JITHIVTHI JU®EPEHIIIAJIbHI PIBHAHHSI
IPYT'OI'O IIOPAIKY

ITEPE/IMOBA



Poznain 1

MEPETBOPEHHY JITHINTHITX
MNOEPEHITIAJILHIUX PIBHAHD
(JIIIP) JIPYTOI'O TIOPSIIKY

1.1 Bwuau JI/JIP apyroro mopsifiky Ta OCHOBHI THUIIA II€PETBOPEHbD.
ITobymoBa 3araJbHUX i YACTUHHUX PO3B’A3KiB X PiBHIHD

Jliniitni gudpepeniiaabai PIBHAHHS JPYTrOro MOPsJIKY 3aiiMaiOTh BayKJIUBE MICIle B T€OPil 3BU-
JaifHIX naudepeHIiaJbHnX PiBHIHB, OCKIIPKI BHHUKAIOTH B OaraThoX 3ajJadax, MOB’I3aHUX
3 MPaKTHUKOI0. Taki piBHAHHSA 3yCTPIYAIOTHCA Y HACTYIHUX BUIAX:

a(t)yu” +b(t)u + c(t)u = h(t) (3arampaa dopma); (1.1)
u' + g(t)u' + f(t)u = h(t) (crammaprua dopma); (1.2)
(p(t)u) + q(t)u = h(t) (camocupszkena dpopma); (1.3)

' + q(t)u = h(t) (kanoniuna dopma). (1.4)

e a,b,c h,qg, f,p,q — niiichi, HertepepBHi GyHKIIT Ha JgedkoMy npomikky I C R, npudomy
npuiyckaeTbest, mo p(t) > 0 upu t € . s piBusans (1.1) Touku 3 npomixkky [, B
AKuX KoedimienT a(t) JAOpIBHIOE HYJII0 HA3MBAIOTHCH 0C00AUSUMU Movwkamu piBHsHHA (1.1).
Hanpukna, i rinepreoMeTpuIHOro piBHAHHS

r(x — D" + (—y+ (a+ B+ Dau' + afu =0,

ne «, 3, — naiitcni crai, roukn © = 0 1 x = 1 € ocobausumu. Pisugnus (1.1) 6e3 ocobmmBmx
TOYOK 3BOJIUTHCA J10 piBHsHHA (1.2) micas moxinenns wa a(t). 3 mBox piBaans (1.2) i (1.3)
OCTaHHE € OLIbII 3arajbHUMU, OCKLIbKU piBHsiHHS (1.2) 3aBXKau MoxkKe OyTH 3alucaHuM y
camocHpsizkeHiit popwmi. JlificHo, 9KImo BpaxyBaTu, IO

t t !
= [g(r) dT) (f g(T) d7>
u + gt =e <t0 u/(t)e \o

)



ne to € I, 1o (1.2) MmoxKHa 3amucaTi y BUJi

/

e<_tf:gmd7> e<tf:g(T)dT>u'(t) + f(tyu = h(b),

abo
(p(t)u') + q(t)u = H(t), Tobro y Bumi (1.3),

e

t

t
J g() d7'>

p(t) = egw)ﬁ) >0, q(t) = f(t)e@gde) H(t) = h(t)e<t0

)
YacTroBe 00€pHEHHS IIHOI'0 TBEP/IZKEHHS TaKOXK € CIIPABEJINBUM, OCKIJIbKH AKINO (DYHKIA P
HerepepBHO JudepeHItiiioBHa Ha IPOMiKKY [ TO PIBHAHHS y caMOCIpsizKeHiil (popMmi MoKHa,
3aIlUCcaTh Y BUJII
p) , at) _ h(t)
U u= ,
p(t)  plt) p(t)
a 1e piBHsgHHA Mae Buj (1.2). Y Bumajky, Ko QyHKINS p HelepepBHa, ajie He Ma€ Hele-

PEpPBHOI TOXI/IHOI PIBHAHHSA Yy CaMOCIHpsXKeHiil bopMmi He MOxkKe OYTH 3allUCaHUM y BUTJISIL
(1.2). Toxi piBuasiaHs y camoctpsizkeniit ¢popmi (1.3) MOKHA 3BECTH 3 BUKOPUCTAHHIM 3aMiHI

uw(t) = z1(t), pt)u'(t) = z2(t)

JIO JIHIIHOI cHCTeMU JIBOX JIHIHHUX JudepeHIiaJlbHiuX PIBHAHD MIEPIIOrO MOPJIKY

u/l +

Ty = o)’ zy = —q(t)xy + h(t). (1.5)

3 HenepepBHUMHI Ha [ KoedimieHTaMu.

PiBustans y camocupsizkeniit opmi (1.3) mpu p(t) = 1 € piBHsHHAM Y KaHOHIYHI dhopwmi
(1.4), a mpu p(t) # 1 mMoxke GyTH 3BeJIeHUM JI0 PIBHSIHHS Y KaHOHIUHi# dopmi 3 BUKOpHCTa-
HHSAM 3aMIiHU He3a/Ie7KHO1 3MIHHOT

t

dr
s = /]ﬁ +C, (1.6)

to

ne to € I, C € R Tyt noxinna dbyskiii s(t) gomarHa i romy jyist Hel icHye obGepHeHa
dbyukuis t(s), mo BusHaueHa Ha Jeskomy npoMmixkky [1. Tomi w(t) = wu(t(s)) = v(s) i
OymemMmo MaTu

du d(v(s(t)) , ds 1

P A T Ok
d dy\ d o1 st o, ds o, 1
3 (0057) = (e ) = 550 = 05 =015

[TlincraBnstoun ocranHe criBBignomenns B (1.3), oTpuMaeMo BITHOCHO HOBOI He3aJIeKHOT
3MIHHOI § PIBHAHHSA Y KAHOHIYHIN (hOopMi BUTISILY

V" 4+ Q(s)v = H(s), (1.7)



Jie
Q(s) = p(t(s))q(t(s)), H(s) = h(t(s))p(t(s)) v(s) = u(t(s)).
3BepHEMO ynary Ha Te, 10 Y BUIAJKY, KOJII
p(t)q(t) = ¢ = const,
piBustaHs (1.7) € piBHAHHIM 31 cTaguM KoedirieHToM
V" 4+ cv = H(t).

Busnaunmo Bujt npoMikky [, Ha sskomy Tpeba posriagigaru pisustaug (1.7), saxiio mpo-

mizkok [ wmae Bug [ = [a,w[, ne w < +o0o0. Bukopucrosyoun s3aminy (1.6) y Bursi
t

S:/]%a

a
MIPUXOIUMO JIO BUCHOBKY, IO

w

11:[07001[7 e w1:/

a

dr
p(r)’
TOOTO W BIOOPAsKAETHCST B Wy . 3BiJICH, 30KpeMa, 3po3yMino, mo I = [0, +00[, sKio

w

piBastHHS (1.3) TaKOXK MOXKHO 3BECTH JI0 PIBHSIHHSI BUSHAYEHOIO Ha HECKIHYEHOMY IIPOMIZKKY

Y BUNAJIKY KON

-1
w
L =[C,+oc[, ne C = (f z%) , 3a JIOIIOMOT0I0 nepemeopenns Bonza

a

w -1

d
aty = 28 /—T | (1.8)
s p(T
t
B pesyibraTi 116010 nepeTBOpeHHs OTPUMAEMO PIBHSIHHSA Yy KaHOHIUHIN (hpopMi BUTIIATY
t)q(t t)h(t
dqjﬁgﬂvzpﬂg), (1.9)
S S

B sikoMy y Bupasax p(t)q(t) i p(t)h(t) morpibro 3aminuTu t dyHKI€ t(s), 0bepHEHOIO
st s(t) . Bokpema, came piBHsHHA y KanoHiuHiil dopmi (1.4) (p(t) = 1), mo Bu3HAYEHO HA
ckinuenoMy npomizkky I = [a,w[ 3a jomomororo 3amin Borra

-1

u(t) = —=, s= /dl—T = . (1.10)

w



3BOJINTHCA BIJTHOCHO HOBOI HE3AJIEXKHOI 3MIHU § JI0 PIBHAHHA Y KAHOHIYHi (hOpMi HACTYITHOTO
BUIJISTY

v = v=—=, (1.11)

st

dKe BU3HAYEHO Ha MPOMIKKY [; = [wia, +00 [

Ockinpku piBasang (1.2) 3BoauTbes 70 piBHAHHA (1.3), TO BOHO MOTIM TeK MOXKe OyTH
3BEJICHUMU JI0 PiBHsIHHS y KoHOHIuHiiT (popmi. Tpeba, onnak, 3a3nadntu, 1o piBHsgHHs (1.2)
y BHUIQJIKY, KON (PYHKIA ¢ HelepepBHO gudepeHiiiiioBana Ha TPOMiKKY [ Moxke OyTu
6e3mocepeIHbO 3BeIEHNM JI0 PIBHSAHH: y KaHOoHITHIA dopmi (1.4) 3 BUKOpUCTAHHSAM 3aMiHI
HEBiIOMOT (PYHKITIT

(4o
u(t) =wv(t)eN fo . Je toel (1.12)

B pesysibrari i€l 3aMiHr OTPUMY€EMO BiIHOCHO HOBOT HeBitoMol (byHKIIT v(f) pIBHSIHHS BHLY

INELRD

t
%% g(1) dT)
2 4 )

+ f(t)> v = h(t)e< (1.13)
Hany 3aMiHy 3py9IHO BUKOPHCTOBYBATH, KO HOTPIGHO, 00 HY/ po3B’s3KiB piBHsiHHS (1.2)
CIIBIAJATH 3 HYJISIME PO3B ' sI3KiB piBHsIHHS y KaHOHI4HI dopmi (1.13).

3 Teopil yiniitHuX JudepeHniaabHuX PIBHIAHD BiZIOMO, IO Jjisi KOXKHOIO 3 piBHAHB (1.2)
— (1.4) upnu 6yap-akux tg € I, up,uy € R 3amaua Komil 3 BouaTkoBuME yMOBaMu U * ty) =
ug, u'(tg) = uy Mae eIUHHUN PO3B’A30K, NMPUUOMY Ieil PO3B’A30K BH3HAUECHUIT HA BCHOMY
MPOMiKKY [ .

Y Bunajky, ko h(t) # 0, piasans (1.1)— (1.4) e niniianvu zeonHOpiHUME THbepeH-
miasparMu piBasaEAME (JIH/IP) apyroro nopsinky. 3rigxo 3 Teopieto JiniitHuX nudepeHti-
aJIbHUX DIBHSIHB 3arajbHUil po3s’s30K KoxkHOTO 3 JIH/IP apyroro mopsiaxy (1.1)—(1.4) mae
3araJibHUI PO3B’SI30K BUTISLY

ne u*(t) — Oynp-saKuit yactuuanii poss’asok JIHAP, Cy, Cy — nosinbui aificui crasi, ui(t), us(t)

— JiiHiiiHO He3asexkHi Ha NpoMiKKY [ po3s’a3ku (dyHIaMeHTaIbHA CiM’S PO3B’S3KiB) Bij-

HOBiIHOTO JTiHifHOTO OJTHOPIIHOTO Audepentiaabroro pisusauus (JIOIP) npyroro nopsixy.
Mg JIHAP (1.1) — (1.4) signosigauvu JIO/IP € piBusgnus Buy

a(t)u" + b(t)u + c(t)u =0 (3aranbha dopwma); (1.1p)
u' + gt + f(H)u=0 (crammapraa dopma); (1.29)
(p(t)u') + q(t)u =0 (camocupsizkena dopma); (1.30)

y" 4+ q(t)y =0 (xanoniuna dopma). (1.4¢)

PiBustans (1.49) HOCHTB TAKOXK Ha3BY deousene AiHiline JuPeperyiarvre PieHAHNA.

3rijgHo 3 KpurepieMm dyHmaMeHTaIbHOCTI po3B’sa3ku uy(t), us(t) JIOAP apyroro mopsi-
Ky YTBOPIOIOTH (DyHIAMEHTAJIbHY CIM'IO PO3B’A3KIB TOJI 1 JiMIe TOMi, KOJU BPOHCKIaH IUX
pPO3B’sI3KiB

W (ur, uz)(t) =

ui(t) ua(t) ' (1.15)



BIIMIHHU BijT HY/Is Ha NPOMiXKKY [ . BiJIbIT Toro, dKImo BiH BijMiHHMI Biji Hy/Id Xo4da O B
ozl Tour 3 mpomizkKy [, To BiH € BiaminauM Bijg Hysist Beroau Ha I . g JIOIP (1.2¢) i
dakTn, 30KpeMa, BUILIMBAIOTH 3 TOrO, IO 3rijino 3 dopmyoio Jliysimig-Ocrporpajacskoro
Tt Oy Ib-IKUX pO3B’si3KiB uy(t), us(t) piBmanma (1.2) i Oyap-sikoro ty € 1

— ftg(f) dr
W (uy,u2)(t) = Wur, us)(to)e ‘o upu tel. (1.16)

OtepKUMO B BPOHCKiaHy Po3B’si3KiB Oibmt 3araibroro JIOAP y camocnpsikeniit popwmi
(1.30) . Hexait uy(t) i us(t)- poss’si3ku 1poro piBastHHA. Tosi

(p(Hur(t)) +a(t)us(t) =0, (p(t)uy(t)) +q(t)uz(t) =0 mpm te€I.

[TomuoOKaI09M APYTY 3 IUX TOTOXKHOCTEN Ha uy(t), mepury Ha us(t) 1 BigHiMaoun orpuMani
TOTOXKHOCTI, OyZeMO MaTn

(p()ua () ua (1) — (p(H)ur () ua(t) =0 mpu t € 1.

BpaxoBytouu, 1o

((p()uy(0)ur (t) — (p()uy ()ua(t) = (p(V)us (1)) wa(t) — (p(H)ur (1)) ua(t) mpm te ],

MIEPENUIITNMO OCTaHHIO TOTOYKHICTH Y BUTJIS/II

(p(t) [(uhy()ur (t) — us (Hux () =0 upu t € 1.

