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MIPaBUILHIM:
ms3

ms 0
p1=——%2, p2= 51, p3 =VU.
Ip ’ Ip ’

3auIaeThCs MepeBipuTr, Yu €KBIBAJIEHTHA CUCTEMAa CUJI MOMEHTY
ms.

TonoBHuit BEKTOP MPUK/IAJEHUX CHJI

P= [ pdA,
Ay
P = —W’/ r9dA =0,
IP Aq
P="2 [ pdA=0, P3=0,
IP Aq
/ $1dA = SwQ = 0, / .%‘QdA = Sml = O,
A1 Al

CTATUYHI MOMEHTHU TIE€pPepPi3y BIIHOCHO OcCell T1, T2, AKI € TOJOBHUMH,
JIOPiBHIOIOTH HY/TI0. [0/TOBHUIT MOMEHT MOYKe Oy TH 33/ IaHUil CBOIMU ITPO-
eKITiIMH Ha OCi KoopawHaT. MoOMeHTH BiTHOCHO Oceil T1, X2

M, _/ p3r2dA =0, Ms —/ pxidA =0,
Aq Ay

MOMEHT BIJJHOCHO OCI I3

Ms = [, (=p1z2+p2r1)dA =
=, o ad) A -

mg [ 294 mar _
12 Ja, A =TT = mg.

Takum 9rHOM, PO3MO/II CUJI CTATUYHO €KBIBAJIEHTHUN 33/[aHOMY.
SIK1T0 cuiM pO3MOJIijieHi sIKOCh IHAKIME, TO PO3B’SI3KOM OIOpY MaTepi-
aJliB MOXKHA KOPUCTyBaTucd Jjuiie Ha ocHoBi npunnuny Cen-Benana,
3a gKUM HAIPYKeHHS B TOYKAX, BIITaI€HUX BiJ MICIS IPUKJ/IAIEHHS
CWJI, 3aJIEXKUTh TLIHKH BlJI TOJIOBHOTO BEKTOPA 1 TOJIOBHOTO MOMEHTY.

Boxosa noseprns Ay mae piBHIHHA x% —l—x% = R?, ne R-paziyc nu-
giagpa. IIpoextia oguararol HOpMaJIi 70 MTOBEPXHI Ha BICH T3,
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n3 = 0, TpoeKIIil HOpMaJIi Ha OCl X1, T3
niy :xl/R, n9 :l’g/R,
011 =022 =012 = 033 = 0.

[TigcTamoBKa 1UX BEJTMYWH Y TPAHWYHI YMOBHU Ha OGOKOBIi oBepxHI Ao
[I0Ka3ye, IO JIBa MEPIINX PIBHAHHS TOTOXKHBO BUKOHYIOTHCH, 60 BCi
9JIEHU JIOPIBHIOIOTH HYJIIO, & TPETE Mae hopmy
ms3 Z1 ms3 €2
+—z;— =0
I, "R I, R

1 TaKO’K BUKOHYETBCSI.

Huotcniti mopeys. YMOBU HaBAHTAXKEHHS Ha HUKHBOMY TOPIIL aHa-
JIOT1YIHI BEPXHBOMY, TOMY 3 KPallOBUX yYMOB MOXKHA TiTHKU BU3HATUTH,
IpU TKOMY PO3MOJILIL CUJI PE3Y/IbTAT, OJePKAHII B OIIOpl MaTepiaJis,
Oye TpaBUIBHUM.

4. Buznauenns nepewmimieasb. 3a (popmyson Yezapo
M/
0 1.0\, 0 / . ) .

w = u; + (:cj — xj)wij + /MO [aik + (2 —75) (€ikry —ekj,l)] dxy,
ne @0 = u(M O)*HepeMiH_LeHHH TOYKHW BIJJIIKY; w%*KOMHOHeHTI/I TEeH30-
pa obepranHs Tijia 9K a0OCOJIOTHO TBEPJOr0 HABKOJIO TOYKHU BiIUIKY.
Touka 3axpimieHHs Tijia BUOUpaeThesa A0BiabHO. ['oloBHUM iHTEpEecoM
€ TIepeMilleHHs 3a PaxyHoK Jedopmaliiii, TOMy MOKJIAJIaE€ThCs, 10 IIe-
pemimenng Toukn Bty MY sincyrne @’ = 0 i obepranng Tinta, gK
abcostoTHO TBEP 1010, HaBko10 MY Takox BijcyTHE w% =0. VY Hacaigox
[IBOTO JIBA MEPIIUX J0maHKn y popmysii Hezapo BUna aioTh i 3a/nimae-
ThCA TUTBKU TPETIH—IHTerpaj bHnil, TKUi Ja€ MepeMilleHHs 33 PaxXyHOK
nedbopMyBaHHS

0 0 —maxa/2uly,
£= 0 0 m3x1/2qu )
—mgxa/2ul, maxi/2pl, 0

M/
wi= [ et (€)= 2,) Ein ) o
M



Pozain 3. TepmoanHaMiyHI OCHOBU Ta

206

PIBHsIHHsI Teopil Hpy>KHOCT1

YpaxoBytouu, 10 BCI KOMIOHEHTH TeH30pa JAedopMmariiii 3a/exkarh
TUIBKHU BiJI T3 1 €11 = €99 = €33 = €12 = 0, 3HAX0AUMO
M’ '
ur = [yolek + (27 — 1) (E1k1—€r1,1)+
/ /
+ (25 — 2) (E1ks2—ER251) + (73 — 23) (E1k,3—ER351)]dT) =

M/
- / o [51k — (@ — x2)ep2,1— (2 — $3)€k3,1] dxy, =
M

M/
= [yotlen — (@5 —a2)e12,1— (25 — w3)e13,1]dwr +
+le12 — (@ — w2)e92,1— (25 — x3)€23,1]dwo+
+ [813 B (1’/2 - x2)53271_(1’é - $3)533,1]d:1,’3} =
M/
= [ao{l— (a5 —x3)e03,1]dwa + [e13 — (vh — 22)e30,1]da3} =
M/
- ﬁfMO (x5 —x3)das — xhydr3] =

! !
_ __m3 (%3 ./ _ _m3 [T3_./ —_m3 ./
= —out Jo 2xhday Sl Jo 2ahdas = AT
AnasoriyHo BU3HAYAECTHCH
= ms xh
- 1+3>»
plp

M/
us3 :/ 0 ek + (33; — ;) (€3k55—€kj3)] dvp =
M

Ml
:/ ek + () — 1) (e3k1—ER1,3)+
MO

+ (zh — 2) (E3k,2—Ek2,3) + (25 — T3) (E3k,3—€k3,3) | da) =
= [0 (e + (&) —21)es1,1+(@h — T2)esn o]dwr +

+esa + (2] — x1)es2,1—(ah — x2)es0,0]dao+
+[e33 + (2] —z1)ess1+(ah — x2)es3,0]das} =

= [0 {lea1 + (2h — w2)es1,2]dwi+ [e32 + (2] — 21)ez2,1]das} =
= [ es1+ (2 — x2)esno)day+ [ [e32 + (2] — 21)e30,1]dwy =
ms3

x) )
ms 2 ms3
/ / /) /)
= _I/ x2d£171 + I/ :L’ldxz = T(—I’2$1 +x1x2) =0.
p JO p JO p