3Bijicl BUILINBAE, IO

p(t) [(ua(t)ua () —uy()ua(t)) = ¢ mpn t €1,

abo
uy (B)uy(t) — ug(t)uy(t) = (— npu tel
Jie ¢ — jiiicHa cTajia, sKa 3a71exKuTh Bi uy(t) 1 us(t).
TyT Bupas, mo croite JiBopyd € BpoHcKianoM W (uy,us)(t) poss’sskiB wuy(t) 1 wus(t)
oHOPiHOTO JndepeHtiagbHOro piBHsHHES (1.30), TOOTO

W (g, us)(t) = nmpu tel (1.17)

c
p(t)
i ToMy 11l PO3B’S3KM € JIHITHO He3aJEKHUMU TO/I 1 Jiuite Toji, Ko ¢ # 0.

Y Bunajky, ko p(t) = 1 (robro mrs JIOAP y xawmoniuniit dopmi (1.4¢)) Bponckian
Oy/ib-gIKOT TIapu PO3B’si3KiB U1 (t), us(t) 1BOro PIBHAHHSA TOTOKHBO JIOPIBHIOE CTAJIi

W(uy,ug)(t) =c mupu tel. (1.18)

Y dopmyui (1.14) 3aransroro poss’sisky JIHAP moganok Chiuy (t) + Cous(t) € 3aranbamm
posB’sa3kom Bimnosigaoro JIOIP. Busnadenns sarajgbHOro poss’sisky Biamosimaoro JIO/IP
JIO3BOJISIE 3 BUKOPUCTAHHSIM METO/Ty Bapianii craaux Jlarpanrka 3HaiTH 9aCTHHUI PO3B’30K

w*(t) JIH]IP.



Hexait uy(t), us(t) — niniitno nesamexui na npomizkky [ poss’ssku JIOJAP (1.2y). Toxi
Cruy (t) + Coug(t) € 3aragbHIM PO3B’A3KOM IHOTO PIBHAHHS. lmes MeTomy Bapiariii craamnx
Jlarpanxka nossgrae B Tomy, 1mo6 saminusmu vyt cragi Cp, Cy dyukuisvu Cq(t), Co(t),
migibpaTu i pYHKIHT TaKUM 9UHOM, 1100 (DyHKITis

u(t) = CL(tun(t) + Co(t)us(t) (1.19)

6ysa poss’askom JIH/IP (1.2).
g miel pyHkIii Mmaemo

u'(t) = Cr(t)ua(t) + Cr(t)ur(t) + Co(t)ua(t) + Ca(t)us(t).

[MTo6 crpocTuT BUIJIAM, 1€l 1 HACTYITHOI MOXi/IHOI IMOKJIAJEMO TYT CYMY JOJQHKIB, sKi Mi-
crare C] 1 C) piBHOW0O HyITIO

Ci(t)ur(t) + Cy(t)us(t) = 0. (1.20)

Toui 6ynemo matu
u'(t) = Cr(t)uy(t) + Co(t)us(t), (1.21)
u’'(t) = C1(t)uy (1) + Cr(D)uf(t) + Ca(t)ug(t) + Co(t)us(t). (1.22)

[Migcrasiasgoun Tenep mykany GyHKIio v ta 11 noxigai u', u” 3 dopmyn (1.19), (1.21) i
(1.22) y JIHJP (1.2) orpumaemo piBHICTH

Cr(t) [u () + g()ui () + f(E)ua ()] + Ca(t) [uz(t) + g()us(t) + f(Dua(t)] +
+C1()us (1) + Cy(H)us(t) = h(t)

Ockimbku uy(t), us(t) — poss’szku JIOAP (1.2), To BuUpa3wm IO CTOATH y KBaJpaTHUX
JIy2KKaX TOTOXKHBO JIOPIBHIOIOTH HYJIIO Ha MPOMiKKY [ 1 Tomy

Cr(t)ur(t) + Co(t)uy(t) = h(t) (1.23)
Cuissinnonenns (1.20) i (1.23) yTBOPIOIOTH JHIAHY HEOJHOPIAHY CHCTEMY

{ Ci(t)ur(t) + Co(t)us(t) = 0,
Cr(t)ur(t) + Co(t)us(t) = h(t)

BimmocHo nesizomux dbyukuiit Cf(t), C4(t) . OCKIIbKYE BUSHATHIKOM I[i€] CHCTEMH € BPOHCKI-
ain W (uy, us)(t) mimiitHo HesasmekHNX Ha IPOMIXKKY [ po3B’s3kiB wuy(t), us(t) BimmosigHoro
JIOP (1.2y), To BiH BiagMiHHMI Bij HyJst Ha TPOMIXKKY [, i TOMY Il CHCTEMa Ma€ €JIuHU

PO3B’SI30K
us(t)h(t) uy (£)h(t)

—W(ul,ug)(t)’ Cy(t) = —W(U17U2)(t) npu tel.

[aTerpyroun 1i TOTOKHOCTI Ha MPOMIXKKY Bif tg 70 t, 1e ty — Oy/b-sKe YUCJIO0 3 TPOMIKKY
I, orpumyemo 1ryKaHi pyHKIT

cit) = -

/ uy(T)h(T) dT

/ us(T)h(T) dT
W (g, uz)(7)

Wiy ) () Ca(t) = Cs(to) +

to to



[igcrassroan nami dynkmil B (1.19) omepxxumo poss’azox JIHIAP (1.2)

[ (F)h(7) dr
W (uy, us)(7)

[ ws(mh(r)dr | |
W, ug) () | 120 | 00

to to

u(t) = wi(t) | Oy (to) — (1.25)

Tyry skocri C(tg), Co(ty) MOXKyTH ObupaTucs Oyab-sKi gicai crasi. 3okpema pu C(ty) =
Cs(ty) = 0 orpumyemo gacturnuii po3s’azox JIHIP (1.2) suxy

/ uy(T)h(7)dr
W (u, ug)(7)

tUQ(T)h(T)dT "
W (w1, ug)(7) Fualt)

to to

upu te€l, (1.26)

SIKUiT 33/I0BOJIbHsIE TOYaTKOBI yMoBH yMoBH u(ty) =0, u'(ty) =0.
Akuro norpibuo 3Haiitu poss’szok JIHIIP, mo 3agoBosbHsie odaTkoBi ymoBu u(ty) =
ug, u'(tg) = ugy, To Tpeba crami C(tg), Ca(ty) B (1.25) BusHAYMTH 3 CHCTEMU DIBHSIHB

{ C1(to)ur(to) + Ca(to)ua(to) = uo,

Cy(to)u) (to) + Oy(to)ub(to) = ub. (1.27)

[Tpu rpomy y Buruiszi (1.25) mykanoro poss’szky JIH/IP (1.2) momanok ug(t) = Cy(to)ui(t)+
Cy(to)us(t) 6yae poss’saskom Bignosiguoro JIOIP (1.2¢) , saxuii 3a,10B0JbHsIE yMOBHU g (ty) =
ug, uy(te) = ug, a momanok u*(t) 3 (1.26) — poss’szkom JIH/P (1.2), mo 3asg0BosbHSIE
HyJIbOBI IoUaTKOBl ymMoBu u*(tg) =0, u* () =0.

Orpumannit po3s’sizok JIH/IP MoxkHa BU3HAYATH TOUHIINIE, SIKIIO PO3B’SI3aTH CHCTEMY
piBuganb (1.27). 3 niel cucremn MaeMo

Ci(tog) =

U/QUIQ (to) — U9 (to) Cg(to) _ ugul(to) — uou’l (t())
1

uy (to)uh(to) — ua(to)us (to)’ uy (to)uy(to) — ua(to)ui(to)

[lincraBistoqn i 3HadeHss y dhopmyy (1.25), momitaemo, 1110 BoHA MOXKe Oy TH 3amnuCaHOIO
y BUJII

i (t)us(to) — ua(t)ui(to) o+ uz()us (to) — ur(t)usa(to) g
ur(B)ub(to) — ugtyua(to) wr(to)uh(to) — ualto)ul (to)

[ Jun(t)uus (7) — un (£)un(r)](7) dr
*/ W, 1) (7) /

ut) =

to

abo y BUTJIsII
t

u(t) = ex(t, to)uo + calt, to)uiy + / es(t, T)h() dr, (1.28)

e t)ul )
et ) = uy () us(T) — us( )U1(7')7 oo(t,7) =

g (t)uy (1) — uy (t)ug (1)
W (ur, uz)(7) '

W (uy, us)(7)




Tyr dyuxuii ¢ (t,7), cot,7) € poss’askamn (Bignocno sminnoi t) JIOAP (1.2) ski npn
t = T 3aJI0BOJIBHAIOTH BI/IOBIIHO HACTYIIHI II0YATKOBI yMOBU

ot ot

dbopmyra (1.28) e Bimomoro dopmysoro Kot mas JIHAP (1.2). [Ipu mpomy dbyukiis co(t, 7)
nocuTh Ha3By dyukiiga Komi. @opmyna Ko jgae MOXKIIMBICTE Bijipa3y 3allMCyBAaTH BU-
rutst poss’sisky JIH/IP (1.2), sikmit 3am0BosibHsIE IOUaTKOBl ymMoBU u(ty) = wg, u'(ty) = uy .
3okpema, 6yIeMo MaTh 300parKeHHsI

c(r,1)=1, =0, c(r,7)=0, =1.

u(t) = /Cg(t,T)h(T) dr, (1.29)

JIJTsT YACTUHHOTO PO3B’I3KY, IO 3a/I0BOJIBHIE HYJIBOBI TOYaTKOBI yMoBH u(ty) = u/(tg) = 0.
s JIHJP Bumy (1.3) y camocnpsizkeniit dopmi, obupatoun apa poss’sisku uy (), ua(t)
Bignosigaoro JIOIP (1.3g), mis skux y dhopmyi ix Bporckiany (1.17) crana ¢ # 0, mogi6HO
nonepetaboMy orpumyemo it bynkmniit Cy(t), Ca(t) 3 (1.19) cucremy piBHAHD
[ Gm i =0,
h
Cr (1) (1) + Cs(t)up(t)] = 43,
3BijcH 3HAXOIUMO
h(t)us(t)
POW (ur, uz)(t)”

h(t)ua(t)
p(O)W (w1, ug)(t)’

Ci(t) = — C5(t) =

abo 3 ypaxysauusam (1.17)

Y

C C

Y

[arerpyroun 1 CHiBBiIHOIIEHHsSIHA TPOMIKKY Bijt to 10 t (tg, t € I, Gyjnemo maTu
t t
1 1
Cl(t) = Cl(to) — E /'LLQ(T)h(T) dT, Cg(t) = Cg(to) + E /Ul(T)h<T> dr.
to to
[Tigcrapistoun 11i 3Hadentnst y dhopmyiy (1.19) orpumaemo poss’azok JIHIP (1.3) Bury
t
u(t) = Oy (to)ui(t) + Colto)ug(t) 4+ c* /[u2(t)u1(7) — uy (t)ug(7)|h(T) dr.
to
Tyt cyma C(to)uy(t) + Coto)ua(t) € poss’saskom simnosigunoro JIOJAP (1.3y) (ax mimiiiaa
KOMOiHAIIisT IBOX HOT0 JIHIHO He3aIe’KHIX Ha MPOMIKKY [ pO3B’sI3KiB), a ocTaHiil 10/1aHOK
t
u,(t) = c* /[u2(t)u1(7') — uq (t)ue(7)|h(T) dT (1.30)

to



¢ poss’askom JIH/IP (1.3), akuit 3a10B0/1bHS€ HYI50B1 ToIaTKOBL yMoBu u(ty) = u/(ty) = 0.
Y 1mpoMy iHTerpaJbHOMY BUpasi MYHKILiA

Eg(t, T) = cil[u2(t)u1 (7') — U1 (t)UQ(T)

e dbyukiieo Komri. Buznaunmo takoxk Bugy poss’szky JIHJIP, 1o 3a10BoJibHSIE TOUATKOBI
ymoBu u(ty) = ug, p(to)u'(to) = ug . Jia nporo mocrarabo B cymi C(to)uq () + Colto)us(t)
BU3HAYUTHU CTAJI TAKUM YMHOM, MO0 BUKOHYBAJUCh PiBHOCTI

Cy(to)uq(to) + Colto)ua(ty) = UO;
Ch (to)u) (to) 4 Calto)ul(te) = —os

~ p(to)

3 nieil cucremn 3 BukopucraunusM TotoxkuocTi (1.17) snaxomumo C(ty), Ca(ty) 1 nimcrasiso-
an ix y cymy Cf(to)uq(t) + Co(to)ua(t) , oTpuMyEMO HACTYIHUI BUTJISL IIIyKAHOIO PO3B’SI3KY
t
U(t> =0 (t, to)Uo + EQ(t, to)U6 + /Eg(t, T)h(T) dT, (131)
to

e
p(to)

Ci(t to) = [y (E)us (to) — ua(t)u) (to)]-

Hana dopmyna i € dpopmynoro Komri mist JIHIIP y camocnpsizkeniii dopmi (1.3).

3 BHUIIEBUKJIAIEHOTO 3p03yMiJio, 1o inTerpysanus JIHIP apyroro nopsiiaky 3rigno 3 dop-
mysamu (1.14), (1.25) i (1.28), (1.31) 3BoamTHCA J0 iHTerpyBatus Bifmosignoro simifinoro
OJIHOPITHOTO AU EePEHITaJIbHOTO PIBHSIHHS, & caMe JI0 3HaXOKEHHsI IBOX HOro JIHITHO He3a-
JIe’)KHIX Ha TpOoMiKKY [ poss’s3kiB (byngamenTanbHol cim’i po3s’askis). Hapasi Buankae
IATAHHA B IKUX BuHagkax mu Mmoxkemo 3Haiitu @CP JIOIP apyroro nmopsaky. 1o mepire,
1€ MOYKHA 3POOUTH JJIST PIGHAHHA 31 CMAAUMU KOCHIUIEHMAMU

av” 4+ bu' + cu =0, (1.32)

ne a,b,c — nmificui crami, a # 0.
JL1st IbOro PiBHSAHHSI 3T1IHO 3 Teopi€ro JiHIMHIX AudepeHIiaJIbHIX PIBHAHD CKJIAIAETHCS
BIJITIOBiTHE XapaKTEPUCTUYIHE PIBHIHHS

ar’ + b\ +c=0. (1.33)

At Aot
7

1. dkmo ne piBHsHHA Mae pi3Hi mificHi KopeHi Ay, Ay, TOo PYHKILI € e™?" yTBOPIOIOTH
dbyunamerntanbry cim’to poss’saskis JIOIP (1.30) i 3arasibHuit ioro po3s’s30K Mae BH/T

u(t) = CreMt + Cye,

ne C1, Cy — noBinbHi gificHi cragi.

2. dkio KopeHi XxapaKTepUCTUIHOIO PIBHIAHHA KpaTHI A\ = Ay = A\, TO pyHIaMEHTAIbHY
ciM’to posB’asKiB audepeniianbioro pisasnuga (1.32) yreopioroTh dynkiii e, ter i itoro
3arajbHUIl PO3B 30K Ma€ BUJL

U(t) = GAt(Cl -+ tCQ)
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3. Y BHIAJIKy KOMIIJIEKCHO CIPSZKEHUX KODEHIB Ao = o % i3 XapaKTepUCTHIHOIO piB-
manang (1.33) pisasang (1.32) mae dynmamenTanbay civ’io po3s’askis e sin 5t, e cos ft i
3araJIbHIil PO3B’sI30K

u(t) = e™[C sin Bt + Cy cos f5t].

Haitnpocrimumu cepest piBHSHD 31 cTaguMu KoedillieHTaMU € JIBOYIEHI PIBHIHHS

2

u=0, u'+au=0(@a#0), u =0. (1.34)

u' —a
Bouu mMaoTh (BiIIOBIIHO) HACTYIIHI 3arajbHi PO3B’S3KMU:
u(t) = Cre™ + Coe™™  w(t) = Cysin(at) + Cycos(at);  u(t) = Cy + Ost,

ne Ch, Cy — noBibHI aiiicH] craJi.
Haragaemo rakoxk, mo giast JIH/IP 3i craaumum xKoedimienTamu i crieriabHUIMKA BUIaMEI
IpaBol YaCTUHHI
u +au +bu=h(t) (i=1,2), (1.35)

e
hi(t) = Pa(t)e™,  holt) = Pn(t)e“t{ ig;ﬂﬁi :

Po(t) = apt" + ait" ' + ...+ ay,,

JacTUHHUI po3B’s30K u*(t) piBHanug (1.35) moxke Gyrn 3naiinenum 6e3 interpysanus (6e3
sacrocyBants opmysu Kori), a 3 BAKOPUCTAHHAM MEMOJY HEBUSHAYEHUT KOePiyieHmie.
Y Bunajky npaBol yacTuHu hi(t) YacTHHUIT PO3B’SI30K NIYKAETHCS Y BUIJIA

ut(t) =t° (Apt" + At" T+ L+ Ay) e,

qe s =0, FKIIo 9ncjo @ He € KOpeHeM XapakTepucTuaHoro piBusHHsA (1.33), s =1 (s = 2),
SIKITIO YUCJIO (v € MPOCTUM (KPATHUM) KOPEHEM XapaKTepucTHIHOro pisHsHHS (1.33).
Y BumaJKy mpaBol 9acTuHu ho(t) dacTHHHUI PO3B’S30K IIYKAETbCS y BUIISAI

ut(t) = t° [(Aot" + Ait" '+ ...+ Ay) cos Bt + (Bot™ + Bit" ' + ...+ B,) sin 8t)] ™

jge s =0, Ko unucyao « + iff He € KOpeHeM XapaKTepUCTHYHOro piBHsHHs (1.33) 1 s =1,
SIKITO 1ucyio v+ i € kopeneM piBustaus (1.33).

Tyt koedinientn A;(i = 1,...,n),B;(i = 1,...,n) BU3HAYAIOTHCS MCJs IMiCTAHOBKH
u*(t) B piBmsnu:(1.35).

Hpyrum pazkimsuM kjaacoM JIOIP apyroro nopsky, st SIKAX MOXKe OyTH BH3HAYCHUM
3araJibHU PO3B’S30K, € pieHAnHA Fiaiepa

t*u” 4 atu' + bu = 0, (1.36)

e a, b—miticai crasi. Ockinbku Touka t = 0 € 0cOOJMBOIO JIJIsT TAKUX PiBHSIHB, TO BOHU
okpeMo posrsafarorbesa pu ¢ > 0 1 ¢ < 0. Pieuaung Eitrepa (1.36) 3a jomomoroo 3aminn
He3aJIe2KHO1 3MIHHOL

s=1Inlt|, u(t)=u(t(s)) =uv(s)
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seojuThest 10 JIOJIP 31 cramumu koedimienTaMu, XapaKTepUCTHIHUM PIBHSIHHSIM SIKOTO €
PIBHAHHS BUTY

N A+a\+b=0.

IHIPUKJIAJ] 1.1. 3uaiitu 3arajbanil po3B’ 30K IDEPeHIaIbHOIO PiBHIHHS

o
u" 4+ = ol = 0. (1.37)
ane piBHsiHHS € piBHAHHAM Eitstepa. 3acToCoBYIOUH /10 HHOIO [IEPETBOPEHHS
s=1Inlt], u(t)=u(t(s)) =uv(s), (1.38)
OyIeMo MaTu
du(t) dv( yds 1 " du'(t)  d(v'(s)7)
— _ t — — —
it~ as a Uy wO= dt
dv'(s) 1 1 dv'(s)dsl 1 1 1 1
= WLy L = WL ) = () () = & (0(5) 0/ (9).

[Tigcrasisroun 3uadenns u(t) i u”’(t) B 3a7aHe piBHAHHS, OJEPKUMO

sy —vis) + 2 =0,

2 2
abo
V' =0+ v =0 (1.39)
[e piBusinug 31 crayumu koedirnienramu. CKIa1a€Mo Jj1s HbOI'O XapaKTePUCTUIHE PIBHAHHS
M- A+pu=0.
Bono mae kopemni
1
) 1 1Tk <1
= - SIKIITO .
1275 B ) mo M 4’
1 1
Ao = BY AKINO [ =
1
R VAt 1
Ao = 3 + ZT, AKIO [t > T
Tomy orpumMyemMo HBCTYITHI (POPMYJIH JjId 3araJIbHOTO PO3B’ 3Ky JInU(EPEeHITaIbHOTO PiBHS-
uug (1.39)
<1+\/31“> <1+\/411“>
2 2 $ 2 2 s 1
v(s) = Che + Cse . AKIIO i < T
1 1
v(s) =e2® (Cy 4+ Cys), dgKmo p= 7
1 p= RV 1
v(s) =e2® [ Cycos 5] + Cysin s AKIO o> 7.

12



3Bizcu 3 ypaxysanusam 3amian (1.38), moBepTarodnch 10 BUXiTHUX 3MIHHUX ¢ 1 U, OIEPIKYEMO
3arajibHUI PO3B’A30K 3a1aH0ro udepeHiiaabHoro pisasiaas (1.39)

4
1 1
u(t) =t|2 (C1 + Coln|t]), saxmo p= 7
1 1
1 VTG _ H=3 1
u(T) = [t|2 | C1cos —5 In |t| + Cy sin 5 In |t] AKIO 4> .
[Toxiouuit no piBusuusa Eitnepa surssy mae pienanns Jlaeparoica
(at + B)*u” + a(at + B)u' +b =0, (1.40)
ne «, [, a, b— miitcui craii. Bono mae ocobiuBy TOUKy t = —g 1 OKpEMO PO3TVIAIAETHCA

g B : " .
npu ¢ > —5a Takox npu t < —5. 3 orsty Ha piusHHe Eilniepa crae 3posymismM, mo
BOHO 3 BUKOPHUCTAHHAM 3aMiHU He3aJIezKHOI 3MiHHOI

s =1In|at + [

3BOJIUTHCS JI0 PIBHSIHHA 31 cTagumu KoedimieHTamn BijgHOCHO HeBimomol dyHKmil v(s) =

u(t(s)) -

BarapHNl pO3B’I30K JIETKO MOXKHa oTpuMaTn Takoxk it JIOIP apyroro mopsaky Bumty
u" + g(t)u' =0,

OCKLIBKH BOHO 3a JjionomMoroio mepersopenns u'(t) = y(t) 3Bogurees s JIOAP neprroro
HOPSAJIKY
Yy +9(t)y =0,
SIKe JIETKO IHTErPy€eThCs.
JIOJIP npyroro nopsiaky

P + Q) + R(t)u =0 (1.41)
6y,ILeMO HaSuBaTU MOYHUM, AKIIIO BOHO MO2Ke 6yTI/I 3allUCaHUM Y BI/IFJIH,ILi
(L) + (ft)uw) = 0.

ne f BusHauaeTbed y TepMinax P, Q) i R.
Tyt niBa gactuna (1.41) € Tounoro noxigaoro Bupasy P(t)u’+ f(t)u i Tomy inTerpyBanms
piBasinast (1.41) 3BoguThes jo inrerpysanus JIH/IP nepioro mopsiaky

Pt)u + f(t)u = Cy,

ne C1 — moBiabHA JificHa cTaJa.
Axmo dyukiigs P —asiuui menepepsuo gaudepentiiioua, () — HernepepBHO audepeHiri-
iioBHa 1 R — HemepepBHa Ha MPOMIXKKY [, TO yMOBa

P'(t)—Q'(t)+ R(t) =0 (1.42)
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€ HeoOXiHOIO 1 T0CTaTHROO J1JIst TOTO, MO0 piBHsAHHA (1.41) Gysi0 TOUHWM.

HHPUKJIAJ] 1.2. 3uaiitu 3arajibanii po3B’ 30K IEPEHIaIbHOIO PiBHIHHST
u" +tu' +u=0. (1.43)

Jns nanoro pisusausa P(t) = 1, Q(t) = t, R(t) = 1 i tomy ymoBa (1.42) BukomyeThcd,
TOOTO PIBHAHHA € TOYHUM. [Ipy 9oMy HEBasKKO 3pO3yMITH, IO
v+t +u=u" + (tu) = (v + tu)
Tomy 3 (1.43) orpumyemo, 1o
u +tu=C,
ne O — nosirbHa gificaa crasta. [nrerpyroun me JIHJIP neproro mopsaky, OyiemMo mMaTu
t
7_2
u(t)=e 2 | Cy —1—01/62 dr |,
0

ne C1, Cy — noBLIbHI jiiicH] cTaJi.
Axmo piBastans (1.41) He € TOYHUM, TO € MOXKJIUBICTD CIIPOOYBATH TMiIOpATH MHOKHUK
w(t) Takum 9uHOM, MO0 PIBHSHHS

p(@) P()u” + p(t)Q()y" + p(t) R(t)y = 0

Oy/10 TOYHUM, TOOTO JIOIYCKAJIO TIPEJICTABICHHS Y BUIJIsAIi

(u(t)P)') + (f(t)u)" = 0.

[TpupiBHIOIOYN Y IUX JBOX PIBHAHHAX MHOXKHUKH 1pu u”, w w 1 moriM BHK/IIOYa0UN 3
OTpUMaHUX CIiBBiHOMEHD f (1), 0OepPKUMO PIBHSHHS

P(t)u” + (2P'(t) = Q1) + (P"(t) — Q'(t) + R(t))u = 0, (1.44)

SIKOMY TIOBUHHA 3310BOJIbHATH hyHKIiA 1(t) . PiBHanus (1.44) waszuaoTh cnpastcenum 0o
pisnanna (1.41). Y Bunajky, ko pisasiaas (1.41) 1 (1.44) marors ogHaKOBUiA BULIsAT (Ipn
saMiHi g Ha u ), piBHstHHA (1.41) HABUBAIOTH CAMOCTPAHCEHUM.

3BepHeMo yBary Ha Te, 10 piBHstiHHA (1.39) Gy/I0 H3BAHO CAMOCIIPSI?KEHUM He BUIIAJIKOBO.
Jlist HBOTO y BHIAJIKY JBiUi HemepepBHOI Ha HMPOMiKKY [ BYHKINT p cupsizkeHe PiBHSIHHS
npu 3aMini B HboMy dyHKIil ¢ Ha u criBnagae 3 (1.3g). (loBectn camoctiitHo).

st roro, mo6 pisasiaast (1.41) 6ys1o camocnpsizKeHIM HEOOXIIHO 1 I0CTaTHBO, 06 BUKO-
HyBasach ymoBa P'(t) = Q(1).

Haumi 3aznaammo, 1mo gacto JIOAP apyroro mopsiaky 3 BHKOPHCTaHHSM BKA3aHUX BHUIIE
OCHOBHUX IIEPETBOPEHD 3BOJIUTLCA 0 PIBHSHHS , K€ IHTETPYETHCS.

HHPUKJIAJT 1.3. Poss’sizatu piBHIHHS
u” = 2tu' + tPu = 0.
3BesieMo #ioro 10 IBOYWIEHOrO 3 BUKOpHCTaHHSAM IepeTBoperts (1.12). Bymxemo martu
t
<f 277 d7'> 2
u = ve\° =wve?, ge v =v(t)— HOBa HeBiTOMa DYHKIL.
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Tomi

/ )2 2 " n £ 2 2 2
u=ver +terv, u' =0v"er +2'ter +vt* 4 1)ez

[Migcrapistoun i 3HaYeHHss u, v’ ,u” B 3ajaHe PIBHIHHS, OTPUMAEMO ICJIsI MOJIIJICHHS Ha
2 .
€2 JIBOYJIeHE DIBHAHHS BHJLY

v +0v=0.