Poznin 4

PiBusinng Teopll npy>KHOCTI
B KPUBOJIHINHUX
KOOPJUHATAX

4.1 KpwuBoJiHiiiHI KOOpPAMHATHU
i KOCOKyTHUiT ba3uc

4.1.1 JlokaabHuii 6a3uc, KOHTpaBapiaHTHI
i KOBapiaHTHi KOMIOHEHTH

KpupostinifiHuME KOOpAMHATAME MOXKYTh OYyTH TPHU TOBLIHHUX
rnapaMerpu, gKi OJJHO3HAYHO BH3HAYAIOTH ITOJIO2KEHHS KOXKHOI TOYKH 1
noznavatorecs ¢, ¢2, ¢ (puc.4.1.1). SIKmo x;—aexapToBi KoopamHaTH
TOYKH, TO iICHYE OJHO3HAYHA 3aIEKHICTH

zi = 7i(¢",¢%.¢%). (4.1.1)

HeobxinHoM0 i HOCTATHROIO YMOBOIO iCHYBaHHSI B3a€MHO OJHOZHATHOL
3aJ1€2KHOCT] € HepIBHICTH HYJII0 sikoGiaHa neperBopentsi (4.1.1):

Oz Oz1 Oz
o¢t 92 g3
q q q _‘8951-

J—| 9z2 Ozy Oz '
oqJ

8(]1 8(12 8(13
Ozz  Ozz Oxz3
oql  0q%> Oq3

‘ £0. (4.1.2)
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g roro mo6 mepersopenns (4.1.1) 36epiraio opieHTarnio cucremn
KOOD/IMHAT, TOOTO MPaBa CUCTEMA [TEPETBOPIOBAJIACH HA MIPABY, SKOOiaH
(4.1.2) nosunen 6yt momaraum. Ko dikcyBaTn BeMYUHY OJHOTO 3
mapaMeTpiB, HAPHUKJIAZ, MOKIACTH ¢! = const i 3MiHIOBATH HEIIEPEPBHO
aBa inmux ¢2 i ¢3, TO 0IepKUMO JlesiKe CIMECTBO HOBEPXOHBL. AHAIIO-
riuno, dikcyroun ¢ i ¢3, omep:xuMo e 1Ba ciMeiicTBa MOBEePXOHD. 3aB-
JIIKN TOMY, 110 Ha 3ajexuocti (4.1.1) HakIaJeni yMOBU OJHO3HATHO-
CTi, B KOXKHIf TOYI]l TTEPETUHAIOTHCS TITHKW TPU MOBEPXHI, MO OHIN 3
KO2kHOTO cimeticrBa. Il moBepxHi € KOOpAMHATHUMY TOBEPXHIAMU (S,ZLHB.
puc.4.1.1). Hampsvok koopammaTawx miniit ¢*,q%,q° Bu-

3HAYAETHCA 32 JOMOMOTOI0 BEKTOPIB JIO-

. q3 KaJIbHOTO KOOPANHATHOTO 0a3MCy B KOXKHI

& Tourni €1,69,63, AKi € JOTUYHMMHU JIO Bij-

= noBitHuX KoopAnHATHEX it ¢',q%,¢3. Ha

BIIMIHY BiJ JIEKapTOBUX KOOPAWHAT, B KPU-

q BOJIIHITHAX KOOpPIWHATAX B 3araJlbHOMY BU-

MKy HAMPSIMOK BEKTOPIB KOOPINHATHOTO

g 6a3ucy, iX JOBKHUHA 1 KyT Mi>K HUMU 3MIHIO-

FOThCS TIPH TIEPEXO/Ii BiJT TOYKHU 10 TOUKH. B

KPUBOJIIHINHIN cucTeMi TOBIIbHUI BEKTOP @

Puc.4.1.1 MOZKIa 3a/1aTl B TOUIIL 9epe3 JIHITHY KOM-
OiHAIiI0 BEKTOPIB JIOKAJIBHOTO Da3ucy:

&':€1a1+€2a2+53a3, a=e¢qa'. (4.1.3)

Besmumnn a' HA3HBAIOTHCH KOHTPABAPIAHTHIME KOMIIOHCHTAMH Be-
KTOpa @. 3HAK CyMW 3a MpaBwjioM KilHITeiiHa He cTaBUThHCs. B ycix
dopmynax tuny (4.1.3), Kom ojuu 1 TOi camwuii iHJEKC CTOITH Ha Pi3-
HUX PIBHAX, MAIOTh HA yBa3di CyMy, KULTbKICTb UJEHIB AKOI TOPIBHIOE
PO3MipHOCTI mpocTopy. Benmmuman KOHTpaBapiaHTHUX KOMIIOHEHT Haii-
[IPOCTIiIlle BUBHAYAIOTHCS IILJITXOM BBEJEHHS B3aeMHOro 6a3zucy. Bekro-
pU B3aE€MHOTO 6a3uCy €' BU3HAUAIOTLCS Uepe3 BEKTOPHU OCHOBHOIO Ha-
CTYIHUM CIOCOOOM
é‘i - é} ;gka
Je 1,j,k—inmexcu, gKi CTBOPIOIOTH NMUKJ/IIYHY mepecTanoBky 3 1,2,3; V-
06’em mapaJiesenine/a, 100y 10BAaHOTO HA BEKTOPAX OCHOBHOIO 6a3ucy,
1 BU3BHAYAETHCA SK IX 3MIITaHMi T00YTOK

(4.1.4)
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V =¢- (6 x&). (4.1.5)

3a BU3HAYEHHSIM BEKTOD B3a€MHOTO basmcy et MEPIEHUKYISIPHUL 710
BEKTOPIB OCHOBHOI'O Oasucy €s i €3, @0 8& 163, 8 n0éyié. Tomy
CKAJIAPHHUI 700yTOK

o 1 (z=m

e et = ( ), (4.1.6)

0 (i#m).

BukopucroByioun B3aemuwmit 0a3uc, KOKEH BEKTOP MOYXKHA, 3aJaTh Y
BUTJIsL JTiHIHOT KOMOiHAMIT #loro 6a3iCHUX BEKTOPIB

6:€1a1+52a2+5303, a= ékak. (4.1.7)

8 Bemnmunan  ap  Ha3sWBaOTHCS
KOBApIaHTHUMU KOMITOHEHTAMY
Bekropa d (puc.4.1.2). ko
CKAJIIPHO TIOMHOXKUTH @ - €,
3aJIABINN BEKTOD @ SIK JIHIWHY
azéz KOMOIHAINI0 BEKTOPIB B3aEM-

HOrO 0a3ucy, TO OJEePKUMO
i- & = a8 = - Gy,
i BpaxyBaTHu Te, 110

a6

QL

e = TO

0 (i#k),
ai:(i-é}. (4.1.8)

1
él\i Amrasroriumo BU3HAYAIOTHCS

KOHTPaBapiaHTHI KOMITOHEHTH
BEKTOPA

ab=aq.é. (4.1.9)

Puc.4.1.2

4.1.2 MerpuuHnii TeH30pD
i BUMiproBaHHS JOB2KUHU

st Toro mo6 BuBuaTu aeOpPMOBAHUI CTaH, HEOOXITHO MaTH
MOXKJIMBICTH BUMIPSITH BiJICTAHB MiXK TOYKAMU IPOCTOPY abO TOBKUHY
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BiZIpi3Ka 1 KyTH MiXK BiJIpi3KaMH, SKi MepPeTHHAIOTHCS B OJHIM TOYIII.
Kpaspar nosxunn BekTopa dif, axuil 3’enmye nsi 61m3bki Toukn MO i
M*' (pnc.4.1.3), Moxke 6yTH BUpayKeHuil K CKAIAPHMUIT 106yTOK

ds* = dr-dr,
ne ds = |dr]. Bupazxaemo BeKTOp dff depe3 KOHTpaBapiaHTHI KOMIOHEH-
™
2 _ > i,z m o__
ds* = e;dx" - €, dx™ =
= €;emdxtdz™,
2 . 7 m
ds® = gimdxtdz™,

e BEJIWIUHU (i = €5 * Em—
KOBapiaHTHI KOMIIOHEHTU Me-
TPUYIHOTO TeH3opa. Masnit Be-
KTOp dif MOXKHa TaKOyK BHpa-
3UTHU Yepe3 KOBapiaHTHI KOMITO-
HEHTU

DL

Ml

i

dr = é*dxy,

v

1 BIZITOBITHO KBa/IpaT #Oro J0B-
KuHU B (popmi

Puc.4.1.3 ! ds® =é'dx;-dxy, =& - e duduy,

ds® = gikdxida:k,

Jie
= e
KOHTPaBapiaHTHI KOMIIOHEHTH METPUYHOIO TeH30DPa, abo
ds® = &dw; - Epda® =" - é’kdx,;d:nk,

ds? = gidxdz®,
e g]i*SMiH_[aHi KOMITOHEHTH METPUIHOrO TeH3opa. Pamimte 0y/10 moka-
3aHO, II10

da={ 1 0=P o G-

0 (i#k), 0 (i#k),

i KBaJpaT JMOBKHUHE MOKHA BUpa3uTh y dbopmi ds® = dz;dz’.
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Slkimo cucreMa KOOPAUHAT OPTOTOHAIBHA, TOOTO BEKTOPHU JIOKAh-
HOro 0a3mcy B3aEMHO IMEPENeHIuKYIAPHI, TO IX CKaJIAPHI J0OyTKH 10-
PIBHIOIOTH HYJII0. BHACIIMOK IHOTO MO33/iarOHAIbHI KOMIIOHEHTH Me-
TPUYHOTO TEH30PA JOPIBHIOIOTH HYJIIO 1 BIH J1arOHAJI3YETHCH:

giu 0 O
g=10 g 0
0 0 g3

B oproronanpHuX cucreMax KBaJpaT JOBKWHHU MaJjoOToO Biapizka
npuiimae ¢popmy

ds® = g11(dz)? + goo(dz?)? + g33(da®)?,
abo

ds® = H?(dx")? + H3 (dx*)? + H2 (d2?)?,
e g1 = le, oo = H22, g3z = Hg Bemwaunn Hy, H,, Hj3 ma3wsa-
0ThCs KoedimieaTamu Jlswme.

4.1.3 KopapiauTHi i KOHTpaBapiaHTHI KOMIOHEHTHU TEH-
30pa

KosapianTHi KOMIIOHEHTH BEKTOPA 1 Oy/ib-AKOI'O TEH30Pa MOXKYTb
OyTu BuparkeHi depe3 KOHTpapapiaHTHI i HaBmaku. OCKITbKYA TOBLTH-
HOl BEKTOp @ MOXKe OyTH 3aJaHO y BHIIAm 4 = €a’, d = e ay, TO

gia’ = é*ay,. SIKIO MOMHOKNUTH CKATISPHO OOWIBI CTOPOHW Ha €),, TO

Em €0 = Ep - ay,
— > . — —¢k _ k: .
alle €€ = Gmi, €m-€ =(,,, 3BLIKH
7 k

Imid@ = gy, Qk,
k 7
IOk = Gm, a00 Ap = gmia'".
k

Amnasoriuno af = g*a;.

AKIo cKOpMCTATHUCS OCTAHHIMW CIIBBIAHOIIIEHHAMNA, TO MOYKHA
oJlepxKaTU
_ k_ ki _ ki
Am = Imk@ = Imk9g Qi, Am = Gmk9g Qi,
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3BiJIKW BUILJIUBAE, IO
0 (m#1).

TobTo mMarTpuri METPUIHOrO TEH30PaA 3 KOBAPIAHTHUMHU i KOHTpaBapi-
AHTHUMU KOMIIOHEHTAMU B3a€MHOOOEpHEeH]

gmikg™ =

911 912 913 gt g1 gt 100
921 922 923 @t g2 ¢® =010
g31 932 933 931 932 933 0 0 1

ToMy KOHTpaBapiaHTHI KOMIIOHEHTH METPUYHOTO TEH30pa BU3HAYAIOTH
3a GHOpPMYJIOI0
ij _ Gij
|95 7

ne G;j—anredpaidHe JOMOBHEHHsS] KOMIIOHEHTH (55 |gij|—BU3HAYHWK.
3B’g30K KOBapiaHTHUX 1 KOHTPABAPIAHTHUX KOMIIOHEHT Oy/1b-sIKOTO
TEH30pa BUIIUX PAHTIB MOJAETHCS (POPMYIAMU aHAJTOTIIHUMEU (DOPMY-
JIaM JIJTsl TEH30pa TepInoro panry (Bekropa). Hampukias, mig rersopa
JPYTOro paHry

km
0ij = gik9jm0o

ol — gikgjmgkm'

4.1.4 BuwmiproBaHH4 1LJI0IIL i 06’eMy

Yepes KOMIIOHEHTH METPHUYHOIO TEH30pa MOXKHA 3HANTH ILJIOILY
mapaJiejiorpama, mo0yJIoBaHOIO Ha BEKTOPax KOOPAMHATHOTO Gasmca.
dAxmo Ajs—mutomna mapaJiesiorpamMa, mobyI0BaHOTO Ha, BEKTOPax €7, €9
(puc.4.1.4), o

N
o
V)

I
!
Il

1 X € = |€1|-|ea|sina = /g11/g128Inc,

g12 = €1 - € = |&1]|e2|cosar = \/g11y/g22c080x,

2
. g
sine = /1 — 212

gi2
\/911922’ 911922’

CoStx =
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A1z =1/ 911922 — g35-

Amnasnoriyno

Aoz =1/ 922933 — 935

As1 =1/ 11933 — 9.

Buznauenns ob’emy Ttina
MPUBOJUTH JI0 1HTErpaJa
V = [,dV. O6%em eme-
Puc4.1.4 MEHTapHOTO TapaJieseli-
> 71 272 > 3
nega dV, mobymoBaHoro Ha BeKTOpax €1dq-, €2dq”, €3dq°, MOXKHA BU-
3HAYUTH, BAKOPUCTOBYIOYN 3MilIaHuil 1006yTOK

dV =&, - (& x &)dq'dg*dg>.