Brigno 3 npukiaagamu (1.34)
v(t) = Cycost 4 Cysint—
3araJbHII PO3B 30K I[bOTO PIBHSIHHSI, & TOMl 3 ypaXyBaHHAM 3aMiHK
u(t) = e [C cost + Cysint] —

3araJbHUN PO3B’A30K 3a/JAHOTO DiBHSIHHS.
IHIPUKJIAJI 1.4. Po3s’si3aTu piBHSIHHS

2tu” +u — 2u = 0.

3BejiIeMo #floro crovaTKy J0 camocipsizkenoro sujty. [loaisiemo na 2t

1
" /
+ — — U =
u'+ = Su
Tyr
t /
1 —(f d:) <f d:)
u"—i—2—tu’:e 0’ w'eNo . Je ty==+1,
abo
u// _"_ . ! (u/ t )
2t |t] 4

[Ticss miICTAHOBKY IIOTO BUPA3y Y PIBHSIHHS 1 B I0JIAJIbIIOMY JIOMHOXKEHHIO HA 4/ |t| , oTpu-
MaEeMO PIBHSIHHSA y caMOCHPsi2KeHiit hopmi

N YRYA L
u'\/|t]) — ——u=0.
t
Bukonamm Ternep 3aMiHy He3aJI€2KHOI 3MIHHOI

t

dr
s = = 24/ |t| sign t, u(t(s)) = v(s),
O\/m V[t sig (t(s)) = v(s)

OJIEP:KMMO BiJTHOCHO HEBiIOMOI (DYHKIIT v JIBOUJIEHE PIBHAHHS

t
v — |—|v =0.
t
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TOOTO PIBHSIHHSI
V' —v =0, axkmo t>0,

V' +0v=0, axkmo t<D0.

Brigno 3 npukiaagamu (1.34) mMaeMo 3arajbHUT PO3B’A30K 1bOIO PIBHSIHHS
v(s) = Cre® + Coe™? (axmo t > 0),

v(s) = Cicoss+ Cysins (axmo ¢t < 0).

3Bijicu, BpaxoByoun 3pobJ/ieHy 3aMiHy, OTPUMYEMO 3arajbHuil PO3B’s30K 3a/[aHOI0 PIBHAHHS
u(t) = C1eVt + Coe™>" upn t >0,
u(t) = Cy cos (—2v/—t) + Cysin (—2v/—t) mpn ¢ <O0.

t =0 — ocobmmBa TOYKa PIBHAHHS.

Bce Bukiajiene Buie cBiT9uTh 1Ipo Te, mo iHTerpysannd JIIP apyroro nmopsiaky y Oyab
kit popmi (1.1) — (1.4) 3rixmo 3 dopmyoro (1.14) i dopmynamu Kormi (1.28), (1.31) 3Bo-
JINTHCsI JIAIIE 70 TTOOY/I0BU JBOX JIHIHO HE3aJeKHUX Ha MPOMIKKY [ PO3B'S3KIB Ui, , Us
(bynmamenranbHol cim’T po3s’askis) Bignosigroro JIOIP y dbopmi (1.1g) — (1.4p) . B pos-
ristHyTux npukiagax JIOAP apyroro nopsiiky 3aranbauit poss’s3ok Chug(t) + Cousg(t) , me
uy(t), us(t)— dbyumamenrtanpaa cim’st poss’sskis JIOP, 6ys orpumanuii abo 3a paxyHOK
TOrO, 10 PiBHSAHHS IHTErpytoThes (piBHsIHHS 31 crasmmu KoedirieHTamu, piBHsHHS Eiie-
pa, piBasiHHs Jlarpanka), abo 3BOJATHCS 3a JOMOMOIOIO JIESIKUX [IePEeTBOPEHDb 10 PIBHSIHb,
o inrerpyorbed. OHaK, MbOro JOCATTH HE 3aBXK/IM BJAETHCS 1 TOMY BHHHKAE 1moTpeda B
o0y 10Bi came BOX JIiHINHO HeszasekHux po3s a3kis JIOP apyroro mopsiaky. Ila 3amaqda
MOzKe OyTH JIETKO BHPIIIEHOO (IPUHARMHI, JIOKAJIBHO), IKIMO BiIOMUIT OJIMH #OT0 PO3B’A30K,
SKUN BiAMIHHUI Bif Hyss Ha jgeskoMy npomixkky [; C I .(Pedyxuis do dugepenuyianviozo
pisHAnHA nepwozo nopadky). Lle 3nificHioeTbes 3 BUKOpUCTAHHIM (GOPMYJI JIjisi BDOHCKiaHIB
nBox po3B’sa3kis JIOJIP.

Pozrisinemo JIOJIP y camocnpsizkeniii opmi ( (1.3g) (ax Haitblibim 3aransae cepe JIOIP
JIPYroro mopsiiky). Ilpumycrumo, 1mo jiist Hboro BioMuii oiuH po3B’st30k u(t) , siKuil He J10-
piBHIOE HYyJIIO Ha jeskoMy tpoMixkky [; C I. Toxi mist 6yab-sikoro poss’sisky v(t) mboro
piBHsIHHS 3Ti1HO 3 dopmy.oro (1.17) g BpoHCKiaHy X poO3B’s3KiB Ma€ MicIle TOTOKHICTb

W(u,v)(t) = M upu t € Iy, (1.45)

TOOTO

¢ tel
= —— 1pu 1-
p(t
1

)
i v(t), mpuaomy ¢ # 0 Toxi i swmre Toxi, KO

u(t) o(t)
u'(t) v'(t) ‘
Jie ¢ — crajia, Mo 3aJeKUTh TUIbKE BiT u(t)
u 1 v — JIHIITHO He3a/JIeKHI Ha TPOMIXKKY [ .
Tomy mrykana dyHKIsA v(f) € po3s’si3KoM TrbepeHIiaTbHOrO PIBHAHHS TEPIITOTO MOPSIJI-
Ky
u(t) —u'(t)v=—= mnpm te€ .



dIkmio e chiBpigHomenns mogimTn Ha u?(t) , OTPUMAEMO DIBHAHHA BHTY

(uq()t)), - p(t)zcﬂ(t) upu t € 1.

3Bijcu y pesynbrari iHTErpyBaHHs Bi to 10 t, ge to, t € [1 OepKUMO, 10

t

v(t) = cru(t) + cu(t)/

to

dr

P .

e ¢y — Jedka jificHa crasa. He BaxKkKo mepeBipuTH, 1o npu Oy/ib-gKUX CTAIUX C1, C 1
to, t € I dynkuia (1.46) e poss’askom (1.3g), mo 3ajgoBosbHse (1.45) Ha Gyab-KOMY
npoMizkky I, ne u(t) # 0. Y Bunazky, kouu ¢ # 0 3uaiigenunii po3s’ s30k v(t) 1 3amanuit
u(t) JIOAP (1.30) € niniitno He3aIeKHUME HA IPOMIKKY [; .

HHPUKJIAJI 1.5. Po3s’si3atu piBHSIHHS
u” — (a*t? +a)u =0 (a #0) (1.47)

CTpyKTypa IbOro piBHAHHS HABOINUTH Ha JYMKY CIPOOYBATH 3HANTH HOTO PO3B’A30K Y BU-
TJISIT1 ,
u(t) = et (1.48)

[TigcraBisioun 10 HYHKIHIO Y PIBHAHHS, OJEPXKUMO

[(Qat + 5)2 4 204] eot? Bt _ (a2t2 + a>eat2+6t -0
Cupormyroun, Oy1eMo MaTh

(402 — a®)t* + daft + (6% + 20 — a)] > = 0

3Bizgcu 3posymiso, mo ¢ynkmis (1.47) Gyme poss’sskom pisasaHs (1.46) Tozi i smrme o,
KOJII
40> —a* =0, 4aB =0, [*+2a—a=0.

Po3B’a3y1oun 1110 cucremy, OTpUMYEMO, IO

B =0.

Q
0425,

Orzke piBusnng (1.47) mMae po3s’s30K

at?
u(t) =ez.

JliniitHo He3aseXKHMIA 3 HUM Ha MHOXKUHI R po3s’si30K 3Haxoaumo 3 popmysn (1.46), mokia-
jaoun B Hilt ¢ =1, ¢y =0, to = 0 1 BpaxoBytoun, mo p(t) = 1, Tobro Oymemo maru

t

at?
v(t) = T /6_‘”2 dr.

0
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Tosi 3arajabHM pO3B’A30K 38/IaHOTO PIBHAHHS 3aIUIIETHCA Yy BUTISI
t
at® —ar?
ult)=e2 |c1+c [ e dr|,
0
ne ci, Co — JOBLIbHI JiiicHI cTaJIi.

Axmo u(t) — po3p’s30K, BiAMiHHEI Bix Hysas Ha geskomy npomixkky [; C I, JIOAP y
craamaptHii dopmi (1.2¢), To JyIsi 3aCTOCYBaHHS JAHOTO METOLY PEIyKIlil 0 nudepeHti-
AJIbHOIO PIBHSIHHS TIEPIIOTO TOPSAJIKY He 000B’3KOBO MoTpiOHO 3BouTH piBHsHHS (1.29 710
camoctpsizkenoil dopmu (1.3¢) (xoua MoxkHa i 1M ckopucTaTucs). s orpuManHs pyroro,
JiHiiHO He3amexkHOro 3 u(t) pos3e’sisky v(t) pisasiHHs (1.29 Tpeba BukopucraTu HopmMysTy
JIJIs BPOHCKIaHYy IHOT'O PiBHSAHHS

—ftg(T)dT
W(u,v)(t) = W(u,v)(tg)e * , to,t€elh.

3 1i€el TOTOXKHOCTI MaEMO

~Jotrydr
w(t)v' () — o' (t)v(t) = W(u,v)(tg)e ‘o

TOOTO ¥ € PO3B’A3KOM JIMDePEeHIaJIbHOr0 PIBHAHHSA

t

, — [g(r)dr
v B W (u,v)(to)e ‘o
u(t)) u?(t) ’
3BIIKI OTPUMYEMO, 110 HIyKaHa (PYHKIIS U Ma€ BUJL
t - fg(s) ds

o(t) = u(Beru(t) + cult) / %

to

e 1, i ¢# 0 —naificui craJi.

JIerko mepekoHaTHCs B TOMY, IO I PYHKINS Ipu OyIb-IKUX CTAIUX C1, ¢, 1 tg € [ €
poss’sszkom JIOJP (1.2)), npuaomy 3rigHo 3 dbopmysio [ijisi BpOHCKiaHy BiH Gy/ie JiHIAHO
HezastexkHuM Ha [1 3 u(t) npu ¢ # 0. Sokpema, npu | =0 i ¢ =1 Gygemo mMaru JiHIAHO
HezasiexKHW 3 u(t) Ha [} PO3B’A30K BUIY

t - ng(s) ds

o(t) = /% (1.49).

Penyxiist 10 nudepenniaabHOro piBHAHHS MEPIIOrO MOPSJIKY MOXKe OyTH 37ifiCHeHOIO i
s JIHIP apyroro mopsifiky, sIKIO BiIOMUM € HeTpUBIaabHUN PO3B’si30K w1 (t) BiAmOBiI-

noro JIO/IP.
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Posrasinemo JIH/IP y crangaprwiit dopmi (1.2) i npumycrumo, 1o BiAmoBiaHe 10 HHOIO
JIOP (1.29) mae HerpuBiaabHUil po3B’s30K uq(t). Y 1poMy BUNaIKy poss’sizok JIHJIP

(1.2) Gyaemo 1mryKaTu y BULIIsI
u(t) = uq (t)v, (1.50)

ne v =uv(t) — byHKIid, fKa Hi/IArae BU3HAUEHHIO.
[TincraBnsroun 1ie snadenns u(t) B (1.2) i BpaxoByioun, mo wuy(t) € poss’askom JIOP
(1.20) , orpumaemo nudepeH iagbHe PiBHAHHS

ur (B)v" + [204 () + g(t)ur ()]0" = A(t).

e judepenniaabie piBHAHHA € JIHIMHIM HEOJIHOPIIHUM TIEPIIIOr0 MOPSJIKY BiJITHOCHO TOXi-
a0l o' . Inrerpytoun iioro, sHaxoaumo Buriisiy Gyskiil v(t) . Iigcrasasoan mo GyHKI0O
B (1.50) Bcranosoemo Buj po3s’s3ky JIH/IP (1.2).

Tyt Tpeba mojatu, Mo JaHUl MeTOJ MOKe OyTH 3aCTOCOBaHUil 1 Jiyis udepeHIiaabHOro
piBHsIHHS y crangapTHiil dopmi y Bunaxy, komm h(t) = 0, rooro musa JIOAP (1.2y), sximo
HOTPIOHO BU3HAYMTH HOr0 PO3B’S30K, JIHINHO He3aaexkHuil 3 1y ().

1.2 ChoeniaJjbHI NepeTBOPEHHSI

Burre 6ys10 mokazano, mo Oyab sike JriHiiiHe gudepeniiaibHe PIBHIHHA APYTOro MOPSIKY 3a
JIOTIOMOT'OI0 JICSTKUX MIEPETBOPEHDb MOXKe OyTH 3BeJeHUM, abo JI0 PIBHSIHHS Y CAMOCIPsIZKEHii
dopmi Bumy (1.3), abo o piBasHHS y KaHoHi4Hi dopmi Buy (1.4). Tomy mpu mocigzxe-
Hi JIHITHIX JudepeHniaIbHIX PiBHAHD JIPYTOro MOPSAJIKY MOXKHO OOMEXKUTHUCH PO3IJISIIOM
TinbKu piBHsiEb abo Buay (1.3), abo Buay (1.4). Opmax, npu po3ris pisHUX 3ajad JJist
piBasub Buy (1.3) i (1.4) gacto BuHEKae morpeba JOBOAUTH Il PIBHSIHHS 3a JIOITOMOTOIO HO-
BUX IIEPETBOPEHD JI0 PiBHsHD, 30kpema, Buy (1.3), (1.4), Glibin 3pyIHUX JJIs JIOCIIIZKEeHHS
mmocrapjieHuX 3aja4. Hapasi po3risiHeMo HaiiOlIbIl BaXK/IMBI 3 TAKKX IEPETBOPEHD.