TakuM 9UHOM, 331298 3BOJINTHCS JO BU3HAYEHHs 00’€My MapaJiesieri-
rezia, moOYyJ0OBAHOIO Ha BEKTOPAX JIOKAJIBLHOIO 0a3ucy, sIKUil TOPIBHIOE
3Minanomy 06y TKy

v=e- (6 x €3) = |€1]|(€2 x €3)|cosp,

1e [-KyT Mix BekTOpamu €] 1 (€2 X €3). Pamime 6yso 3naiigeno

€1] = \/9,, 1 (€2 X €3)| = \/g22933 — 933 [lnst Busnadenns cosf moxna

CKOPHUCTATHUCH TUM, 10 338 BU3HAYEHHIM BEKTOPIB CIPSIKEHOr0 0a3ucy

4 (62 X 63)
e ="
v

ToMy BekTOpH €' i (€3 X €3) mapasesbHi i BiIPI3HAIOTHCH TITLKH Koe-
dbimienTom, Tomy KyT 3 Mix €] i BekKTOpoM €' a60 (€ X €3) oaHAKOBHIL.
BukopucroBytoun ckanagpuuii 100yTOK, MOXKHA 3aiiTn

e -él

COSﬁ = T
ele'|
. — - - | 1 11 .

Ockimprnm €1-€" =1, [€1] = \/9,,, |€'| = /g . KonTpasapianTny KoM-
MIOHEHTY ¢'! MeTPUYHOTO TeH30pa MOYKHA BUPAZUTH Yepe3 KOBapiaHTHI
KOMIIOHEHTH sK ejleMenTa Marpuii || g% ||, obepuenoi 1o ||g;;l:

)

JRig G _ 922933 — 953
g g
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Jie g-BU3HAUHUK ¢ = |g;;|. IlincTaBnsioun Bei ni Besmaman B popmysty
v =|€1||(€2 x €3)|cosB, omepKyemo

V11V 922933 — 933:/9
v =1 = =V v? =g.
V911V 922933 — a3

Takum 9UHOM, METPUYHUI TEH30P BU3HAYAE BCI T€OMETPUIHI XapaKTe-
PUCTUKY TTPOCTOPY—/I0BXKUHY, TIJIOMNLY, 00’€M.

4.2 JIndepeHniroBanHsa 6a3uCHUX BEKTOPIB

4.2.1 KoBapianTHa moxigHa

Buznadenns 3minu BeKTOpa B KPUBOJIIHINHIT CUCTEM] KOOPAUHAT 110~
B’si3aHe He TIJIbKU 13 BU3HAUEHHSIM 3MiHU WOTO MPOEKIIiil Tpu mepexo/Ii
BiJl TOUKHM 70 TOYKH, IK B JIEKapTOBIiil cucTeMi KOOPAUHAT, a i i3 3Mi-
HOIO JIOKAJIbHOT'O 6a31Cy, OCKIIbKY Yepe3 BEKTOPH JIOKAILHOTO Oa3ncy
BUPAXKAIOThCA KOBAapiaHTHI 1 KOHTpaBapiaHTHI KOMIOHEHTU BEKTOPA.
Braiinemo andepeniian BekTopa @ = €a” :

dd = d(&a" ) = Gyda* +atdéj.
Y KpuBOJiHIHIN cHUCTeMI KOOPAMHAT PAJLyC-BEKTOP TOBLIHHOI TOUKH
e dyHKIieo B Bubpannx mapamerpis ¢',q%,¢°
5_ B, .23
R=R(q".¢°.¢°).

Basucui BekTOpu B KpuBOiHiliHI crucTeMI BU3HAYAIOTH 33 (POPMYIO0

—

OR

gt
s Toro mob BU3HAUUTH 3MiHY OAa3UCHUX BEKTOPIB, Tpeba 3HANTH iX
MIOX1THI

€;

Ockinbku . .
2 9?R B 9?R
ik = 9q¢'0q*  0q*0q"’

TO €ik = €CLj-
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s BU3HAYEHHS MOXITHUX 0A3UCHUX BEKTOPIB CKOPUCTAEMOCH
0b0xigHuM mIIgxoM. Po3risgaeMo moxiamHi Bif CKaJagpHUX M00yTKIiB
BEKTOPIB JIOKAJILHOTO H6A3UCY 0 KOOPANHATAX

O o .\ . o o
W(ei.ej):eik-ej—i-ei-ejk,
9 . . . oL
o0 (€ - €i) = €kj - € + €k - €ij,
0

- o

o & G) = Gt 8 - B

Ko ckJTacTu JBa NEPIIUX CIiBBITHOINEHHS, BITHATHU BiJl HUX TPETE,
BPaXyBaTu Te, IO €; - €j = g;j, TO OJEPKUMO
5z 1/ 0gjk  Ogri O09ij
ii €k = = - — — .
J 2\ 0¢  O¢7  OgF
Bemmanmn, gxi cToaTh cnasa, HO3HAYAOTHCS 1,1, abo [i5,%] 1 Ha3UBa-
0Thcd cuMBojiamu Kpicroddesis nepiroro posy

r.o_1 9g,k n Ogki  0gij
kT o\ o T agf  aqk )
Ax Oyab-aKumil BEKTOp, MOXiTHI OA3MCHUX BEKTOPIB, MOXKHA 3aTaTH Y
BUIVISII JTiHIAHOT KoMOiHaIil 6a3uCHIX BEKTOPIB

O
62] — F,Uek
« . k .
Koedimientn Fij Ha3UBaIOTHCs cuMmBoiamu Kpicroddens apyroro po-
ny. [ToMHOXKHMMO CKaAJIIPHO OCTAHHE CIIiBBIIHOIIEHHST HA Oa3uCHU
BEKTOP
S o k> =
€ij - €m = L€ - €.
Ockinbku
€k €m = GJkm,
TO
€8 = qu Ik
ij " €m = Gkml ;-
3niBa croith cumposi Kpicroddens nepiioro poay, ToMmy

k
Fij,m = gkmrij-
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AKITO TOMHOXKXUTH JIBY 1 TpaBy YaCTUHU HA KOHTPABAPIAHTHY KOMIIO-
HEHTY METPUYHOI'O TE€H30pa i 3TOPHYTHU, TO OJIEPKUMO

9" Tijm= 9" gl = gpTh =T,

TOOTO
m mn
Fij =g Fijm-

Takum urnHOM BU3HAYAIOTHCH KOEDIMIEHTH PO3KIAILY MOXITHUX Oa-
BUCHUX BEKTOPIB 1, PAaKTUUIHO, MOXigHuX. IloBepHyBmNCH 10 BHU3HA-
deHHsd AuepenIiiaia BeKTopa

o k
dak — 48 am dqm7
q
= Jé€y, = m n - m
dey, = g™ —dq" = Exmdq™ =17, endq™,
B PE3YJILTATI MiJICTAHOBKU OJEPKUMO
— — a k — m
da = ey, a—mdq +a T}, endq™ =
_ Oa" . o [ Oa™
= enaqimdqm"i_akrrkbmendqm = €n <aq+a Zm) dqm
da™
da = é <8 - +a® 7,Zm>dqm

TlopiBusinas ofepKaHOTO BUpaA3y Ay AudepeHIiaga BeKTOpa B
KPUBOJIIHINWHIN cucTeMl KOOPAWHAT 3 MO0 BUPA30M B JIEKaPTOBIi
cucreMi

_ _ Oay
da = é,——dx,
0L,
OpUuBOJUTL 10 BI/ICHOBKy7 10 BeJIMYMHA
da”
n k
Ao = g™ +a"T},,

BiZlirpae poJih OXiTHOT B KPUBOJIIHIMHIN cuCTEMI KOOPJAWHAT 1 HA3WBaE-
ThC KOBAPIaHTHOIO 200 aDCOJIIOTHOO TTOX1THOIO, TOMY MOXKHA, 3aITACATH
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Amnasoriuno, mpu po3TIs Il Ar(epeHIiaig BEKTOPa, BUPAXKEHOTO Iepes3
KOBapiaHTHI KOMIIOHEHTH, OJTEPXKYEMO
Q= —8% —a,I'*
9] 8qj k ij

Ao po3rIgmaeThed KOBapiaHTHA MOXiTHA BiT TEH30piB, paHT
JKUX BUINE IMIEpIIOTo, TO KiAbKICTH JOJAHKIB JIOPIBHIOE PAHTY TEH30-
pa. Hampukna,

4.2.2 ®Di3uuHi KOMIIOHEHTH TE€H30pa

VYV diznunux 3aa49ax 3a 6a3ucHI BEKTOPpU BUOMPAIOTH BEKTOPH O/~
HUYIHOI T0BKUHM. B 3B’a3KYy 3 1M Di3uaHUME KOMIOHEHTAMHT TEH30DPa
Ha3WBAIOTHCS KOMIIOHEHTH Y BUMIAIKY, KOJI BEKTOPU JIOKATHHOTO 6a3u-
Cy HOPMOBaHi TOOTO MalOTh OJMHUYHY JOBXKUHY. Benuunnu diznannx
KOMTIOHEHT MOXKHA, OJIep’KaTh HACTYITHUM YHHOM, PO3IJISIIAETHCS J0-
BlIbHEIT BeKTOD @, @ = €,a”, 1 HOpMyIOTECsI GasucHi BeKTOpH

B €k €x
(& = ek’ =1.

B @ B \/Qkk’

BekTop @ 3anmcyerbes y BUTIISII

—

- €k =
a=—— qkkak = ekak.
v dkk
Bemmunnn
~k __ k
4" = +/qkka

Ha3UBAIOTHC (PISUIHUMKA KOMIIOHEHTaMU. AHaI0ri9HO

ke & 2k
d=¢e"ay = gk a, ="e"ay,,
ez
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Caniz maTtu Ha yBa3si, 110 COpaBa CyMu Mo k HEMAE:

ar =+ q" a1, as=+/q*?az, az3=+/q¢*as.

4.3 PiBHIHHYA B OPTOrOHAJIbHUX CHUCTEMAaX KO-
OpAuHAT

4.3.1 HwuaiasgpuyHa cucreMa KOOPAMHAT

Ax mpukIam PO3TISAIAETHCA BUKOPUCTAHHST PO3IVISHYTUX METOIIB
JJis OJlep2KaHHSA PIBHAHB TEOPil MPYKHOCTI B IMUIIHIPUYHUX KOOP/IU-
HaTax. YsarajbHeHi KoopanHati ¢- = p, ¢> = 6, ¢° = z. Pajiyc-BexTop

é = ;11‘1 + ;2562 + zgxg
BUPaKAEThCA Y€PE3 y3araJbHeHi KOOPAWHATH
x1 = pcost, xo = psinf, xz3 =z,
R= i pcosf + ia psinf + i3z

3HAXOAATH BEKTOPHU JIOKAJIBHOTO Oa3uUCy

. OR
ek_@Tﬁ’
¢ =€, = gf = ;1COSH+ZQSin9,
. . _OR - . -
2= =55 = —i1psind + igpcosd,
. . OR -
3T 6= 5=

BusnavaroTh KoBapiaHTHI KOMIIOHEHTH METPHUYIHOIO TEH30pa

N

S 2
gu=c¢e1-e1=1, go=¢€r-ea=p", gzz=1,

g12 =g23 =g31 =0,
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1 0 0
lgisll=1{ 0 p* 0
0 0 1
BuzHauaoTh KOHTpaBapiaHTHI KOMIIOHEHTH METPUYHOTO TEH30PA
G
97 ==, g=lgil,
Y
9="r?

2 2
p 1 p
gt =1, g2 33 1

i~

g2 = g% = Bl .

Busnagators cumBon Kpicroddess mepiroro pomy

1 <59jk gk 39@‘)

Ligie= 2\ a¢ " o¢  9g*
B mpomy Bumazky Bix mHysisg BiaMminal TigbKu moxigHi

9922

qu = 4p,
TOMY

Fog,1=—p, T'i2,2=T21,0=p.
Bci ocranni ingexcu Kpicroddens meprioro poiy [TOpPiBHIOIOTH HYJIIO.
Busnagators cumBosmn Kpicrodens apyroro pojy

T = g™ Tij= g™ Tij1+9™ Tijo+9"Tij,3.

B namoMy Bumajxy BimmMinmi Bim myns tinexu gll,g?2,¢33, Tomy
1 1
F%zz_ﬂ F%l =5pP="
’ P p

yci ocranni I’ Z JOPIBHIOIOTH HYJIIO.
Pisnanna pisnosazu
Y Teopil npyKHOCTI BUKOPUCTOBYIOTHCS B OCHOBHOMY KOHTDa-
BapiaHTHI KOMIOHEHTH TEH30Pa HAIMPYKEHb, TOMY

J,?j-l-Xi =0.
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Puc.4.2.2.

Ileprrie piBHsiHHSA
Qe .
0-711 +J>§ +O‘7’:L’>3+X’L = Ov
11
dqt

do't
11 Impl 1mpl Impl
o, = +o ™, +o " = +20 ™, .

Oq*
Bci 'L, =0, Tomy
60_11
11_

0-71 - 3(]1 9

Hol?
0q?

12
12 0Oo 1m2 m2pl 112 22111
0,9 = +o "+ 0" e = +0 Ty +0"Ts,

0q?

6013 8013
Ua%)?): 8(]3 +01mF§n3+0m3F71“r13: aq3 )

ool o122  9o13

112 2211 1 _
8(11 an + aqg +0o P12+0' ]._‘22+X —O
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[Tepexonmmo 10 (bi3UIHIX KOMIOHEHT

~11 11 11
Opp =0 " =4/011\/ 9220~ =07,

gt op ’
~12 12 12
Op9 =0~ =+/g11\/g220 ~ = po ~,
1
12
0" = —0pp,

~29 22 2 22
099 = 07~ = /g22/G220" = p~ O

1
22
ag = 720.997
P

)

1 o
2211 09
o FQQZ—FU%p:——.