1. IleperBopenns JliyBiss. [Ipumnyctumo, 1o piBHAHHS y caMOCIpsizKeHiil (hopmi Mo-
’Ke OyTHU 3aIllMCaHuM y BUIJISI

(p()u') + u(t)q(t)u = h(t) (2.1)

Jie yHKIil p i ¢ € momaTHuMU i JBi4i HenepepBHO pudepeniiiiioBunMu Ha TPoMiKKy [ € R
a dysxiil p i h wemnepepsui Ha [ . Tosmi, 3acTocoBytoun 70 piBHsHHs (2.1) epeTBOpeHHs

) = e o). 5= | (%) dr + o, (2.2

qe tg € I, ¢ € R —noBinbHI dikcoBani dmcia, 0JIep:KUMO PIBHSIHHS B KaHOHIYUHIN dhopmi
V't fs)v = H(s), (2.3)

B SIKOMY
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H(s) = H(s(t)) = h(tp' ()g ™+ (1),
30okpeMa, PIBHAHHA y KaHOHIYHIN (opmi
u" + p(t)g(t)u = h(t) (Bumagox p(t) =1) (2.4)

3a JIOIIOMOT'OI0 IIEPETBOPEHHS

u(t) =q 1v(s), s= /qé(T) dr + ¢y (2.5)

3BOJINTHCA JIO PIBHAHHA Y KAHOHIYHIN (hopmi
Lg"(t) 5 ¢ s
" t) — — — = h(t)g *(t 2.6
o () - J 50 4 I o =t (26)

ne t = t(s) — dbynkuia, obepuena s s = s(t). Ilepersopenns (2.2) i (2.5) nasusarorhb
neperBopenHsamu JIiyBimurst BignosinHo s piBasHb (2.1) i (2.4). Buepe takoro Tumy me-
perBopenHs OyJio 3iaitficueno JIiyBiiem s piBHAHHS

u” + pg(t)u =0, (2.7)

B AKOMY [/ — BiiMiHHa Bij HyJ4 JificHa ctata. [le piBHAHHSA 3 BUKOPUCTAHHAM TIEPETBOPEHHS
Jiysimns (2.5) 3BOUTHCST 10 PIBHSAHHS

p 1), 5470 _
o <M 1) 16 qg(t)) "

IIPUKJIAJT 2.1. 3uaiitu Ha npomizkky [ =|0, +00[ 3arajbHuii po3s’si30K audepeHIiaib-

HOI'O PIBHSIHHHA
1
u"—l—t—Qu:O (neR)

[ane pisustnus € pipuanaam suay (2.7) 3 ¢(t) = t72. Ockinbku upu ¢(t) = t72 maemo

1¢'(t)  54¢7%t) 16t* 547 3 5 1

I 1640 Attt T1ees . 271w
TO 3aCTOCOBYIOUH J10 piBHAHHS (2.7) neperBopenns Jliysimaa (2.5)
¢
dr

u(t) = to(s), s= — =lt, (2.8)

V" + ,u—1 v=0
4 )

sIKe € PIBHAHHAM 31 cramuMu Koediriertamu oxHoro 3 Tpbox Buis (1.34). Tomy iioro 3a-
raJIbHUI PO3B’A30K 3aIUIIEThCS Y BUTJISI

OTPUMAEMO PIBHAHHS

1
v(s) =C1+ Cys upn u:Z,
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v(s) = C’le(V n)s + 0267< o) upu g < i,

U(S)201COS (\/ﬂ—i)S—l—CgSin (Hu—i>s upu ﬂ>i’

ne Ch, Cy —nmoBuIbHI giiiicHi cTasi. 3BiJicH 3 ypaxyBaHHSIM 3aMiHU OTPUMYEMO 3araJibHUl
PO3B’SI30K 3a/IaHOTO PIBHSHHS

N

1
U(t):t [C1+Czlnﬂ upu M:Z’

1 1 1
u(t) =t [Clt\/ T Oyt V 1_“} mpw g < 7,

[C’lcos (Hu—i) Int 4+ Cysin (H/L—i) lnt] nopu  j4 > i,

IIPUKJIAJT 2.2. OrpuMaTu 3araJbHUil PO3B’s30K g epeHIiaIbHOr0 PIBHIHHS

11 7
"
= |-+ —|u=0.
U +t2 [4+ln2t]u

D=

N

u(t) =t

AKIo B 1IbOMY PiBHSHHI HOKJIACTH

L p
plt) = 7+ oy
n

t) = t2
1 . q(t) :

In®t
To Oyiemo maru piBHsiHHS (2.4), B sskomy h(t) = 0. 3acToCOBYIOUN JI0 HBOTO TI€PETBOPEHHSI

Jiysimns (2.8), omepKuMo piBHSHHS

sKe, 9K BKe OYJI0 TTOKa3aHO Y TOIePeHbOMY IMPUKJIAJL 3a JIONMOMOTOIO TIepeTBopeHHs JIiyBi-
JUIS 3BOJINTHCS JI0 PIBHAHHS 31 cTaauMu KoedirienTaMu. 3 ypaxyaHHIM OTPUMAHOIO Pe3yJib-
TaTy B JIAHOMY IPHUKJIAJ OJEPKYEMO HACTYITHUI 3araJibHUN PO3B’ 30K 3a/[aHOI0 PIBHSIHHSA

1
4’

[NIES

u(t) = (tlnt)? [Cy + colnlnt] mpm p=

u(t) = (¢ lnt)% [Cl (1nt)m + (;2((111,5)—@} mpu g < 411’

1 1 1
C cos (\/pd— Z_L) Inlnt 4 Cssin (\/,u— Z) lnlnt] upu > 7

SayBakenns 2.1. [leperBopenns JliyBinis 3a3Butdait BUKOPUCTOBYETHCsI, 1100 y IesKiit
Mipi CIIPOCTUTH BUTJISLT iDEPEeHIaTbHOTO PIBHIHHS. 30KpeMa, JIJIst TOTO, 1Mo0 Mpu 1 = const
OTPHMAATH PIBHSIHHS 31 cTasumu, abo 3 Maiixke cramumu (y J1essKOMy ceHcl) KoedirieHTamu.

N

u(t) = (tnt)
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2. IleperBopenHs, mio noB’sizaHe 3 nmoxigHoro ITIBapra. 3acrocyemo 10 piBHIHHS
y KaHoHi4Hiil dopmi (1.4) meperBopeHHst

u(t) = [P (O] 2 o(s), s =), (2.9)

Jile ¢ — TpuUl HemepepBHO JudepeHIiiiioBHa Ha nmpoMixkKy [ dyHKIs Taka, mo ¢'(t) > 0
npu t € I. B pe3ysibrari oTpuMaeMo piBHSHHS Y KaHOHIUHINH hopmi

1
©"(t)

= () 328

t =t(s) — dyukuis, mo obepuena s s = s(t).
Tyt Bupas (2.11) mocurs HazBy noxiona llsapua dynkuyii ¢ . 3BepHEMO yBary Ha Te, 110

Njw

"
(S

) 5.0} | v =h 0] . (2.10)

B AKOMY

, 1 ..
nepeTBopenns (2.9) y vacruHoMy BUNAJKY, Koau ¢’ (t) = ¢2(t), € meperBopernsim JIiyBimst.

IHIPUKJIAJT 2.5. 3naiitun Ha npoMikky [ 3araJbHUIl PO3B’S30K I epeHIiaIbHOrO piB-
HSTHHST

" /"L
2.12
w (at2+bt+c)2u’ (2.12)

ne i, a,b, c—nificui cram, a# 0,1 at> +bt+c# 0 upu t € I. 3rigno 3 (2.10) Gaxkano 6y/10

6 obpaTtu OYHKIHIO (¢ TAKUM YUHOM, 11100

1 1%
©2(t) | (at? + bt + ¢)?

1
- 5{@, t}| = const.

Tomy moCTATHBO NPUPOJHUM MPEJICTABIAETHC 00paTn PYHKINIO ¢ 3 YMOBU
©?(at* + bt +¢)* = 1.

3Bijcu 3HAXOIUMO, IO

t
1 dr
"t) = ——-—, t)= | ————— + ¢y,
(1) |at? 4+ bt + ¢ 2 (t) /|a7’2—|—b7'+c| 0
to
ne tg € I, cg — noBinbue gificae uncio. s takol dyukmil ¢ moxinna [IBapia mae Bu

—(2at + b)(at® + bt + c)—2)’ 1 (—(Zat +b)(at® + bt + c)—2)2

{o.t} = <

(at? + bt + ¢)~t 2 (at? + bt + ¢)~t
2at+b \' 1 (2at+0)? 2a N (2at+b)? 1 (2at+0b)?>
at? +bt+c) 2(at2+bt+c)2 at2+bt+c (at2+bt+c)2 22(at2 + bt +c)?
2a (2at+b)* b —dac

T a2 4bttc (a2 +bt+c)? 202+ bt+ )2
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Tomy st obpamnol HyHKIT ¢

b? — 4ac b? — dac

1 H 1 2 2 H
il — ot} = (at*+bt -
©? | (at? + bt + ¢)? 2{('07 }] (at"+bt-+) {(atQ +bt+c)?2  4A(at? + bt + ¢)?

Otxke, piBasiHHS (2.12) 3 BUKOPUCTAHHSAM [EPETBOPEHHS

v/ |at? + bt —_— 2.13
u(t) = vlat® + bt + ¢ v /|a7’2+b7'+c| ( )
3BOJINTHLCA JIO PIBHAHHA Y KAHOHIYHIN hopmi
b —4
V" + (,u——ac)U:O.
4
Brigno 3 npukiaagamu (1.34) BoHO Mae 3arajbHUI PO3B’S30K
b2 —4
v(s) =C1+Cys mpun pu= Tac;
/b274aci s _ b274aci s b2 _ 4
v(s) = C’le( ! M) + Che ( ! M) upn g < Tac;
b? —4 b2 —4 b —4
v(s) :C’lcos< ,u—TaC> s+C’zsin< #_Tac) s upm > T&C,

ne Cy, Cy — noBinbHi JificHi crasi. 3Bijgcu, 3Bazkaroun Ha 3aminu (2.13), oTpuMyeMo 3arajib-
HUl PO3B’s130K piBHstHHSA (2.12)

t

/ dr b? — 4ac

u(t) = |6Lt2+bt+0| C1+ Cy /|a7_2+—b7_+c|—|—co ,  SKIIO M:T;
to

[b2—4ac R dr )
H f at T+c +co
u(t) = v/lat® + bt + | Cle( ! )<to ) 4

t
/b2 —4ac dr
- ( 4 _U) <tf laT24br4-c| +CO>

+Cg€ 0 ,

4ac

AKIIO [ <t 3

b2 4ac
t) = /|at? + bt - ——— S —
u(t) lat? + bt + ¢| | Cy cos ( i ) / it bT n c| +
O B b2 4ac - b? — dac
hsin [ 4/ p |a7’2 n bT m c| ,  AKIO i T
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BayBakennst 2.2. [Ipu a = 1,b = ¢ = 0 piBusnng (2.12) mae Bug
" X o
u’ + t—4u =0
i #oro 3arajbumit po3B’s30K 1pu t > 0
u(t) = Cy 4+ Cst, saxmo pu = 0;

=16l 4 O] o <o

= feveos (45 - coom (V)] s o

BayBaxkennst 2.3. [Ipu a = ¢ = 0, b = 1 piBusanng (2.12) mae Buj piBHAHHS 3 [PU-
kiaay 2.1 i orpumanuit qyist (2.12) pesyabrar CriBIaJae y JaHOMY BHUIAJKY 3 PE3YJIbTaTOM

3 npukJaaay 2.1.
3. IleperBopennss Kymmepa. Hexaii

e e CH(LR), ¢'(#)>0 mpu tel,
Toni piBHsHHS y camoctpsizkeniit hopmi (1.3) 3a 10MOMOroI0 epeTBOPEHHS
u(t) = ¢@)o(r), 7 =p(t)

3BOJIUTHCA JI0 TU(EPEHITAJTBLHOTO PIBHAHHSA Y CAMOCIHpPsKeHi dpopmi

4 (ﬂﬂ%) Q) = H(r),

Y e C*LR), w({t)#0 upm tel

(2.14)
(2.15)

B SIKOMY
P(r) = P(7(t)) = p(t)' ()" (1),

Q1) = Q(7(1)) = (p(()¥'(t)) + Q(t)j—(t)y H(r) = H(7(1)) = h(t)w’—(t)’

t =t(r) — dyukuis, obepuena ms 7(t) Ilepersopennst (2.14) Brepiie 6yJ0 BUKOPUCTAHO Y

1834 pormi Kymmepowm.
[TeperBopenns Kymmepa € Halib1IbIT 3araJlbHUM HI2K TIOTIEPE/THI JTBA TIEPETBOPEHHST, OCK1/Ib-
K1, 30KpeMa, OXOITIOE 1X P BinoBiIHOMY BHOOPI dyHKIIH ¢ 1 1. Bigsmaunmo jedki Ba-

JKJIMB1 YaCTUHHI BUNA/IKU IIOT'O TIEPETBOPEHHS:
1. [Ipu p(t) = 1 meperBopennsi Kymmepa 3BoauTh piBHsHHS y KaHOHIuHi# dopmi (1.4)

JI0 piBHsIHHS Y camoctpsizkeniit dopmi Buy (1.3).

2. BaBxk;1m MOKHa 00paTn
t

=)= [ o] dsta (2.16)

to

ge tog € I, ¢g € R, mob orpumaru OLIBIIT IPOCTOrO BUIVISLY PIBHSAHHA y KaHOHIUHIN dpopmi

V" + Q(1)v = H(7), (2.17)
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B AKOMY

Q(r) = Q(r(t)) = (W' (1)) + at)p(t)¥'(t), H(r) = H(7(t)) = h(t)p(t)¥*(2).

Bokpema, ipu p(t) = 1 nepersopenns Kymmvepa 3 3aMiHOI0 He3aJ1€2KHOT 3MIHOT

T=p(t) = /@ZJ_Q(S), ds + co, (2.18)

3BOJINTH DiBHsIHHS y KaHOHIuHI# dopmi (1.4) n0 piBHsHHS y KanHoHiuHIA dhopmi (2.17), B

SKOMY
Q(r) = Q(r(t)) = ¥"(t) + a(t)¥'(t), H(r) = H(r(t)) = h(t)y’(t).
3. dxmo [ = [a,w[ (w < +00), TO y BUIAJKY, KOJIH

/ [p(s)1(s)] " ds = +oo, (2.19)

a
(2.16) BimOOpasUThL MPOMIKOK [a,w| Ha HEeOOMexKeHUiT MPOMIKOK [p(a), +oo[. Saznaumnmo,

10 TIpyu BUKOpucTaHi neperBopents Kymmepa ymosa (2.19) 3aBxkau Moxe 6yTu JIOCSATHYTA,
HAITPUKJIA]T HACTYITHUM YUHOM:

Axio y
/pl(s) ds = 400, 1O moKIamaeMo Y(t) =1,
a SKIIO y ' )
/p_l(s) ds < +00, 71O mokgagaemo Y(t) = /p_l(s) ds.
a t

Taxuii BUGIp € 0cOOIMBO €JIeraHTHIM, OCKITBKI y KoKHOMY 3 BunaKiB (p(t)y/'(t)) =0 iB
ofiepxkaHomy piBHsiHHI (2.17) dyHKiis ) Gyje MaTu TpOCTUil BUTISL

Q(7) = Q(r(t)) = a(t)p(t)y™(t).

4. IleperBopenns Pikkari. Posrsinyti nepersopennst 3sojuaun JIJIP no JIJIP 6itbimn
3PYUHOrO Jiisd Jlocijzkenus Bujy. OJHaK, iCHYIOTH 1€ HepeTBOpeHHs, #Ki 3BoidTh JI/P
JIPYTOro TOPSJIKY JI0 HEeJIHIHHUX jaudepeniiajibHuX PIBHAHb EPIIOr0 MEPIIOTro MOPIJIKY.
O HUM THIIOM TaKUX IEPETBOPEHDb € TepeTBOpeHHs PikkaTi.

Posrisgremo JIOJIP apyroro mopsaky y camocipsizkeHiit popmi.

(p(t)u) + q(t)u = 0, (2.20)

Je p g — HemepepBHi Ha nMpoMiKKy [ dyHKIl, mpudomy p(t) > 0 npu t € I. Hexait

(2.21)
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Tosi, BpaxoByto4n, 110

vy = 0wy 1 (p(t)u')2
u p(t) u ’
micss mopinenss (2.20) Ha w, OTpUMAEMO BiTHOCHO 7 judepeHIiagbHe piBHsaHHS Pikkari
'+ T—Q
p(t)
Lle piBHSAHHS HABUBAIOTH PieHAHHAM Pikkami, 6idnosionum do (2.20). Takum 9uHOM, SIKITIO

u(t) — po3B’s30k piBHsHHs (2.20), BiaMminwmii Big Hys1s Ha npoMikky [; C I, 1o r(t) = %

+q(t) = 0. (2.22)

€ PO3B’s13KOM piBHsIHHS (2.22) Ha TPOMIKKY [ .
Hapnaku, sikimo r = r(t) — po3s’a30K piBHAHH:A (2.22) Ha NPOMiKKY [;, To iHTErpyoun
(2.21), orpuMyeMO PO3B’A30K

r(s)ds
u(t) = celd ) (2.23)
piBustHHs (2.20), 10 He JIOPIBHIOE HYJIIO B YKOAHIH Touni 3 [ .
Hesazkko Takox nepesiputu, 1mo JIO/IP apyroro nmopsaky y cramgapraiit opmi
u" + gt + f(t)u=0 (2.24)
3 HENIEPEPBHUMU Ha MPOMiKKY [ KoedilieHTaMu 3 BUKOPUCTAHHAM 3aMiHU
u/
r(t) = — 2.25
(=" (225)
3BOJIUTHC JIO BIJIIOBIIHOTO piBHAHHS PikkaTti
4+ gt)r+ f(t) =0 (2.26)

HPUKJIAJT 2.4. 3uaiitu Ha npoMizKKy [ 3arajibHUI PO3B’sI30K PIBHIHHS y CAMOCIIPSIZKe-
Hiit dopmi (2.20) y BULAIKY, KOJIH

p(t)q(t) = ro = const (2.27)

Pipustug (2.20) 3a jgonomororo neperBopents (2.21) 3BOAMMO JI0 BiMOBIAHOrO piBHSIHHS
Pikkari (2.22). Ilepenuiiemo 1ie piBHSHHS Y BU/I

1
7+ —— [+ p(t)q(t)] =0
i 3rigHo 3 (2.27) Gyaemo MaTn

1
7+ —(r*+19) =0 (2.28)
p(t) ( )
[Tpunycrumo crnodarky, mo 7o < 0. Y npomy Bunajky piBHsHHA (2.28) Mae JBa pO3B’si3KH
r12(t) = £y/—7r¢, aKuM 3rigH0 3 3aMiHo0 (2.21) BiANOBIIAIOTE /[Ba PO3B’A3KH
t t
V=ro [ 5t —V=ro [
t t

ui(t) =e ‘o W), uy(t) = e 0
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mudepenniaabaoro pisasaas (2.20), mo € jgiHiiHO HesamekHuMu Ha mpoMixkky I . Tomy
3arajibHUI PO3B’A30K jndepeHIiaabHoro piBHsaHHs (2.20) Mae Bu/I

t t
dr dr
Vol 5 A

Hexait remep 19 > 0. Y 1mpoMy BHIIAJKY piBHSHHS (2.28) Mae /Ba YHCTO YSIBHUX PO3B’S3KiB
r12(t) = £iy/ro. 3Binku 3 ypaxysamusam s3aminu (2.21) orpuMyeMo JBa PO3B’A3KH
t t
iv=ra [ o) —iv=ro [ 2
0 0
Y

ui(t) =e us(t) =e

nudepenitiaabaOro piBHstHHS (2.20), AKUM BiAMOBIIAIOTE JiBa JIHCHUX PO3B’sI3KI
t d t d
T T
u1(t) = cos 7’0/— Uy (t) = sin —7’0/—
O =cos |V [ o5 | et =sin |V [ 55
0 0

sIKi € JiiHifiHo He3asexkHuMEU Ha [, 1 TOMY 3arajbHuil Po3B’a30K piBHstHHS (2.20) 3amunersest
y BUIVISI]

t t
dr dr
u(t) = — i .
iu(t) = ¢p cos \/rot/p(T) + ¢y sin \M‘O/p(T)
0 0

[Tpu ro = 0 maemo ¢(t) = 0 i Tomy Ge3nocepeiHbo 3 piBHsiHHS (2.20) O/IepKY€EMO 3araabHuii

PO3B’SI30K IHOTO PiBHAHHS
t
0 . / dr
u = C1 Co —
p(T)

to

5. IleperBopenns Bous (1906 p).

Ile mepeTBOPEeHHA BU3HAYAETHLCA HACTYIIHIM THHOM:

a) axmo u(t) 1 v(t) — po3s’a3Ku piBHsAHHS y camocupsizkeniit dopmi (1.3¢), 1711 AKX B
roroxkuocti (1.17) crama ¢ # 0 (Tobro jiniitHO He3amexkHI HAa TPOMIKKY [ ), To dyHKIIs

p(t) = [W2(t) +v2(1)]?

€ PO3B’S3KOM HeJIHIITHOrO JndepeHIiasbHOr0 PiBHIHHS

(p(t)p") +a(t)p = (2.29)

p(t)p?
6) Hasnaku, siximo nesika GyHKIA p(t) € po3s’s3koM audepenIianbHoro piBHsaHHA (2.29),

TO
t

u(t) = p(t) sin /

to

cdr

PP (2:50)
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€ po3B’a3koM Judepeniianabaoro pipastaasg (1.3g) . [Ipu npomy saraibauii po3s’a30k aude-
pentiaabHOro piBHsHHs (1.39) Mae Buj

t

u(t) = e1p(t) sin /

to

cdr
—— t+ (2.31)
p(7)p*(7)

5. IleperBopenns IIprodepa. lleperBopenns IIpiodepa nonsrae B nacrymaomy. Crio-
qaTKy piBHsHHS (1.30) y crpsizkeniit (bopMi 3 BUKOPUCTAHHSAM 3aMiH

u(t) = o), pO(E) = 2a(t) (2.32)

ITics MBOro 3 BUKOPUCTAHHAM IEPETBOPEHHSA
T1 = psing, Xy = pcosp, (2.33)

ne p = p(t), ¢ = @(t) — HOBI HeBimoMmi GYHKIIT, oTpuMyeMO cucreMy audepeHIia bHIX
pIBHSIHB
¢’ = o cos® o + q(t) sin®
, (2.34)
p=- (q(t) — ﬁ) psin @ cos .

3 (2.32) i (2.33) 3uaxoauMoO, 1110

Axmo u(t) — HeTpuBiaabHU PO3B’A30K AudepeHIiaIbHOr0 PIBHAHHS Y CAMOCIpsizKeHiit hop-
mi (1.3¢), To 3Bimcm Maemo

(2 20\ 2 (1Y) 2 _ u(t)
p(t) = (W) + p*(t)u”(t))* >0, (t) Amtgp(t)u’(t)' (2.35)
Ockinbku © 1 ¢’ omHOYACHO He JIOPIBHIOIOTH HYJO, TO (DIKCYIOYM BiJIIOBijHE 3HAYEHHS
byHKIIT ¢ B AesKiit Touni ¢y € I, BABHAYAEMO 3 BUKOPUCTAHHSIM JIPyToi 3 piBHOCTE( (2.35)
HernepepBHO JindepeHIiitoBHy TIKy (QyHKITT Arctg% .

[Tepersopennst IIprodepa (2.35) 3Boaurh piBHsiHHS (1.39) 6e3MOCEPETHBO JIO CHCTEME
(2.34).

BaxkmmBo1o 0coOJIMBICTIO Ii€1 CUCTEMU € Te, IO TYT HEPITEe PIBHAHHS He 3aJIE2KUTh BiJT JIPY-
rOro, OCKIJIbKU MICTHTb TLIBKH OJHY HeBioMy (DYHKII0 ¢ . AKIo pos3s’s30k ¢(t) meprimoro
PIBHSIHHSI BUSHAYEHHUIH, TO BIMOBIIHWI PO3B’30K p(t) apyroro 3 piBHgAHB (2.34) Moxke OyTn
3HAIEHUM 3a JIOIIOMOTOI0 KBaJIpaTypu. bBinbir Toro, Tpeba 3a3Ha4UTH, 10 KOXKHUM PO3B’ -
30K MepIoro piBHsiHHS cucremu (2.33) BU3HAYEHWH Ha BChOMY TPOMIXKKY [, Jie HermepepBHi

dyuKIil p i q.
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Hapnaku, HemepepBHi pO3B’s13Ku cucTeMu piBHAHB (2.34) BU3HAYAIOTH PO3B’si3KH jude-
penrianbHoro piBaanus (1.3g) 3a momomororo 3amin (2.35).

SayBakenns 2.4. [leperBopenns Pikkari, Boss i [Iprodepa edexTuBHO BUKOPUCTOBY-
0ThCA B Teopil KosmBHOCTI 1 HeKouBHOCTI JIO/IP npyroro mopsaky.

6. Bapiamis cramunx.
Posrisinemo mopsif 3 piBHsIHHAM y camoctpsizkeniit opmi (1.3¢) piBHSHHS

(po(H)w')" + go(t)w =0, (2.36)

ne dyuxmii po(t) # 0, qo(t) — rakox menepepsHi na [ . PiBuanua (1.3)) 1 (2.36) exsiBa-
JIGHTHI BiJIIIOBITHUM cucTeMaM JiudepeHIiajlbHuX PiBHAHD HEPIIOro MOPSIKY

P (2.37)
se 0
z = (u,p(t)), P(t) = ( —q(t) pg) )
o (2.38)
e

y = (w,polEW), %®:( 0 %ﬁ)

—qo(t)

Hexait ug(t), vo(t) — niniitHo He3asmekHI Po3B’sa3KM piBHsAHHS (2.36) Taki, Mo MaTpHId

_( wl() vo(t)
YO = (i mieio )
e dyunamentagbroio Marpureio cucremu (2.38) 1 det Y (t) = 1, Tobro
po(t) (uo(t)vo(t) — up(t)vo(t)) = 1.