[leprmie piBHsSHHS, BupakeHe depe3 (hi3udHi KOMIOHEHTH, MA€ BUTJISIT

8app laapg Op9 — 099
— X,=0.
dp Tp o9 T

Posriisimaemo apyre piBHsHHS

21 22 2 2
040210283 4+X2 =0,
21

2my1 12 do?!
0,1 = aql to mrm1+am le = aql
Oy =G = \/g11/g20"? = po'?,

+0211?

221
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g - ’

12 _ Opb
p

do?t 9 <0'p9> 100,  0p

" op\ p ) pdp p*’
0o | oipe 100w 0w o 100k
dq* "o 0p p2 p* pop)

80’22 8022
07%2: 8(]2 +20—2mrzn2: aq2 +20’21F%27
oop = 577 = \/Gaz\/G220°> = p*0??,
22 _ 000
o= —,
2
m 1 Pow 0wl
2 2 69 p pu
80’23 80’23
23 2m3 312
05 = 5 T Tmat 0" T =55
0o, =62 = \/g22\/g330> = po®?,
1
023 = — 00z,
10
0,%3: 770%,
p 0z
Xo=X?= /g2 X? = pX?,
1
X2 =2X,.
P

Jpyre piBugaHg piBHOBaru B (Mhi3MIHUX KOMIIOHEHTAX
1 0o pp 1 Ooge opp | 1 0o

p Op  p? 00 p? p 0z
aO'pg + 180’99 + 8Upz

dp p 00 0z

1
+7X9 :07
)

12770 4 x, =0,
P

Tpere piBHAHHSA
31, 32, 33 3
0,1 +0'72 +0'73 +X :0,
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60‘31

31__ 3m1 ml
I +0o F = —,
ml aql

g
o1 8(]
~31 31
Opz =0~ =14/011\/9330 =0

32
do 4+ o312

31
’

32 m273 3m
0,5°= o"T 2, = = - ,
2 82+ m2 07 L= BYe +o7 1y, BYe +p0'
09: = 6% = \/g33:/9220°" = po?,
1
032 —00z,
)
32 1009. | 0pe
2 89 p ’
X, =X = /g3X? = X3,
33_ do?? m3p3 do"?
3 73 +20’ Fm3 = 73 y
861 dq
0, =5 933/ 33 o33 — 033
5.33— 90
73 0z

Tpere piBusuus piBHOBar“ y Ppi3uaHUX KOMIIOHEHTAX

do,, 100g, 00.. 0,
- X,=0.
R R 0

Chnissidnowenna Kowsi

Y zaraabHOMY BUTAIKY
1
€ij = 5

Je Uj,j 1 Uj,;—KOBapiaHTHI OXI/IHI,

1/ du;

(u’i 3] +uj7i)a
oq’

O k
: j
aq’ >’
8“—1 8ui+8uj u
ij = g Bg ij |
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B KPUBOJIHIMHNX KOOpAUHATAX

YV MuIiHAPUYHINA CHCTeM]1 KOOPIWHAT

Oou;  Ouq Ouy
€11 = <8q + = aq1 — 2u I} ) o

Epp =E11 = VgV gten = €11,
= ul = \/gllul = ul)

Oou,
Eop = 87,0’

ou
€22 = <28§ 2UkF]§2> =

8”2 1 a
-(33-wm) (3

ug =ty = \/ g*up = ;u%

Uz = pug,
Uy = Up,
- 1
€90 = E22 = \V/ 9?*\/ g*Pen = e
€29 = P2599,
9 8
10ug  wu,
Sy ;
06 00 )
=—12 2u I =_—
€3 = 5 ( BYE + 2ug 33> o

u, = Uz =/ g33u3 = us,
€22 = €33 = V933V g3uss = €33,

Ou,
€33 = —(—
0z’
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1/0 0
512=2<u1+ 12 2uk1“ )

0q¢®>  O¢!
8U1 6u2
-2 F
( BYe +— oq" ug > ,

Uy = Uy, Uz = Pug,

€9 =E12 =V g1 /9?2120 = *612,

_pSpGa
8up 8u(9 1
L tug—2
PEPH = <89 +p ap +ug p%gp)

10 0
= (1% T _uo),
p 09 9p p
1 8u2 8U3 k 6u2 8U3
=—| = +55 2wl
£23 =3 <8q3 + Bre Ukl 23 8q 55 g2 )’
€0- = €23 = \/ﬁ\/gﬁ&% = ;523,

€23 = PEYz,
U2 = PUP, U3 = Uz,

_1 %+auz
Peo== 35\ 52 T o8

=9\ 0z "po0 )
1/0us Ou Ouz  Oup
=== 2 F i A Wl
= 2<0q1+33 uk ) <6q1+0q3>’

_L1(0u.  Oup
sz—z op 0z )

Bakon ['yka B mmriHgpuasiii cucremi Koopanaar.  OCKiIbKH
CHCTeMa KOOPAMHAT OPTOTOHAJIBHA, Ile BUIINBAE 3 TOTO, IO
g12 = go3 = g31 = 0, npu Bukopucranui pi3MIHUX KOMIIOHEHT TEH30PIB,
zakoH ['yka Oyme martu Taky camy opMmy, K i B IEKAPTOBUX KOOP/IU-




Poszain 4. PiBHsHHS Teopil mpy»KHocTi

226 B KPUBOJIHIMHNX KOOpAMHATaX

HaTax:
0ij = 2pq; + Adijekk,

Je ingekcn 1, 2, 3 3aMiHAOTH Ha p, 0, 2.

4.3.2 Cdepuuna cucrema

[Tapamerpamu, siKi BUBHAYAIOTH MOJIOKEHHS TOYKH, € (p, ¥, a).
VY miit cucremi (puc.4.2.3)

= psindcosa, x9 = psindsina, x3 = pcosty,
0<p<oo, 0<a<2r, 0<d <.
Tomy
ds® = dz? + da3 + da3 = dp? + p*sin®9da’ + p*dv?,
hi=g11 =1, h3=gos=p’sin®V, h3=gs3=p’,
BBOJSYM IO3HAYEHHs (DISUYHUX KOMIIOHEHT BEKTOpa IepeMilleHb

(Up, Uq, Uy) 1 PIBHIHIX KOMIIOHEHT TeH30pa, JedOPMAILil €y, Eaa, E99,
Eads E9p» Epa OIEPKUMO HACTYNHI dopmy/n s jgecdbopmariii:

5pp:8;0p’
1 Ou
Ean = m&;“r —I—tﬁ?
1 Quy
61919—*%4—*

1 1 Ou, uq  Ouy
) (psm08a_+ 8p)
_1 18up U9 8u19
’“9_2<p8't9_p 8/))’

1 (1 0uq uactﬁ—i— 1 %
T 2\p 09  p g psind da )