3Bijcu 3HAXOIUMO, IO
po(t)vp(t) — —vol(t)

Y7t = ( —po(t)uh(t) —uo(t) ) :

Tenep 3actocyemo o cucremu (2.37) JiHiHE EpEeTBOPEHHS

B B ug(t) 2" + vo(t) 22
x—Y@Z—(m@%wf+m@%m%>' (2.39)

B pesysbrari oTpuMaeMo cuctemy JudepeHIiatbHuX PIBHAHD
Z=0C(t)z, me C(t)=Y '(t)[P(t)— Pt)] Y(t)

[IpocTwii mipaxyHoOK, siKuii BAKOPUCTOBY€E B MaTpuile Py(t)i P(t), mokasye, 1mo

(11 2 ug(t) vy (t) B uo(t) vo (1)
C“*‘(mw zmw)p“”(—ﬂﬁw —%um«o)*w“) %“”(—waw n(tyoo(?)
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Bokpema, ipu po(t) = p(t), ko piBastHHs (2.36) Mae Bu
(p(t)w') + qo(t)w = 0 (2.40)

marpurg C(t) 3ameskuthb Bif ug(t), vo(t) 1 He 3amesKuTh Bij X MOXiTHUX. Y [[LOMY BHIIAJKY
piBustaug (1.3g) 1 Bignosiama ifomy cucrema (2.37) 3BOASTHCS J0 CUCTEME

¢ = (al) - (o) (0G0 ) 2.41)

—uj(t)  —uo(t)vo(t)

B nxificnocTi Toit ke caMuii pe3yabTaT MOXKHA OTPUMATHU OLIbIT HpaAMuM mnuiaxoMm. Hexait
piBustHHs (2.36) Mae po3B’si30k w(t), sIKUil He JOPIBHIOE HYJI0 Ha OPOMiXKKY [ . 3aminemo
HeBizoMy dyHKIio v y piBagaH] (1.3) Ha 2, HOKIaIA0YN

u=w(t)z. (2.42)
B pesynbrari orpumaemMo BigHOCHO 2 JaudepeHItiajibHe PiBHIHHS
w(t)(p(t)2") + 2p(t)w'(1)2" + [(p(t)w'(1))" + q(H)w(t)]2 = 0.
[Tomuazkatoun ioro Ha w(t), OIEPKUMO
(p(t)w*(t)2) +w(®)[(p()w' (1)) + q(t)w(t)]z =0,
abo 3rijgHo 3 (2.36)

(p(Ow (D)) +w(t) (g(t) = qo(t)) z = 0, (2.43)

TobTo mijcranoBka (2.42) 3onuth piusaHs (1.3)) 1o piBHaHH: (2.43).
[MigcranoBky (2.42) HA3MBAIOTH TAKOXK GAPIAUIEN) CTMAAUL
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3AJIAYI JIJISI CAMOCTITHOTO
PO3B’A3AHHYI

3ajsadi Ha BpoHcKian JIOJIP apyroro nmopsaky

1. Hexait u;(t), ug(t) — poss’asku qudepeHIiaabHOrO piBHIHHS
tu” 4+ 2u' + telu =0,

s aknx W(ug, ug)(1) = 2. uaiitn jyrs mux poss’a3kis W(uq, us)(5) .
2. Hexait uy(t), us(t) — po3s’a3ku nudepeHiaabHOro piBHAHHS

t*u” — 2u' + (3 +t)u = 0,

qutst skux W(ug, ug)(2) = 3. 3uaiitu Jyrst mux poss’s3kis W(uy, ug)(4) .
3. Hexait uy(t), us(t) — po3s’sisku audpepeHIiagabHOrO piBHAHHSI

(tu)" — 3t?u = 0,

it akux W(ug, ue)(3) = 4. Bnaiitu jyis ux poss’sskis W(uy, ug)(6) .
4. Hexaii uy(t), uz(t) — po3s’si3ku audepeHIiagibHOro piBHAHHI

(t*u) — e'u = 0,

st akux W(ug, ug)(4) = 5. 3uaiitu jyis mux poss’askis W(ug, ug)(—1).
5. Hexait wuq(t), us(t) — po3B’si3ku jiudepeHIiaabHOro piBHIHHSI

u —3tPu =0,

qtst sikux W(ug, ug)(5) = 1. 3uaiitu jyrst mux poss’s3kis W(uy, ug)(—2) .
6. Hexait uy(t), us(t) — po3s’s3ku audpepeHIiagabHOro piBHAHHSI

2
v —e"u=0,

qutst akux W (ug, ug)(6) = 1. Bnaittn qua mux poss’sskis W(uy, ug)(—3) .

7. Hexaii poss’asku uy(t), us(t) JIOIP nopiBHIOIOTE HY/IO y JIesAKiil TOUIN 3 MPOMIKKY
I . JloBectw, 1110 BOHU HE YTBOPIOIOTH (yHIAMEHTAIbHY CiM'I0 PO3B’ sI3KiB JIAHOIO PIBHSIHHS
Ha [.

8. Hexait poss’sasku uq(t), us(t) JIOIP mators y jeskiit BHYTPIlIHii TOUI 3 TPOMIKKY
I jokanbuuit ekcTpemyM. /loBecTu, 10 BOHU HE YTBOPIOIOTH (DYHIAMEHTAIBHY CiM'I0 PO3B’
SI3KIB JIAHOTO PIBHAHHA Ha [ .

9. Hexait B JIOJP y crangaprhiit dbopmi (1.29) dbyskiii g i f Taki, mo

P+ fA(t) 40 upu tel
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JlmBecTn, 110 ABa PO3B’SI3KM 1IHOTO PIBHSHHS, sIKi MAIOTh CHIJIBHY TOYKY Heperudy, yTBOPIO-
10Th (PYHIAMEHTAJIBLHY CiM’I0 PO3B’ sI3KiB JIAHOTO PiBHIHHSI.

3amadi Ha TEepeTBOPEHHs Ta iHTerpyBaHHHA JHHINHUX audepeHIri-
aJbHUX PIBHAHBb JPYToOro IMOPSAKY.

1. 3BecTu piBHSIHHSA OO0 CaMOCHPsKeHOI dbopMu:

1.1. tu" + (2t + 1)u’ + 2u = 0;

1.2. 2%y + 223y + (2% — 2)y = 0;

1.3. t(t* + 6)u” — 4(¢* + 3)u’ + 6tu = 0;

1.4. t2u” + it + (2 —n*)u=0 (PiBusinnas Beccens);

1.5. (1—t)" =t +n*u=0 (PiBusnma Yebumosa);

1.6. tu" + (1=t +nu=0 (PiBasiaEs Jlareppa);

1.7. v — 2t 4 2nu =0 (PiBasanua Yebumosa - Epmira);
1.8 z(z—1)y" +(—yv+ (1 +a+8)x)y +afy =0 (PiBusanus aycca);

1.9. u +tu' =2 u=0 (PiBasanus Bebepa).

2. 3BecTu piBHAHHS /10 KAHOHIYHOT (popmu. Hu MoxkHaA MpoiHTEerpyBaTu 3ajiaHe
PiBHSIHHS y KBaJpaTypax?

2.1. (2% + 1)y" + 5xy + 4y = 0;

2.2, (4z° —x2)y" +2(2x — 1)y — 4y = 0;
2.3. u' + %u’ +u = 0;

24, tt—Du" + (1 +t)u' —u=0;

2.5. 2%y’ — 2xy + (22 + 2)y = 0;

26. (1—2*)y" —2zy +n(n+ 1)y =0.

3. BaumuTu B Hactynuux JIOAP npyroro nopsaky 4jieH 3 IIEPIIO0 IOXiTHOIO
JiHilfiHO0 3amiHoo u = a(t)v, me v = v(t) — HOBa HeBimoma QYyHKITis:

3.1, 2 = 2tu + (2 + 2)u = 0;
3.2, 2 —4tu' + (6 — t*)u = 0;
3.3, (1+*)u” + 4tu’ + 2u = 0;
34. tu" +u +tu=0.

4. 3auiutu y Hactynuux JIOP npyroro nopsiiky 4JieH 3 MepIioio MoXiIHOIO
3aMiHOI0 He3aJIeXKHO1 3MIiHHOT s = ¢(t), u(t) = u(t(s)) = v(s):

4.1. 2 —u —4t3u = 0;
4.2, (1+tHu" +tu +u=0;
4.3. v —u +etu=0;

4.4. 2tu”" 4+ u' +tu = 0.

5. BacTtocyBatu neperBopeHHs JIiyBijjig /10 HACTYyNTHUX PiBHSHb:
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5.1. v +at®*u=0 (ax #0);
52. y"+a(ln t)ﬁy =0 (af #0);
53. ' +at*(Int)’y=0 (a£0, o+ p%#£0).

6. 3naiiTu 3arasphuii po3r’sizok JIOP, kopucryo4duch 4YaCTUHHUM PO3B’A3-
KOM:

w
=8
=}

~+

6.1. u' + 20+ u =0, ui(t) = =

6.2. 2 —tt+2)u' + (t+2u=0, t >0, up(t) =t

6.3. 2y’ —y + 423y =0, x> 0, y1(x) = sinx?
6.4. (sinx —cosz)y” —2sinzy + (cosz +sinz)y =0, yi(z) = e*;

6.5.  (cost+sint)u” —2costu’ 4 (cost —sint)u =0, wui(t) = cost;

6.6. xy’ +xy + (2 —0,25)y =0, x > 0, yi(z) = 2 sin x;
6.7. (1 —2?)y" —2zy' + 2y =0, yi(x) = ;

6.8. zy" — 2z + 1)y + (x + 1)y =0, y1(z) = e%;

6.9. (x1)y" — 2y +y =0, yi(x) = e;

6.10. V' + iy +(1- =)y =0, yi(z) = B
6.11. u’ +8(tu +u) =0, uy(t) = %
6.12. y' +2xy —2y =0 (uacTUHHMIT PO3B’I30K MiiopaTH).

7. 3uaiitTu yactTunuuii po3s’a30k JIO/IP y Buras/i MHOrod/jieHa Ta po3B’si3aT
PIBHSIHHSI:

71 (x—1)y" —(x+ 1)y +2y =0;
7.2, (2 = 3t)u" + (6 — t*)u' + (3t — 6)u = 0;
7.3. (2% —1)y" = 6y;

74, t*u + 4tu' + 2u = 0.
8. PiBuanua
tu" + (t+ N)u'+ Nu=0, t >0,

ge N — mije He Big'emue 4qucsio, Mae po3s’a3ok ui(t) = e . IMokasaru, mo apyruit jainiiino
He3aJIeXKHUI 3 HUM PO3B’SI30K Mae BU/I

us(t) = cet/tNe_t dt,

Je ¢ —Iesika JiificHa craja. 3HailTu BULISI 1boro po3B’s3ky npu N =11 N = 2. Iokia-
JIAloun ¢ = —% , JIOBECTH, IO
Nt t? tN
u2<)— +ﬂ+§+...+m,
To6TO Maemo cymy N + 1-x uwienis popmyan Maxkiopena jis el .
9. 3uaiiTu 3arajabHuii po3’sa3ok JIOP:
9.1. ¢y +axy =0,
1" 1.7
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10. Buznauutu, sKi 3 piBHIHb € TOYHMMHU Ta 3HAUTH 1X 3arajibHi po3B’dA3KU

10.1. v+t +u=0,

10.2. " + 322y + 2y = 0;

10.3. tu” —costu’ +sintu =0, t>0;
104. 2%y +ay —y=0, z>0.

11. 3uaiiTu cupsi>keHi piBaguus s JIOAP apyroro nopsiaky:

1.1 "+t + (2 —v*)u=0 (piBusiusa Beccess);
11.2. (1 =" =2t + ala+1)u=0 (piBugaus Jlexanmpa);
11.3. v —tu=0 (piBHsAHHS Ajipi).

BI/ISHa‘{I/ITI/I, gKi 3 ITX piBHHHb € CaMOCIIPpA2KEHNMMU.

12. 3HaiiTu 3aranpuuii po3s’sizok JIH/IP, skimo Bimomi aBa ioro yacTMHHUX
PO3B’s3Ka:

121, "+ (1 -t +u=1, w(t) =1, wux(t) =t;
12.2. (22 = 1)y +4zy + 2y = 62, y(z) =2, ya(x) = #;_j_c;rl

13.3uaiitu 3aranbumii po3s’s3ok JIH/IP (1.2), gximo BoHO Ma€ Tpu PO3B’si3KH
ul(t) = ]-7 u?(t) = tv u3(t) = tz :

14. 3naiiTu 3 BUKOPUCTAaHHAM MeTO/Iy Bapiailil crajmux JlarpaH>ka 3arajibHUit
po3B’sizok JIH/IP, sakio Bigomi gaBa qacTuHUX po3B’sg3ka Biamosignoro JIO/IP:

14.1. 2" —2u=3t2 -1 (t>0), up (t) = t2, up(t) = 4

14.2. 2u" —tt+2u' + (¢t +2u=2t3, (t>0), u(t)=t, ug(t) = tet;

14.3. (1 —tu" +tu —u=2(t—1)%", up(t) = e, uy(t) = t;

44 zy — (1 +a)y +y=ae*, y1(z)1l + x, yo(z) = €

145, 22y + oy + (22— Yy = 3ztsing (z>0), yi(z) =z Zsing, yolz)=2"2cosz

146. ' +y=tgx
4.7 Y =2y +y =
14.8. " — 2y +y = e” arctg x;

7

15. 3HaiiTy 3 BUKOPUCTAHHSAM METO/Y PEAYKIIil 0 PiBHSAHHS IIE€PIIIOTO NOPAAKY
3arajbuuii po3B’sa30k JIH/IP, saxino Bigomuit oquH JYacTUHHEI PO3B’sI30K BiJIIOBIIHOTO

JIOIP:

151 =2 +xy —y=2(x—1)%" wyl(z)=1+z;
152 (1—2)y' +xy —y=2(x—1)% y1(x) = €®
15.3 t%” — 2tu' + 2u = 42 (¢t > 0), u(t) =t

15.4 t2u" + 7tu’ + Stu = t, u(t) =1

16. 3anucatu dpopmyny Kommi aaa JIHAP apyroro nopsiaiky i BU3HAYUTU BU-
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TJIs1]] PO3B’A3KY, 10 33JI0BOJIbHSAE JIaHi IMMOYaTKOBI YMOBHM:

16.1. u" =u=h(t), ul)=3 u(l)=1
16.2. ¢ +4y=nh(t), y2)=1, (2 =2
16.3. v =3y +2y=0, y2)=1, ¢ (2)=—-1,;
16.4. v —16u=h(t), wu(l)=1, J'(1)=-2
16.5. y" —ay =h(z), y0)=1, ¢ (0)=0;
16.6. u” + %%u =ht), uwl)=1, 4(1)=-1;
16.7. y" — e (),  y(=1)=0, y'(=1)=0;
16.8. u" —2u' =h(t), u(2)=0, u'(2)=1

17. 3naiiTu 3arajgbHuii po3B’si3ok JIJIP apyroro mopsiaky, momepegHbo IepeTBo-
pIOIOYH fOro 3a JIONOMOTI0I0 BKa3aHHUX IIEPETBOPEHD JI0 PIBHAHHS 31 CTAJIMMU KoedilieHTaMu:

, -1 ff(T)dT)

17.1. y+fxm+[%ﬂ+%?+4y=o, M@:u@k<%0 ;

17.2. " — aZ@y + b[f () y = 0, y(z) =n(), &= [ f(r)dr;
zo

17.3. (az +b)y" + 8ay’ + c(ax + b)%y =0, y(x) = @, ¢ = (ax + b)%,

13 13

174, y"+ Vay + (ﬁ +3 - 9) y = xe(fgﬂ), u(x) = y(m)e<§ﬂ>;

17.5. tu” + (482 — 1) u' — 4ty = 4¢°, u(t) =n(€), &=1t%

17.6. o’ +u'tgt + aucos®t = 0, u(t) =n(€), & =sint;

17.7. tu” + (t° —a)u' + 0t* T =0 (a # —1), u(t) =n(r), 7=t

18. 3muaiiTu 3arasbHUii po3B’sizok JI/IP npyroro mopsiaky, morepeanbo 3BOJIHUN
HOro 3a JIOIOMOTOIO JIEAKUX IePeTBOPEHb ad0 JI0 PIBHAHHA 31 cTajmmu KoedirientaMu, abo
Jo pisasiaag Eisiepa, a6o 1o piBasHHEs Bugy x” + ¢(t)z’ = 0.