4.3 PiBHSIHHSI B OPTOrOHAJIBHUX CHUCTEMAaX KOOPAWHAT 227

v

Puc.4.2.3

Hamnpy:xenna mos’a3ami 3 medopmarisamu 3akonom I'yka:
Tpp = 21Epp + e,
Tan = 2[€aa + A€,
o9y = 2lE9y + Ae,
Opa = 2M5pa7 Ot = 2HEay, 09p = 2#&9/)7
€ =¢pp+EaantEvy-
B okpemomy Bumnanky, kosu 1edOpMOBaHU CTaH XapaKTepU3yEThCs
[IEHTPAIbHOI0 cuMeTpieo, gedopmarii CraloTh (QYHKIIIMA TiIbKH
BMIHHOI p :
_ 9w _ _ U
Epp = 877 Caa =&Yy = —,
P P
Epa = Ea = €9p = 0.
V 11b0My OKPEMOMY BHIAJIKY
Tpp = 21Epp + Ae,
Taa = 099 = 2iEaa + A€,

Opa = 0at) = 09p = 0,

€=Epp+2€0a=—47—+2—.
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PiBngnng piBHOBArm B OPTOTOHAJTBHUX KPUBOJMIHINHUX KOODIMHA-
tax. Y cdepuuniii cucremi koopaunar (p, ¥, ) (puc.4.2.4)

5(59p
09

ds

Gy, +

Puc.4.2.4.

00 pp 1 0opa 100, 20, —0aa — 0y +0psctgd

X =
dp  psind da  p OY p +Xp =0,

00 pa 1 Joaa 1800“9 . 30 pa +2049ctg? n
dp  psind da  p OY

00,9 1 Ooay 100y N 30,9 + (099 — Taa)ctg?

Xa:O>

Xy =0.
dp  psind Oa  p 0V p +Xo =0

PiBugnnga B nepeminiennasx
2 2 1 0 : 1 Ouqa 0
i Ve — 25 [tp + s 75 (ugsingd) + 1 Gie | } + (>\+M)37,><

1 0 1 0 : 1 Oug —
X Ti(p Up) + psinﬁaiﬁ(uﬂslnﬁ) + psind BLa:| +XP - 07
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2, 2 |0uy 1 _ cost Odu Ka
P Vg 02[819 251n219 U9 — Gn2yg 30tai|}+(/\+'u’)8l9x

10(,.2 1 1 Ouq —
X p2 Op (P up) + psind 09 (’U@Slnﬂ) psind 8ua :| +X19 - O’
2 2 Ju ou o (M) 9
H Vg +p 2sind |: Do +Ctgﬁ7ﬁ_2:im91|}+ psind 9o <
1 0 0 : 1 Oug —
X P2 Op (P uP) + psinﬂw(uﬁsulﬁ) + psind GUT} +Xo = ’

w"_‘

V2 9 22 + 1 2 sind— 9 + 1 872
02 Op P Op p3sind Y 09 p2sind 02’

4.3.3 TImmi oproroHaabHi cucTeMu

1. Enintuyni koopawaat 1 = A\, To = U, £3 = Z BU3HAYAIOTH 33 J0-
IOMOI010 (POPMYyJI IEPETBOPEHHS

L= C)‘//M Y= C\/()\Z—l)(l—p,Q), 2=z,

ne ¢ — macmrabauit MEOXKHUK. Merpuuni koedimientn (koedinienTn

Jlsive)

)\2

M=oyt

KoopanaaTHi moBepxHi:

A = const—nuaiHapu einTUIHOrO 1epepisy 3 pokycaMu B TOYKAX
r==c, y=0;

1 = const—cimeitcTBO KOH(MOKAIBHUX TinepOOiYHUX IUTIHIPIB;

2 = CONSt—TLJIONINHU.

2. ITapabosiyni koopaunaru. Ko r, 0—1oJgpHi KOOPAUMHATH TO-
YKW Ha TJIONIUHI, TO Tmapabo/idni KOOpAMHATA MOXKYTh OYTH BBEIEHI
3a JI0TIOMOTO0I0 (DOPMYJT

0 0
T1=A= 2rsin§, To=p= \/27‘COS§, T3 =2z.

Koopunarhi nosepxui A = const i p = const € napabosiaaumu 1u-
JIHJIpAMU, 10 TePEeTUHAIOTHCS, 3 TBIPHUMEU, TapaJIeTbHUMU OCi 2. 3B’d-
30K 3 JIEKAPTOBUMU KOODUHATAMU JAI0Th (POPMY/In

1
xzi(,uz—)?), Y=, z2=2.
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Mertpuuni koedirienTn

hlzhgzv)\z—i—u2, hg = 1.

3. Enincoigasibai KOOpAMHATH.
BeogsiThest 3a gonomoroio piBusiHb (@ > b > ¢)

$2 y2 22

=1
a2+)\+b2+)\+02+)\ ’

A > —c?—enincoin
72 y? 52
2 +23 +3 -
a*+pu b +u cf4p
—c? > o> —b?—0/IHOMOPOKHUHHMI Tiep6OJIois

72 y2 2

a2+u+b2+l/+02+u N
—b% > v > —a® ABonOpOKHUHAMIT rinep6oois.
Koxniit Touni x, y, z BiamoBigae TIIBKU OJHA CUCTEMA BEJTUUNH
A, e, U
ITapamerpu 1 = A\, T3 = y, T3 = V HA3UBAIOTLCS EJIIICOITHUMU
koopanHaTamu. Koopauuatu x, y, z BUPAXKAIOTHCS SIBHO Ye€pe3 A, U, V!

.y (A+a?)(p+a?)(v+a?)
B CESICETD

)

)

A+ b? b2) (v + b2
v SR

[0t te)
TV @@

Koedimientn JIssme 10piBHIOIOTH

1 (A=) (A—v) 1
MEo\ TRy 2T

S Sy (RS VO
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R(s)=+/(s4+a2)(s+b)(s+c2), (s=A ).
Omnepatop Jlammaca
V2 = oo L= VRO 85 (RO g—)+
+<u—A>R<u>£éR<u>gz) + (A=W R0) & (R)3)]-

Yacrunuuit po3s’s30K piBasgaHs Jlammaca, 10 3a/1eKuTh TIIbKY BiJl A,
U =U(\), nomaerbcst hopmyIo0

dX
U4 [ 555+ B

4. BupomkeHi emincoigaabHi KOOPANHATH.

me A1 B—nosigbai crami.

a) Cucremy BUPOJIZKEHNX €JIICOIIAILHUX KOOpauHAT (v, 3, ) st
BUTSICHYTOTO €JIIICOI/1a 00epTaHHsd BU3HAYAIOTH 33, JOTIOMOr010 (popMyJt

x = csinfcosp, y = csinasinfsing, z = cchacosf,
me c—wmacmrabamit MEHOKHNK; 0 <a<oo, 0 < <7, —m1<p <.
KoopanaaTHi moBepxHi:
BUTSATHYTI eJiincoign obepTanusa o = const;
JIBOTTOPOXKHUHHI Timepbosoinu obepranus 3 = const;
IJIOIIHU Y = CONSt.