181 4"+ [f20) + F )]y =0,
182. ¢+ [2a—1t*+a(l—a)t 2y =0,
183. W +tu +u=0,

18.4. tu” + 2u + atu =0,

18.5. xy" —(x+ 1)y +y =0,
18.6. v +4tv' + (462 +2)v = 0,
187. y'— (22 +1)y=0,

18.8. 2"+ (a*z* +a)z =0,

189 ¢ +y + +ae *y =0,
18.10. u" + au' + be**u = 0,
18.11. y" + (1 + 2tg*z)y = 0,
18.12. v — v + (z — 1)v =0,
18.13. ay” + (2 — 2)y =0,
18.14. z%y" = (a*z* + 2)y = 0.

19. /Inas piBHAHHS

d
oy

dat \~ dt

i

)+p@y:om¢o>
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BKa3aTHU TIEPETBOPEHHS

3 BJIaCTUBOCTAMM

V, 7€ C*(0,+00[;R), V(t)#0, 7(t)>0, lim 7(t) = +oo,

t——+o00
10 3BOJUTH iioro 1o piBastHHg By &7 + ¢(7)¢ = 0.

20. 3uaiiTu 3arajibHUl PO3B’$I30K BU3HAYEHOTO HA MPOMixkKy Jy =|0, +oo| mu-

depeHIiaJbHOrO pPiBHAHHS
(1) + ut’y =0,
e «, B, p — miticai crami i g # 0, y HACTYIHUX BUIAIKAX

a) a—pF=2

b) a—B#2, a+=0;

c) a—pB#2, 3a—p=4.

21. V Bunajkax BiaMiHHEX Bif a), b) i ¢) 3 3ama4i 20 3BecTH PiBHSAHHS 3 BUKOPUCTAHHSIM
repetTBopenHs JIiyBijiis /10 piBHsIHHS 3 Maiixke cTajguMu KoedillieHTaMi B OKOJIi Ti€l TOYKH,
B sIKY IIPU [lepeTBOpeHi BiobpaxKaerbesa Touka t = +oo (t=0).

Brasiexa. s orpuManis piBHAHHA 3 MaiizKe cTajuMu KoedillieHTaMiu B OKOJIi TOYKH, B
AKy Bimobpazkaerbes Touka t = +oo (t = 0) 3acrocyBatu upu o — 5 > 2 (a— 3 < 2)
neperBopeHHs JIiyBiis aBiddi.

22. Tlpu 3ajaniit gificHiil cTadiit @ yBeIeMO MOCTIOBHICTh (DYHKIIINA, 10 BU3HATAETHCA
CHiBBIIHOIITEHHSIMH

1 _
w=p—7 @alt)=p"
1 n—2 k —2 n—1 -2
qn(t) = Zg (JHO In; t) + 1 (]HO In; t) upu n > 2,

e
Ingt =%, Inyt=1Int, In;t=Inln; 4t (j>2).

Bpaxosytoun, mo byHKIil ¢,(t) npu n > 1 MaoTh BIACTUBICTH

1
t* {qn(t) - E} =qn-1(s), 1me s=Int,

JIOBECTH, M0 3arajbHUll PO3B 30K JIU(EePEHIiaIbHOTO PIBHIHHS

v '+ an(t)y =0

npu n > 1 Mae, B 3aJ1€2KHOCTI BiJl 3HAUYE€Hb [, HACTYIHUI BUTJISJI:

1
n—1 2
1
CL) y(t) = (H lnj t) (C1 + ¢o1n, t) npu L = 4_1;
7=0
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n—1
fomrrs s 1
b) y(t) = (H In; t> [cl (In, 1 )V P 4+ca(ln, 18)"V® wpun p< ’
=0

N =

n—1 2
1
c) yt) = (Hlnj t> [c1 cos (v/qo In, t) + cosin (/qo In, )] mpm  p > T
=0

Brasiera. Cropucrarucs nepersopennsM JIiysims, obupaoun y sxocti ¢(t) i u(t) na-
cTyIHi PyHKITT
g(t) =t7%,  u(t) = tqa(t).

23. 3HaiiTu 3arajbHUII PO3B’A30K JAndepeHIiiajIbHOTr0 PiBHIHHS

(H (I ) y’) +u ] ()™ y =0,
7=0

=0
e a; € R, bynkmii In;t (j > 0) - BusHadeni y 3agadi 22.

24. Iloka3zarTwn, 10 PiBHAHHSA

o ()p(£)y] + qo(t)a(t)y = 0,

B SIKOMY (DYHKIIIT pg, o — CTPOro JoaTHI i ABidl HemepepBHO AudepeHIiiioBani Ha IIPOMIZKKY
J = |a,w[ 3a momomoro ysaraJbHEHOTo mepeTBopeHHs JIiyBiis

y(t) = (o)) uls), s = / [%}+

(07

(a€J, c¢€R — crani) 3B0IUTHCA JIO BULY

(p(t)u)" + [q(t) + B(t)] u =0,
ne [ — nesika HenepepsHa Ha J dyukiis i ¢ = t(s)— dbyukuis, obepuena st s(t) . SuaiiTu
Byt byHKIGT 5(t) .
25. Hexait jyist dikcoBanoro n # 1 1 ganux p, ag, Bk (k=0,1....n) dyskuii pg(t), qr(t)

(k‘ = 0, 1... ,TL) BU3HaAYalOTbCA HAaCTYITHUM YHUHOM:
Qp + 671 ﬁn - 30571
Po=1, QO:M‘i‘T(l‘f‘T);

pe(t) = [ ] (mye)™+

j=1

N Ak + ank

k
(@779 W .
1 pr(t) |1+ Z j—] = 57 ige_y(s), s =Int,

g=1 ml;ll(lnm t)

(1)
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ge In;t (j=0,1...— dbyukmii, mo BusHadeni y 3aga«i 22.
BuaiiT 3arajabHuil po3B’a30K JudepeHIiajabHOro PiBHIHHSA

" pu(t)y) + 7" g, (t)y = 0
y BUIIAJIKY, KOJIH
ag—By=2, ou—p1=2,..., ap,—LB,=2
Brasieka. 3acToCyBaTH J0 PIBHSHHS y3arajbHeHe IepeTBopeHHs JIiyBiwis

¢
y(t) = t_aniﬁn u(s), s= /Tﬁn2an dr =1Int

1

26. BpaxoByroun, 1110 3araJibHAi PO3B’s30K PiBHAHHSA
u’ +tu +u =0,

Ma€ BUIJIA
t

1,2 1.2
—5t 5T
u(t) =e 2 cl+02/e2 dx |,
0

3HAfTH 3arajbHUl PO3B A30K PIBHAHHSI

'+t +(n+1)u=0, neN

27. Hexait ¢(t) <0 i nenepepsna nmpu « < t < . Hexait y(t) po3s’si30K piBHAHHS

y' +q(t)y =0,

SIKUiT 38,10BOJIbHsAE T09aTKOBL yMoBH y(to) = 1, ¢/(tg) = 0. Toxi y(t) moxke OyTu 3ammucanum
y BUTJISIL
T 4 T

2 )

T = (t—to)v/—als)
i s— dyukiis Big ¢, npudomy to < s < t. (I[lerposuy).

y(t) =
e

28. dxmo ¢(t) > 0, T0 PO3B’A30K PIBHAHHS
Y +q(t)y=0
MIiK ITOC/IIJIOBHUMHU HYJISAMU t1 1 to Ma€ BUIIS

y(t) = cos [(t 1) q(s)} Lt <s <ty

[IPUYIOMY

T s
t1 =ty — 5 q(s), ta=to+ 5V q(s)
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(ITerpoBuy).

29. dxmo ¢(t) < 0, 1o 3arajbHUl PO3B’sI30K PIBHIHHS
y' +aq(t)y =0

Ma€ BUTJIAL
t

JA(r)dr f/\Q(T) dr
y(t) = e + coed ,

e A(t) 1 Ao(t) — meBim'emni i obmexeni, skmo ¢(t) — obmexena (Ocry).

3amadi Ha moBeaiHKY po3B’si3kiB JI/IP npyroro mopsaky.
1. Husa JIOAP 3i cranmuvmm KoeditieHTamu
u' +bu' 4+ cu=0

BCTaHOBUTH:

1.1. ITpu sgxux gificaux b 1 ¢ KOXKHUII HeTPUBIAJILHUN PO3B’HA30K 3POCTAE 38 MOJIYJIEM,
IIOYNHAIOYN 3 JIeKOTI'0 3HAYEHHH t

1.2. IIpu axux gificaux b i ¢ Bci po3B’d3Ku € 0OMeKeHnMHU Ha 1ncJioBiit Bici R ;
1.3. IIpm axux gificaux b i ¢ Bci po3B’da3ku € obMeKeHnMHu Ha miBBici Ry ;
+

1.4. Tlpn gxux gificaux b i ¢ Bci po3B’d3KU TPAMYIOTH JI0 HYJId MpU ¢ — +00;

1.5. Bpu gkux giiicaux b i ¢ BCl po3B’sI3KU IPAMYIOTH JI0 HYJIS IPU t — —00 ;

)

1.6. Ilpu gxkux jgilichux b i ¢ BCi pO3B’SI3KM € KOJUBHUMH 1 NPSAMYIOTb JIO HYJIsl IIPH
t — 400;

1.7. Ilpw axux gificanx b i ¢ icHye nepiogmanuii po3B’a30K 3 MEPioJIoM w = ¢ ;
1.8. Ilpu gkux gilichux b i ¢ BCl pO3B’A3KM 38 I0BOJILHAIOTH aCUMIITOTUYHE CITiBBiTHOIITE-

HHA
u(t) =o(e™) mpm t — +oo;

2. Insa JIOAP 3 HenepepBHUMH Ha IIPOMiXKKYy [ KoedirieHTamu

o'+ p(t0d + gty = 0

BCTAHOBUTH:

2.1. Yu moxke dynkiis 1—cost 6GyTu iloro pos3s’sizskoM Ha nmpoMixkky I = (—a,a), a > 0;

2.2. Yu moxe dbynknia t?sint 6yTu iioro poss’sskoMm Ha npomixky I = (—a,a), a > 0;

2.3. Hu MmoxkyTh byHKIT ui(t) = sint, wus(t) = sin 2t 6yTH PO3B’I3KAMIE IIOIO PIBHIHHS
Ha TpoMikKy [ = (—7,7);

2.4. HeobOxinmi i qocrarhi yMoBH icHyBaHHS JIHITHO He3aIeKHUX PO3B’A3KIB U (t), ua(t),
JUIST STKIAX

ua(t) = u(t);
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2.5. ¥ Bunajxy, ko [ = [0, +00), yMOBY Ha QYHKIIIO P, IPH BUKOHAHHI SKOT DIBHSIHHSI
€ CTIKUM 3a JIAIyHOBUM Y JIOJIATHOMY HaIPSIMKY;

2.6. Y unajky, koau [ = [0,+00), yMOBY Ha (GDYHKIO p, IPH BUKOHAHI sIKOI DIBHSIHHS
€ ACUMITOTUYHO CTIHKUM 3a JIAIYHOBUM Yy JIOJATHOMY HaIPAMKY.

2.7. Y Bunajky, Koau ¢(t) < 0, 1o po3B’s3KM He MOXKYTb MATH JIOJATHAX MAKCHMYMIiB.

2.8. Hosectu, 1o y Bunajxy, koau ¢(t) > 0, mis 6y1b-g9KOro po3B’si3Ky JIudepeHIiaib-
HOT'O PIBHSTHHS

u' +q(t)u =0
BiJTHOTIIEHHS % criaJlae mpu 3pocrtanHi ¢ Ha imTepBasi, ge u(t) # 0.
3. Hna JIHIP.

3.1. Hexait dyskuii p, ¢, f HenepepBHi Ha R i 3a10BOJIbHSIIOTH HEPIBHOCTI
p(t) <0, q(t)<0, f(t)>0 mpm teR
i u(t) — po3B’s130K piBHSIHHS
u’ +p(t)u’ + q(t)u = f(t),
SAKUIl 32J0BOJIbHSIE MOYATKOBI yMOBH
u(to) >0, u'(to) > 0.

doBecTn, 1o
u(t) >0, «'(¢t)>0 npu t>0.

3.2. Ilpu skux gilicaux k i w gudepeHIiajgbHe piBHIHHS
u” + k*u = sin wt

Ma€ xo4da 6 oAuH MepioJudHUl po3B’A30K 7
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