Ksagpar enemenTta M0BXKUHU BU3HATAETHCA (DOPMYJIOIO
ds? =¢? (sh2a + sin2ﬁ) (da2 + dﬁQ) + 2sh?asin?Bdy?,
3BIJIKM JIJIsi METPUYHUX KOEMIIIEHTIB 0/IepKYIOTh 3HAYEHHST

hi= hy=c\/sh?a+sin?B3, hs=h, = csha+sing.

Pipuganng Jlamnaca mae BUDIs
2., 1 1 0 . 0
Viu= 02(sh2a+sin2,@) [m% (Sha ) * sinf 0 (Slnﬁ@ig)_‘_
1 1 0%u
+ (e ) 524 ] =0

6) Cucremy BUPO/KEHUX €MINCOTnanibaux Koopauuar («, 3, @) ast
CILTIOCHYTOTO eJIiIcoina obepranis BUZHAYAIOTH 3a JOMOMOIOK PiBHO-
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crei
x = cchasinfcosp, y = cchasinfsing, z = cchacosy,
0<a<oo, 0K<G<T, - Tt<p<m.
KoopmunaTai moBepxHi:
CILJTIOCHYTI eJtircoiau obepranug o« = const;
OJIHOIIOPOXKHUHHI TinepboJioiaun obepranus 3 = const;
IJIOIIUHU (P = const, O MPOXOIATh Y€Pe3 BiCh 2.

Ksagpar siniftnoro esiemenTa i oneparop Jlamiaca B po3rigaayTiii
crCTeMi KOODAWHAT MA€ BUTJIS

ds®> =¢? (ch2a — sin2ﬂ) (da2 + dﬂz) + ?ch?asin®fdy?,
2, 1 1 0 o] 1 0 : o]

1 1 92
(o + e ) 28]

sin“ o

5. Topoinanbui koopauuaru. CucreMmy TOPOITAJTBHUX KOOPIUHAT
(a, B, ¢) BU3HAUAIOTH 3a J0MOMOT0I0 GOpMyI
cshacosy cshasing csinf
~ cha— cosf3’ Y= cha— cosf3’ ~ cha— cosf3’
Jie C—MaCITabHU! MHOXKHUK;
0<a<oo, —m<f<m, —<p<m.

KoopamaaTHnMy mOBEPXHAMU €:
TOPHU v = const
c \2
(p—cctha)2+z2 = <7h ) , (p — A /582 _’_y2>7
sha

cdepu G = const

2
(z—ctgB)’ +p° = (Shcm) :

IUIOIIWHA (© = CONSt.
Bupasz gia kBagpara JiHINHOTO €IeMEeHTa MA€ BUTJIST

02

2 2 2 2 2
ds :m[da +dp"+sh*ady ],
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MeTpuYHI KOeillieHTH TOPIBHIOIOTH
c csha
cha—cos3’ ¢ ~ cha— cosf3’
i oneparop Jlammaca maerbcs BUpasom:
s 0 < sha 6u> 0 ( sha 8u>
Viu=—\ 77— |t o —%5 )+
Oa \ cha — cosf O 0B \ cha— cos(3 00
1 0%u
cha — cosf3)sha dp?’

3aMicTh 4 3pyYHO BBOJAUTU HOBY (DYHKIIIO ¥ 3a JOMOMOTOO CIiBBITHO-

IMEHHA
u = +/2cha —2cosf - v,

npu oMy piBHAHHS V2u = 0 3BOJAUTLCS 0 PIBHAHHS

1 1
Vaa +vgg +vctha + ZU + mvsw =0.

ha=hg =

1

6. Binosspui koopauHaTH.

a) BimosgpHi KOOPMHATH HA TLIOIINHI.
3MiHHI 21 = @, 2 = §, T3 = 2 HA3UBAIOTHCA OIMOISIPHUMHI KOOPINHATA~
MW, SKIIO iCHYIOTH PIBHOCTI
asha asinf

= Y= z=2z.
cha — cosf3’ choa — cosf3’

Merpuuni Koedilli€eHTH JOPIBHIOIOTD

hy=hy = —2 hy=1.

cho —cosf3’

6) Bicdhepuuni koopaunatu 1 = «, x9 =}, XT3 = @ BU3HAYAIOTH
3a JOTIOMOTOI0 (DOPMYJT
__ csinacosp _ csinasing _ cshpB
T ch3 — cosa’ v= ch3 — cosa’ T ch3 —cosa’
e c—CTaJinii MHOKHUK

0<a<oo, —co<f<o0, —T<p<m.
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i dpopmynn MoxKkHA 3amucaTéi B KOMIAKTHIN dhopMi

z+ip:cctga+lﬁ, (p: \/a:2+y2).

2

Koopaunarhui moBepxHi:
BepeTeHono1i0HI moBepxHi obepTanusd o = const

2
(p—cctha)2+z2:( ° ) )
sina

cdepu B = const

2
ot ot = (25

IJIOIIUHN P = CONSt.
Bupas mig kBajpara JiHifiHOrO ejeMeHTa B MPOCTOPOBUX OIloJIsAp-
HAX KOOPAMHATAX Ma€ BUIIST

C2

ds* = —
(chf — cosa)

[aloz2 +dB%+ sin2adg02] ,

3BIIKHT
c csino

h:h e =
V2™ chB—cosa’ T chB—cosa’

i piBagnHg Jlanmaca Habupae BUTISLY

0 sina du . K sina Ju n 1 0%u _0
Oa \ chf — cosa o 9B \ chf3 —cosa 03 sina(chf — cosa) Op?
IIpu po3B’a3yBanni piBHgAHHS Jlamjgaca 3pydHOIO € IIi/ICTAHOBKA

u =/ 2ch( — 2cosawv.

Toni mia GbyHKINT v BUXOAUTH PiBHAHHS
1 1
Vaa + Vg8 +vactga — EU + mvsw =0.
7. Cepoinanbui KOOpIUHATH.

a) Burarnyri cdepoinanbui KoopauHaTu 1 = \, To =, T3 =@
z=cAp, y=cy/ (N —1)(1—p?)cosp,
2 = e/ (2= 1)1 = p)sing,
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22— 2 A2 — 2
h — h =
1 c N _1° 2 c 1_//42’

hs = e/ D= 1)(1— 2).
6) CrumocuyTi cdepoinanbhi KOopuHaTH

2131:>\, T2 =M, T3 =@,

x=chpsing, y=c\/(A2—1)(1—p2), z = chucoseg.

IToBepxui A = const—cmwmocuyTti  cdepoimu, @ = const—
onHONOpOXKHWHHI Tinepbosoigu. Merpuuni koedirienT

)\2_/1/2 )\2_M2
hlZC\/Z, hQZC TMQ, h3:C>\M.

8. TTapaboJioigni KoopauHaT. 3MiHHI

$1:)\, T2 =W, T3 =P,
3YMOBJIEH] CITIBBLIHOIIEHHIMHI
1
T = Aucosp, y = Ausing, z = 5 ()\2 — ,uz)

HA3WBAIOTHCS MapaboJIoi THUMET KoopanHaTamu. Merpuaai KoedimieHTn

h1:h2:\/)\2+,u2, h3:)\u.

Koopauuatui moeepxui A = const, p = const € mnapaboJioigamu
obepraHHs HABKOJIO OCi cuMeTpii z.
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